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Viscous friction coefficient, N-sec/m
Back emf, v
Steady state error

Applied force, N

- Opposing force offered by mass of the body,N

Opposing force offered by the elasticity of the body, N
Opposing force offered by the friction of the body, N
Sampling frequency, HZ. '
Conductance, mho

Transfoﬁriation or operator

Armature current, A

Field current, A

Moment of inertia, kg-m?/rad

Complex operator

Stiffness of the spring, N-m / rad

Acceleration error constant

Back emf constant, V / (rad/sec)

Derivative constant or gain

Ihtegral constant or gain

Gain Margin

Motor gain constant

Proportional gain |

Torque constant, N-m/A

Torque constant, Nm / A

Velocity error constant

Armature inductance, H
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Field inductance, H
Mass, kg

Maximum overshoot
Resonant peak

Order of the system

_ Type number

Pole of a system’

Pole of compensator _
Forward i:ath gain of K* forward patﬁ
Chargé

Armature resistance, {2

Field resistance, 2

~ Complex variable

Dominant pole

Applied torque, N-m

Electrical time constant

Opposing torque dﬁe to friction, N-m
Delay time

Derivative time

Field time constant

. Integral time

Opposing torque due to moment of inertia, N-m
Opposing torque due to elasticity; N-m
Mechanical time constant

Peak time

Rise time

Settling time _

Normalized bandwidth
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Normalized resonant frequency
Armature voltage, V

Field voltage, V

Displaéement, m

Zero of a system

Zero of compensator

Angular displacement, rad

Angular velocity, rad/sec

Angular acceleration, rad/sec?

Undamped natural frequency, rad/sec
Damping ratio

Resonant frequency

Bandwidth

Phase margin

Phase crossover_frequency

Gain crossover. frequency

Flux, weber

Corner frequency

Damped frequency" of oscillation
Phase angle

Frequency of maximum phase lag/lead
Maximum lag/lead angle

Additional phase lead

Angle of asymptotes

Angle of departure

Angle of arrival
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Eigen value

Impulse train

Standard Input/Quiput signals-

c(t)
o(k)
e(t)
f(kT)
g(kT)
r(t)
r(k)
u(t)
8(t)

Response in tim.e domain
Response of discrete signal
Error signal ‘
Digital error signal

Digital control signal

Input in time domain
Discrete time input signal
Control. signal (Analog)
Impulse signal

Matrices and -Vécmrs

A
Ax

v B =

Cﬁo !‘lo

U(t)

System matrik

State transition matrix of discrete system
Input matrix

Output matrix

Transmission matrix

State transition matrix

Identity maﬁix

Jordan matrix

Modal matrix or diagonalization matrix
Transfo.rmlation matrix

Corﬁposite matrix for controllability

Composite matrix for observability

'lnput vector
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X(0)
Xo

X(k)
Y(t)
Y(k)

N

Input vector of discrete time System
Vander monde matrix
State variable vector

Initial condition vector

- State vector of discrete time system

“Qutput vector

Output vector of discrete time system

Grammian matrix

Transform Operators and Functions

A(s)
E(s)
G(s)
G(s)H(s)
}i(s).
L
o

- M(s)
T(s)
2

F

Abbreviations
BIBO

LDS

LTI.

ROC

ZOH

" Auxiliary polynomial

Error signal in s-domain

Open loop transfer function
Loop transfer function
Feedback transfer function
Laplace transform

Inverse Laplace transform
Closed loop transfer function.
Transfer function of the system
Z-transform

Inverse Z-transform

Bounded Input Bounded Output
Linear Discrete Time System
Linear Time Invariant System
Region of convergence

Zero Order Hold



CHAPTER 1

MATHEMATICAL MODELS OF
CONTROL SYSTEM

1.1 CONTROL svs.'gEM

Control system theory evolved as an engineering dlsmplme and due to universality of the principles
involved, it is extended to various fields like economy, sociology, biology, medicine, etc. Control theory
has played a vital role in the advance of engineering and science. The automatic control has become an
integral part of modern manufacturing and industrial processes. For example, numerical control of machine
tools in manufacturing industries, controlling pressure, temperature, humidity, viscosity and flow in process
industry. :

When a number of elements or components are connected in a sequence to perform a specific
function, the group thus formed is called a system. In a system when the output quantity is controlled by
varying the input quantity, the system is called contrel system. The output quantity is called control]ed
variable or response and input quant}ty is called command signal or excitation.

OPEN LOOP SYSTEM

Any physical system which does not automatically correct the variation in its output, is called an
open loop system, or control system in which the output quantity has no effect upon the input quantity are
called open-loop control system. This means that the output is not fedback to the input for correction.

Input Open loop | Output
— —t—p
r(t) system (Plant) c(t)

Fig 1.1 : Open loop system.

“In open loop system the output can be varied by varying the input. But due to external disturbances
the system output may change. When the output changes due to disturbances, it is not followed by
changes in input to correct the output. In open loop systems the changes in output are corrected by
changing the input manually.

CLOSED LOOP SYSTEM

Contro! systems in which the output has an effect upon the input quantity in order to maintain the
desired output value are called closed loop systems.

Error
Detector ' —_— 0
. i utput
Reference 8’ ':!Conn‘olle " Open loop system T,
Input (Plant)
r(t) T c(t)
1 Fecdbacki‘,-

Fig 1.2 : Closed Ioop system.



The open loop system can be modified as closed loop system by providing a feedback. The provision
of feedback automatically corrects the changes in output due to disturbances. Hence the closed loop.
system is also called automatic control system. The general block diagram of an automatic control
system is shown in fig 1.2. It consists of an error detector, a controller, piant (open loop system) and
feedback path elements.

ical Models of Conirol Systems D 1.2

The reference signal ( or input signal ) corresponds to desired output. The feedback path elements
samples the output and converts it to a signal of same type as that of reference signal. The feedback signal
is proportional to output signal and it is fed to the error detector. The error signal generated by the error
detector is the difference between reference signal and feedback signal. The controller modifies and
amplifies the error signal to produce better control action. The modifi ed error signal is fed to the plant to
correct its output.

Advantages of open loop systems
1. The open loop systems are simple and economical.
2. The open loop systems are easier to construct.

3. Gene}a_}ly the open loop systems are stable.

Disadvantages of open loop systems
1. The open loop systems are inaccurate and unreliable.
2. The changes in the output due to external disturbances are not corrected automatically.

Advantages of closed loop systems
1. The closed loop systems are accurate.
2. The closed loop systems are accurate even in the presence of non-linearities.
3. The sensitivity of the systems may be made small to make the system more stable.
4. The closed loop systems are less affected by noise.

Disadvantages of closed loop systems
1. The closed loop systems are complex and costly.

[

. The feedback in closed loop systém may lead to oscillatory response.

[#%]

. The feedback reduces the overall gain of the system.

>

Stability is a major problem in closed loop system and more care is needed to design a stable
closed loop system.

12 EXAMPLES OF CONTROL SYSTEMS
EXAMPLE 1 : TEMPERATURE CONTROL SYSTEM

OPEN LOOP SYSTEM

The electric fumace shown in fig 1.3. is an open loop system. The output in the system is the desired temperature. The
:mperature of the system is raised by heat generated by the heating element. The output temperature depends onthetime
during which the supply to heater remains ON.

The ON and OFF ofthe supply is governed by the time setting of the relay. The temperature is measured by a sensor,
which gives an analog voltage corresponding to the temperature of the fumace. The analog signal is converted to digital signal

=¥ an Analog - to - Digital converter (A/D converter).
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Furnace

F Electric 0

Ol

Sensor

AD

Converter Interface

B

Digital
Display

h 4

Heating element

]
Relay
Control

 Circuit

0

AC supply
—=o

Fig 1.3 : Open loop temperature control system.

The digital signal is given to the digital display device to display the temperature - In this system if there is any change in
output temperature then the time setting of the relay is not altered automatically. -

CLOSED LOOP SYSTEM

The electric fumace shown infig 1.4 is aclosed loop system. The output of the systemis the desired temperature and it
depends on the time during which the supply to heater remains ON.

Sensor

U o

/"

Lel

Supply

Electric L AD
Furnacell 1

Converter

Digital control
. . circuit
Interface »|Controller (or)
freut Computer/Micro

Heating element

[ Relay e a—
| Control - Amplifier DiA
‘ Circuit ] . Converter

I processor

|-
- L Reference input .

(Desired temperatura)

Fig 1.4 : Closed loop temperature control system.

The switching ON and OFF ofthe relay is controlled by a controllerwhich is a digital system or computer. The desired
ternperature is input to the system through keyboard or as asignal corresponding to desired temperature via ports. The actual
temperature is sensed by sensor and converted to digital signal by the A/D converter. The computer reads the actual temperature
and compares with desired temperature. If it finds any difference then it sends signal to switch ON or OFF the relay through
DIA converter-and amplifier. Thus the system automatically corrects any changes in output. Hence itis a closed loop system.

EXAMPLE 2 : TRAFFIC CONTROL SYSTEM

OPEN LOOP SYSTEM

Traffic control by means of traffic signals operated on a time basis constitutes an open-loop control system. The
sequence of control signals are based on a time slot given for each signal. The time slots are decided based on a traffic study.
The system will not measure the density of the traffic before giving the signals. Since the time slot does not changes according

. totraffic density, the system is open loop systemn.

CLOSED LOGP SYSTEM

Traffic control systemcan be made as a closed loop system if the time slots of the signals are decided based on the
density of traffic. In closed loop traffic control system, the density of the traffic is measured on all the sides and the information
is fed to a computar . The timings of the control signals are decided by the computer based on the density of traffic . Since the

closed loop system dynamically changes the timings, the flow of vehicles will be better than open loop system.
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EXAMPLE 3 : NUMERICAL CONTROL SYSTEM
OPEN LOOP SYSTEM '

"Numerical control is a method of controliing the motion of machine components using numbers. Here, the position of
work head tool is controlled by the binary information contained in a disk.

Output
Reader »  DIA Amplifier > Servo —» Cutter —»
FM pulse motor (Tool
y position)

Magnetic
| i disk P

Fig 1.5 : Open loop numerical control system.

Amagnetic disk is prepared in binary form representing the desired part P (P is the metal part to be machined). The tool
will operate on the desired part P. To startthe systern, the disk is fed through the reader to the D/A converter. The D/A converter
converts the FM(frequency modulated) output of the reader to a analog signal. itis amplified and fed to servometer which
positions the cutter on the desired part P. The position of the cutter head is controlled by the angular motion of the servometer.
This’is an open loop system since no feedback path exists between the output and input. The system positions the toof fora
giveninput command. Any deviation in the desired position is not checked and corrected automatically.

CLOSED LOOP SYSTEM

Amagnetic diskis prepared in binary form representing the desired part P (P is the metal part to be machined). To start
the system, the disk is loaded in the reader. The controller compares the frequency modulated input puise signal with the
feedback pulse signal. The controlleris a computer or microprocessor system. The controller carries out mathematical operations
on the difference in the pulse signals and generates an error signal. The D/A converter converts the controller output pulse
(error signal) into an analog signal . The amplified analog signal rotates the servomotor to position the tool on the job. The position
of the cutterhead is controlled according to the input of the servomotor,

The transducer attached to the cutterhead converts the motion into an electrical signal. The analog electrical signal is
converted fo the digital pulse signal by the A/D converter. Then this signal is compared with the input pulse signal. If there is
any difference between these two, the controller sends a signal to the servomotor to reduce it. Thus the system automatically
corrects any deviation in the desired output tool position. An advantage of numerical control is that complex parts can be
produced with uniform tolerances at the maximum milling speed.

FTachometer + Output
(Tool
L position)
| N D/A ) Servo o
Reader - Controller converter [ Amplifier —» motor » Cutter +—
pulse [

: i
I Magnetic ' _
: [ i disk Feedback signal A/D Feedback signal

<
converter

(Digital) (Analog)

Fig 1.6 : Closed loop numeérical control system.
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EXAMPLE 4 : POSITION CONTROL SYSTEM USING SERVOMOTOR

s Engineering )

The position control system shown in fig 1.7 is a closed loop system. The system consists of a servomotor powered by
a generator. The load whose position has to be controlled is connected to motor shaft through gear wheels. Potentiometers are
used to convert the mechanical motion to electrical signals. The desired load position (8, ) is seton the input potentiometer and
the actual load position (8.) is fed to feedback potentiometer. The difference between the two angular positions generates an
error signal, which is amplified and fed to generator field circuit. The induced emf of the generator drives the motor. The rotation
of the motor stops when the error signal is zero, i.e. when the desired load position is reached.

This type of control systems are called servomechanisms .The servoor servomechanisms are feedback control
systems in which the output is méchanical position (or time derivatives of position e.g. velocity and acceleration).

Error sig?nai Amplifier }

Generator field '

[l Gears

......... N )

Input L Feedback
potentiometer - potentiometer L

Fig 1.7 : A position control system (servomechanism).

1.3 MATHENATICAL MODELS OF CONTROL SYSTEMS

A control system is a collection of physical objects (components) connected together to serve an
objective. The input output relations of various physical components of a system are governed by differential
equations. The mathematical model of a control system constitutes a set of differential equations. The

response or output of the system can be studied by solving the differential equations for various input
conditions.

The mathematical model of a system is linear if it obeys the principle of superposition and homogenity.
This principle implies that if a system model has responses y,(Hand y, (t) to any inputs x, (t) and x, (1)
respectively, then the system response to the linear combination of these inputs a x, (f) + a, x, (t) is given
by linear combination of the individual outputs a, y (t)+a, y,(t), where a, and a, are constants. '

The principle of superposition can be explained diagrammatically as shown in fig, 1.8.

ri(t) c,(t) \ (1) _Eiﬁ“)

System .

System ar(t) + aryt)
: ci(t)

_ If o) =ac,(t) +a,c(0) |
r-_t-—hEI——bC,(’E} .t a, 3 (G T 2,610
1) - At ar(t) then system G is linear |

System

Fig 1.8 : Principle of lineavity and superposition.
g - - _ e -
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A mathematical model will be linear if the differential equations describing the system has constant
coefficients (or the coefficients may be functions of independent variables). If the coefficients of the
differential equation describing the system are constants then the model is linear time invariant. If the
coefficients of differential equatlons governing the system are functions of time then the model is linear
time varying.

- The differential equations of a linear time invariant system can be reshaped into different form for
the convenience of analysis. One such model for single input and single output system analysis is transfer
function of the system. The fransfer function of a system is defined as the ratio of Laplace transform of
output to the Laplace transform of input with zero initial conditions.

Laplace Transform of output I

Transfer function = -
Laplace Transform of input ]

with zeroinitial conditions .._...( 1.1)

The transfer function can be obtained by taking Laplace transform of the differential equations
governing the system with zero initial conditions and rearranging the resulting algebraic equations to get
the ratio of output to input.

14 MECHANICALTRANSLATIONAL SYSTEMS

The model of mechanical translational systems can be obtained by using three basic elements
mass, spring and dash-pot. These three elements represents three essential phenomena which occur in
various ways in mechanical systems. :

The weight of the mechanical system is represented by the-element #mass and it is assumed to be
concentrated at the center of the body. The elastic deformation of the body can be represented by a
spring. The friction existing in rotating mechanical system can be represented by the dask-pot. The dash-
pot is a piston moving inside a cylinder filled with viscous fluid.

When a force is applied to a translational mechanical system, it is opposed by opposing forces due
to mass, friction and elasticity of the system. The force acting on a mechanical body are governed by
Newton’s second law of motion. For translational systems it states that the sum of forces acting on a
body is zero. (or Newton’s second law states that the sum of applied forces is equal to the sum of
opposing forces on a body).

LIST OF SYMBOLS USED IN MECHANICAL TRANSLATIONAL SYSTEM
x = Displacement, m

-odx .
v-= — = Velocity, m/sec

dt
& _ X _ s cecleration, misec?
a = dt dt 2 = CCB era 10n, m sec?

f = Applied force, N (Newtons)

fo= Opposing force offered by mass of the body, N

f. = Opposing force offered by the elasticity of the body (spring), N

f, = Opposing force offered by the friction of the body (dash pot), N
M= Mass, kg

K = Stiffness of spring, N/m

B = Viscous friction co-efficient, N-sec/m

(Nore : Lower case letters are functions of fime ]
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FORCE BALANCE EQUATIONS OF IDEALIZED ELEMENTS

Consider an ideal mass element shown in fig 1.9 which has negligible friction and elastiéity. Leta

force be applied on it. The mass will offer an opposing force which is proportional to acceleration of the
body.

Let, f = Applied force ' }—r X
f_ = Opposing force due to mass f —»{ M —E
Here, f o ﬁ - or f = Mi " Reference
T g dt? F:g L9: fdeai' mass element.
: 2
By Newton's second law,|f=f, =M %; ____ (1.2)

Consider an ideal frictional element dashpot shown in fig 1.10 which has negligible mass and

elasticity . Let a force be applied on it. The dash-pot will offer an opposing force which is proportional to
velocity of the body.

: _ X
Let, f = Applied force }_’ —‘
f, = Opposing force_due to friction f—> — _EJ E
Here, f, o« 3 or f,= B3 ' B Reference
dt dt Fig 1.10 : Ideal dashpot with
By Newton's second law,| f =1, = B% """ (1.3) ' one eﬂd_ Jred to reference.
‘When the dashpot has displacement at both ends as shown in i_. X, E_. X
fig 1.11, the opposing force is proportional to differential velocity. T '
d . d f— i
fboca{xl-xz) or f, ZBE{ (%; — X5) J

B Reference
d ' Fig 111 : Ideal dashpot with
f=f. =B— -y (1.4) Ig 1.11 & ldeal adsnpot w
o dt (1= %2) : displacement at both ends.

C0n31der an ideal elastic element sprmg shown in fig 1.12,

which has negligible mass and friction. Let a force be applied on it. }—’ X
T’he spring will offer an opposing force which is proportional to ¢ o5 £
lisplacement of the body. K ¥
) Reference
Let, f = Applied force Fig 1.12 : Ideal spring with one end
f = Opposing force due to elasticity fixed to reference.
Here f «x or f=Kx
1
By Newton’s second law, | f=f =Kx | ..... (1.5)
When the spring has displacement at both ends as shown in }_.)(1 }—»xz
g 1.13 the opposing force is proportional to differential displacement. o
f—> To0°
foc (X, —X,) or fi = K(x; —x,) K
Fig 113 : ideal spri ith
Af=f =K -x)| (1.6) ] 90" Spring wi

displacement at both ends.
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Guidelines to determine the Transfer Function of Mechanical Translational System

L. In mechanical translational system, the differential equations governing the system are
obtained by writing force balance equations at nodes in the system. The nodes are meeting
point of elements. Generally the nodes are mass elements in the system. In some cases the
nodes may be without mass element. ’

2. The linear displacement of the masses (nodes) are assumed as X, X, , X, , €tc., and assign a
displacement to each mass(node) . The first derivative of the displacement is velocity and
the second derivative of the displacement is acceleration.

3. Draw the free body diagrams of the system . The free body diagram is obtained by drawing
each mass separately and then marking all the forces acting on that mass (node). Always the
opposing force acts in a direction opposite to applied force. The mass has to move in the
direction of the applied force. Hence the displacement, velocity and acceleration of the mass
will be in the direction of the applied force. If there is no applied force then the displacement,
velocity and acceleration of the mass will be in a direction opposite to that of opposing
force.

4, For each free body diagram, write one differential equation by equating the sum of applied
forces to the sum of opposing forces.

5. . Take Laplace transform of differential equations to convert them to algebraic equations.
. Then rearrange the s-domain equations to eliminate the unwanted variables and obtain the
ratio between output variable and input variable. This ratio is the transfer function of the
system.

Note ;' Laplace transform of x(1)

Laplace transform of %?—

d’x(t)
di?

L{x@®} = X(s)

[{% x(x)} =sX(s) (with zero initial condr‘z‘fons)
t :

[

Laplace transform of £ 1}7 x(f)} =5 X(s) (with zero initial conditions)
/

EXAMPLE 1.1

Write the differential equations governing the mechanical system shown infig 1. and determine the transfer function.

F>x, | F»x

K B
1 - —-—-I—l
M, — o M Ly
SN 4
B, B,
Fig 1.

SOLUTION
Inthe given system, applied force 'f(t)' is the input and displacement X' is the output.
Let, Laplace transform of f(t) = L{f(t)} =F(s)
Laplace transform of x = L{x} =X(s)

Laplace transform of X, = Li{x,} =X(s)
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Hence the requsred transfer function is FE })

The system has two nodes and they are mass M, and M,. The differential equations goveming the system are given by
force balance equations atthese nodes.

Let the displacement of mass M, be x,. The free body diagram of mass M isshown in fig 2. The opposing forces acting
onmass M, are marked as f_, f,,, f. f and f.

mi? 'pi?
' £ =M, % ; fm:Bt%}‘:l ; fH:K@Xﬁ } H&

4 ' le——f,,

f= Ba{’ﬁ -%x); ki =Kx- . «—f,,

By Newton's second faw, 1M e—,
b+ oy +y + g+ =0 ' —f

d%,  _ dx, ..d | M

i Brgy B0+ K+ Ko -x) =0 Fig 2 : Free body diagram

'On taking Laplace transform of above equation with zero initial conditions we get, of mass M, (node 1).
Ms?Xi(s)+ BsX(s) +Bs [X(s) - X(s)] + KX«(s) + K [X(s) - X(s)] = 0
Xy(s) (Ms? + (B, +B)s + (K, +K)| - X(s) [Bs +K] = 0
Xy(s) [Ms? +(B, +B)s + (K; +K)] = X(s) [Bs +K]

Bs+K

| : O
- X((8) = X(s) Ms? +(B, +B) s + (K, +K) | §

The free body dlagram of mass M, is shown infig 3. The opposmg forces acting on M are marked as f, T,

D
andf,.
dz . - dx : }——DX
fro =M, —5 F] : 2 =B, — .
dt dt : - I}
fb=Ba (x) 5 fo=Kixox) —f,,
_ My le—1,
By Newton's second law, PRI |
oo = g+, +f = 1) —k
Fig 3 : Free body diagram
M, O 8, & Bl oK) =1 of mass M, (node 2).

On taking Laplace transform of above equation with zero initial conditions we get, _

M,S2X(8) + B,sX(s) + BSEX(s) - X(s)] + KIX(S) — X,(s)] = F(s)
X(s) [Mys? + (B, + B)s + K] - X,(s)[Bs + K] = F(s)

2
Subsfituting for X,(s) fromequation (1) in equation (2) we get, :

(Bs +Kj?
Ms? + (B, + B)s+(K, +K)

X(s) My52 + (B, + B)s + K] - X(s) —E(s)
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X(s ) [Mgs® +(B, +B)s +K] [M:S +(B;+B)s+ (K +K)] - (Bs +K)* | _ Fis)
M;s? +(B,+B) s + (K, +K) J_
CX(s) _ " Ms?+(B,+B)s +(K, +K)
T F(s)  [Ms? +(By+B)s+ (K, +K)] IMys? + (B, +B)s + K] - (Bs + K)*

‘RESULT
The differential equations governing the system are,

1. dx1

B1 +B—(x1 X)+Kpx; + K —x) =0

2
T2 %-:j'l—;+32%+B%(x—)q)+K(x— %) =H(t)

The transfer function of the system is,

X(s) _ Ms? + (B, +B) s+ (K, +K) _
F(S) ~ [Ms?+(B,+B) s+ (K, +K)| [M;s° + (B, + B) s +K| - (Bs +K)?
EXAMPLE 1.2
~ Determine the transfer function \;"({S? qf the system shown in fig 1. K, T) L‘—‘ B
SOLUTION

Let, Laplace transformof f(t) = L{f(D)} =F(s)

Laplace transformof y, = L{y,} =Y (s) K, S
Laplace transform of y, = L{y,} =Y,(s) _ T v
The system has two nodes and they are mass M, and M,. The differential .
equations governing the system are the force balance equations at these nodes. Fig 1.
The free body diagram ofmass M, isshowninfig2.
: ‘—; ¥4
The opposing forces are marked asf_, fb f,andf,
—f(t)
d? d
=M, d}; P b= d&? fa= K1Y1 vt =Koy - ¥2) - et
M -,
By Newton's second law, f,+f +f,+fo =f(t) £
d%y, _dy ' - A,
M3+ Bt Ky + Kolys —y2) = 1) () - Fig 2
- On taking Laplace transform of equation (1) with zero Initial condition we get,
M;s2Y;(s)+ BsY;(s) + K;Yy(8) + Ko[Yy(s) — Yo(s)] = F(s)
Ys)IMs? +Bs + (K +K )l - YooK, =F(s) L 2

The free body diagram of mass M, is shown in fig 3. The opposing forces acting on M, are T
andf,,. -
d?y,
dt? '
By Newton's second law, fro +ie=0

fnz =Mp—35% feo = Kalya —y4)
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Ry

2,

d
My =+ Kolyz ~y) =0

On taking Laplace transform of above equation we get,

M,s2Y,(8) + Ko[Y,(s) — Yy(8)] =0 M,

Ya(s) [My8% +Kz] - Yi(s) K, = 0

Mys? +K,

S YiE) = Yols) 2

Substituting for Y(s) from equation (3) in equation (2) we get,

2
Ya(s) [Mﬁg&} [M-]S? +Bs+(K;+ I{Q)}_ Y,(s) K, = F(s)

v,66) [(Mzsz +Ky) M B (Kl Ki] —F(s)
2

RACH K,
F(S)  [Ms?+Bs+ (K, +Ky)] [Mys? +K, |- K3

RESULT
The differential equations governing the system are,

d%; , . dy ' '
1. M2+ B Ky + Koy — o) =it
42 * gt + Kiyy + Kalyy — yp) = 1(t)

dzya

2 a?

The transfer function of the systemis,

M +Koly, -y =0

Yo(s) _ K,
F(s) [I\!Lfs2 +Bs+ (K;+ Kz)] [M252 + Kz] -K?

EXAMPLE 1.3

Determine the transfer function, Xi(5) and Xo() for the system shown in fig 1.

F(s) F(s)
f
0 Lax, 5 Fx,
| M, ——]

— — A4
(

v

\_\H\%Bbm
=

S | 7 a4
B, B,

_ Figl~ i—Mf
SOLUTION '

Let, Lapl«fﬂ_ce transform of f(t) = L{f(t)} = F(s)

Laplace transform of x, = £{x,} = X(s) |

Laplace transform of x, = .C{xz.} = X,(s) ...‘——f'“

Fig 2,
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The system has two nodes and they are mass M, and M, The differential equations goveming the system are the force
balance equations at these nodes. The free body dlagram of rnass M, is shown in fig 2. The opposing forces are marked asf_,
fop Gy @nd f .

517 b

ax
T dt

By Newton's second law, f.,+f,+f 55 + £, =f(t)

dx d
fn1 = M1?21 =  for2 =B E‘{(’H —%g) 3 fa =Ky

2 -
d B1d)<1 +B,, dx, — x5)

' dt? dt dt

+ KX, = f(Y)
On taking Laplace transform of above equation with zero initial conditions we get,
M;s?X;(8) + BS X((8) + Bz [Xi(8) - X(8)] + KiXy(5) = F(s)

Xi(s) IMs® + (B, +By) s +K{] - ByysX,(s) = F(s) _ (1)

The free body diagram of mass M, is shown infig 3. The opposing forcesaremarked asf . f,, fm andf,,.

d?x : dx i__,
fm2 = MQ"""ﬁ‘z_ ; fa=B,—= z %

dt dt

) _ 1,
iz = B1QE (X2 — %) ; fo = KX, '

M,

By Newton's second law, ., +f, +fm2 +f,=0 —f .,

d? g%z _djj;LB d(x = %4) —

+B, 22 Kpxp =
. T I— )

I

. Fig 3.
On taking Laplace transform of equation {2) with zero initial conditions we get,

M;57X4(8) + BSX(S) + By [Xo(8) — Xy(8)] + K, Xo(s) = 0

X,(8) [M;8% + (B, +Byy) s +K,] - BizsXi(s)=0

- Xo) [Mys? + (B, +Byp) s +Kp] = Byp 5 Xy(s)

Xpe)eegoSX® 3)
[Mz5= + (B +Byp) s +Ky]

Substituting for X2(s) from equation (3) in equation (1) we get,

(B18)* X4(s)

2y By,) s+K{]-
Xi(s) IMs”™ +(B;+By3) s +Ky] My52+ (B, +Bry) 5+ K,

=F(s)

Xy(s) [[Ms” + (B, +Brp) s+ K] [Ms” + (B, +By) s+ K, (By5)°
M23 + (82 B-[z) S+ K2

=F(s)

Aqis) _ M,s® +(B, +Byy) s +K, B
F(s) [Ms”+(B,+By;) s+K] [M;5” +(B, +Byp) s+K,]- (B 5)°

From equation (3) we get,

. (5) = M5 LB tB)StRIX) @)

Bys

Substltutmg forX {s) from equation (4)in equatmn (1) we get,

X,(s) [Mzs +(B, +By) stK;]

o [M,s% + (B, +Byp) § +K{]— Byus X,(s) = F(s)
12
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M52 + (B, + Byp) 5+ Kp] IMis® + (B +Byp) s+K11—(B12s)2] =F(s)
Bs ) _

Xa(8) [

. Xy(s) Byps

"F(s) | [MS2 (B, + Brp) 5+Ky] [Ms” + (B, +Byp) 5 +K{] - (Byz)*

RESULT
. The differential equations goveming the system are,

d?x d(x, — X,) '
E’gi 2_1d_12_ +Kx, = f{t)

s o
2 M3%2 .8, dxp=Xy)
° dt ] dt
The transfer functions of the system are;
X4(8) _ M;s” +(B, +Byp) s+Ky
F(s) [Ms®+(B;+Byp)s+K{ [M,s? + (B, +Bjz) s + Kyl —(By2S)

1. M, +B1E:T’+B1

dx,

_ +Koxp =0
dt 272

+ Bz

2

Xa(s) _ ' By.s
F(s) ~ [Mys” = (B, + Bry) 5+ Kyl IMS? +(By + Byp) s +Kil - (B1oS)”
EXAMPLE 1.4

Wirite the equations of motion in s-domain for the system shown in fig 1. Determine the transfer function of the system.

F>x(1)

4 K ]
% S _}! M — i)
B—k 7777777'\8‘
* Figl.

SOLUTION
Let  Laplacetransformof x(t)= L{x(1)} = X(s)
Laplace transform of f(t) = £{f(t)} = F(s) .
Let x, be the displacement at the meeting point of spring and dashpot. Laplace transform.of X, is X,(s).

- The system has two nodes and they are mass M and the meefing point of spring and dashpot.
The differential equations goveming the system are the force balance equ ations atthese nodes. The equations of motion inthe
s-domain are obtained by taking Laplace transform of the differential equations.

The free body diagram of mass Mis shown in fig 2. The opposing forces are marked as f..fandfy,.

fm=M%§§ ; fb1=B1Ed? ; fszz-%(x—x,} : - .l“"
By Newton's second law the force balance equation s, ()
£+t +fp =f(8) S w [
d*x _dx . d "
MG+ B+ By b= x) = 1Y 1,
Fig 2,

On taking Laptace transform of the above equation we get,
Ms? X(s)+B, s X(s) +B, 5 [X(s) - X4(s)] = F(s)
[Ms? +(B,+B,) 5] X(s) - By s Xy(s) = F(s) 1)
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The free boay diagram at the meeting point of spring and dashpot is shown in fig 3. The opposing forces are marked as
i andf,

thZBQ‘d’di‘"(x’—x): fk:KX‘I . ’ ‘}__”L
By Newton's second law, f, +f, =0 M=0 ki
: _ _ ‘
BZE(X1_X}+KX1Z‘D %
dt L
_ Fig 3.
Ontaking Laplace transform of the above equation we get,
B, s [X/(8) - X(s)]+ K X (s)=0
(B, s+K) X,(s)~B, s X(s) =0
- B;s : :
X-I[:S} = m X(S) : - .(2}

Substituting for X (s) from equation (2) in equation (1) we get,

[Ms? +(8,+B,) 5] X(s) B, S{BZB;

}X{s} F(s

[{M s? (B, +B,) s] (B, s+K)~ (B, 3}2]
B,s+K

_X(s) _ B,s+K
TF(s) [Ms?+(B;+B,)s](B,s+K)— (B, s8)°

RESULT

The differential equations governing the system are,

=F(s)

X(s)

a2 dx. . d
1. M—+B,—+B,—{x—x,J=A{t
2 Bt B X0 =10

d
| 2. Bza()g—x)ﬂ-'{x1 =0
The equations of motion in s-domain are,
1. [Ms?+(B,+B,) s] X(s)— B, s X,(s) = F(s)
2. (Bys+K) X{(s)-B,sX(s)=0

The transfer function of the systemis,
X(s) Bys+K
F(s) [Ms?+(B,+B,)s](B,s+K)-(B; )

15 MECHANICAL ROTATIONAL SYSTEMS

The model of rotational mechanical systems can be obtained by using three elements, moment of
inertia [J] of mass, dash-pot with rotational frictional coefficient [B] and forsional spring with
stiffness [K].

The weight of the rotational mechanical system is represented by the moment of inertia of the
mass. The moment of inertia of the system or body is considered to be concentrated at the centre of
gravity of the body. The elastic deformation of the body can be represented by a spring (torsional spring).

The friction existing in rotational mechanical system can be represented by the dash- pot The dash-pot is
2 piston rotating inside a cylinder filled w1th viscous fluid. :
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When a torque is applied to a rotational mechanical system, it is opposed by opposing torques due
to moment of inertia, friction and elasticity of the system. The torques acting on a rotational mechanical
body are governed by Newton's second Jaw of motion for rotational systems. It states that the sum of
torques acting on a body is zero (or Newton's law states that the sum of applied torques is equal to the
sum of opposing torques on a body).

LIST OF SYMBOLS USED IN MECHANICAL ROTATIONAL SYSTEM

= Angular displacement, rad

= Angular velocity, rad/sec

= Angular acceleration, rad/sec:

= Applied torque, N-m

= Moment of inertia, Kg-mz2/rad

= Rotational frictional coefficient, N-m/(rad/sec)
= Stiffness of the spring, N-m/rad

rallev R —395[%&%@

TORQUE BALANCE EQUATIONS OF IDEALISED ELEMENTS

Consider an ideal mass element shown in fig 1.14 which has negligible friction and elasticity. The
opposing torque due to moment of inertia is proportional to the angular acceleration.

Let, T = Applied torque.
T, = Opposing torque due to moment of inertia of the body.

Here T-ocdZe or T-—J@ ' E .
. ] dt? 1 th | J $
By Newton's second law, . T‘ N 5
2
1T=T= j——-d 0 - Fig 1.14 ; Ideal rotational mass element.
B Y (1.7) _

Consider an ideal frictional element dash pot shown in fig 1.15 which has negligible moment of
inertia and elasticity. Let a torque be applied on it. The dash pot:will offer an opposing torque which is
proportional to the angular velocity of the body.

Let, T =Applied torque.

T, =Opposing torque due to friction. YN 7 E
r |
do do ' v v
T,c— or T,=B— _|B
bt T T dt T 8 -
' 30 Fig 1.15 : Ideal rotational dash-pot with
By Newton's second law, |T=T, = BE ..... (1.8) one end fixed to reference.

When the dash pot has angular displacement at both ends as shown in fi g 1.16, the opposing torque
is proportional to the differential angular velocity. —‘
: |

Pl
T, 9, JB 6,

Fig 1.16 : Ideal dash-pot with
----- (1.9) angular displacement at both ends.

d d
T, (6, -6;) or T,=B(6,-6,)

d
ST=T,=B—(8-6,)
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Consider an ideal elastic element, torsional spring as shown in fig 1.17, which has negligible moment
of inertia and friction. Let a torque be applied on it. The torsional spring will offer an opposing torque
which is proportional to angular displacement of the body.

Let. T =Appliedtorque. : . %ﬁ—ﬂm—é
. . N X

T, = Opposing torque due to elasticity. T 6
T, < 8 or T, =K6 Fig 1.17 : Ideal spring with one
By Newton's second Taw, m _____ (1.10) end fixed to reference.
When the spring has angular displacement at both ends as sgfmm in fig 1.18 the opposing torque_ i_s
proportional to differential angular displacement. NN

N
ol R 0¥

Fig L.18 : Ideal spring with angular
displacement at both ends.

T, « (8,-6,) or T,=K(6,-8)

AT = T, =K@, -92)| 111)

Guidelines to determine the Transfer Function of Mechanical Rotational System

1. In mechanical rotational system, the differential equations governing the system are obtained
by writing torque balance equations at nodes in the system. The nodes are meeting point of
elements. Generally the nodes are mass elements with moment of inertia in the system. In
some cases the nodes may be without mass element.

2. The angular displacement of the moment of inertia of the masses (nodes) are assumed as 0,
0., 0, etc., and assign a dlsplacement to each mass (node). The first derivative of angular
dlsplacement is angular velocity and the second derivative of the angular displacement is

angular acceleration.

3. Draw the free body diagrams of the system. The free body diagram is obtained by drawing
each moment of inertia of mass separately and then marking all the torques acting on that
body. Always the opposing torques acts in a direction opposite to applied torque.

4, The mass has to rotate in the direction of the applied torque. Hence the angular displacement,
velocity and acceleration of the mass will be in the direction of the applied torque. If there is
no applied torque then the angular displacement, velocity and acceleration of the mass is in
a direction opposite to that of opposing torque.

5. For each free body diagram write one differential equation by equating the sum of applied
torques to the sum of opposing torques. .

6. Take Laplace transform of differential equation to convert them to algebraic equations. Then
 rearrange the s-domain equations to eliminate the unwanted variables‘and obtain the relation
between output variable and input variable. This ratio is the transfer function of the system.

Note :
Laplace transform of 6 = £{6} = 8(s)
Lap!ace transform of 4 =/ { i:g} =s6(s) (with zero initial conditions)
dt t
d2 9 d26‘ 2 : . .
Laplace transform of =L % =" 0(s) . (withzero initial condiiions)
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1.17
EXAMPLE 1.5
Write the differential equations governing the mechanical rotational system shownin fig 1. Obtainthe transfer function

ofthe system.

=]

T K 0 B
(Applied Torgue) (Output)

' Fig 1.

SOLUTION

In the given system, applied torque T is the inputand anQuiar displacement 8 is the output.
Let, Lapiace transformof T = L{T}=T(s)

Laplace rransformof 6 = L6} =6(s)

Laplace transform of 9, = £{0,} =0 (s)

8
Hence the required transfer function is "f%
The system has two nodes and they are masses with moment of inertia J, and J,.. The differential equatlons goveming

the system are given bytorque balance equations at these nodes.

Letthe angular displacement of mass with momentofinertia J, be 6. The free body diagram of J, is shown in fig 2. The
opposing torques acting on J_t are marked as Tj1 andT,. -

d?0;
_Tﬂ =J; dt21 v Te= K(G«__ -8)
By Newton's second law, T+ T, =T T, T.

! 5

3,95 0, +K(O,-0)=T - 3 I} i
dt? . T @, :

: ) : . ] :

3, d 91 90 ke,-Ke=T o Fig 2 : Free body drqgrarfs of mass with

dt? . moment of inertia J,.

Ontaking Laplace transform of equation (1) with zero initial conditions we get,
J, 5% 8,(s) + K0,(s) — K8(s) = T(s)

(4157 +K) 8,(s) ~ K () = T(s) l2)

The free body diagram of rﬁass with momentof inertia J, is shown in fig 3. The opposing torques acting on J, are marked
asT, T,and T,

d% de

. il . T - -0
TIZ o5 di? s =B dt , k K(o 09 Tp T, T,
By Newton's secondlaw, Tp+ Ty +T, =0 . e

¢’ _do . o .

hagm a2 " B3 dt +K(0-6,)=0 Fig 3 : Free body diagram of mass with

moment of inertia J,
2
d df Bﬁme Ke,=0
dt dt

Ontaking Laplace transform of above equation with zero initial conditions we get,

J,8%0(s) + B s 6(s) + KO(s) —Kb,(s) = 0
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(J, s +Bs+ K) 6(s) - Ke,(s) =0
2 o
M o(s) 3

R

Substituting for 6,(s) from equation (3) in equation (2) we get,

(4,82 + Bs +K)

(Js%+K) ” B(s) - Ké(s) = T(s)
: 2 ‘o2 _ K2
J[(JTs +K) (J7_5K+ .Bs +K)-K } 88)=T(s)
-0(s) - K

T8 WSTiK) (st Be i K) - KE

RESULT
The differential equations goveming the system are,

2
1. J!itg’;Ke,—KE}:T

2 .

d<e do
J + B Ko -Ke,=0
242 " T !

The transfer function of the system s,

K
T(s) (J5° +K) (J,5° +Bs+K)-K2

EXAMPLE 1.6

Write the d:fferenUal equations governing the mechanical rotational system shown infig 1 and determine the transfer

function 6(s)/T(s )

J,

K B
J ]——
! ’ 2 9# L
B!z - 0 v

SOLUTION | N
tn_the given system, the torqueTi'S the input -- ) @j‘):
and the angular displacement @ is the output. T 6
. sy

Let, Laplace transform of T= £{T} =T(s)
' Laplacetransfdnn ofé =L{0} =6(s)
Laplace transform of 8, = £{0,} =6,(s)

Hence the required transfer function is "% : .

PP P77 7777 7 77777 7777777777 7777

Fig 1.

The system has two nodes and they are masses with moment of inertia J, and J,. The differential equatmns goveming

= system are given by tcrque balance equations at these nodes.

Letthe angular dlsplacement of mass with moment of inertia J, be 8,. The free body diagram of J,is shcwn in f i92. The

2pposing torques acting on J, are marked as Ty Typand T, .

d291

T =dh—= a2

By Newton's second law, T, + T, + T, =T

d
: _Tmz =By Et‘(91 -8)  Ty=K(B,-6)

T o,

Tj\ To Te )

Fig 2 : Free body diagram of mass with
moment of inertia J,.
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2
49 e, 6, —6)+K(0,—0)=T

J b
Tt dt

On taking Laplace transform of above equation with zero initial conditions we get,

Ji579,() + § By [04(5) — 6(s)] + KOy(s) ~ Ko(s) = T(s)

84(s) W52 + 5By, +K1-8(s) [sB,, + K= T(5) e (@
“ The free body diagram of mass with moment of inertia J, is shown in fig 3. The opposing torques are marked as Tp, Tor
T,and T, '
d’e d . To Toe T, T,
To=do— 3 T,p=B,—(0-86 : '
R=dogz @ Tor=Bag6-6) | . DAY
w0 AV
Tb-;BF- ; T =K({®-8,) — i 8
: t Fig 3 : Free body diagram of mass with
By Newton's second law, T+ Ty, +Tp+ Ty =0 . moment of inertia J.
d% d do :
Jp E‘*-+ 8125(9 - 8,) +_BE+ K(6-8,=0
d%e de, de
—-Bp—+—(B,, +B)+K8 —Kp,=0
2 gz Byt dl{ 12 +B) 1

On taking Lapiace transform of above equation with zero initial conditions we get,
J,5%0(s) — B,50,(s) +50(s) [B,, + B] + Ko(s) - Ko(s) = 0
6(s) [s%J, + 8(By, + B) + K] - 6(s) [sB,, +K] =0

[s2J; +5(Bys +B) + K]
[sByp +K]

By(s)= 6(s) e 2

Substituting for 6,(s) from equation (2) in equation (1) we get,

[J,8° + 8(B,, + B) + K] 6(s)
(sBy, +K)

8% + 8By, +K] —(sBy; +K) 8(s) = T(s)
(Ji8? + 8By, + K) [4,8% + 5(B;; + B) + K] - (sB;, + K)?
(sBsy +K)

. B(s) (sByp +K)

8(s) = T(s)

U T(s) (5% + 8By, + K) [U8% + 8(By, + B) + K] — (B, + K)?

RESULT
The difterential equations governing the system are, ' ‘.

d% d

Tz"ﬂ'- BIQE(G-‘ “8) +K(9! -8)= T

d% dg, do

P Bys _dt1 + ot (B +B)+K(®-86,)=0

The transfer function of the systemis,

O(s) _ : (sBy, +K)
T(s) (8% +5By, + K) [U,5° +5(By, +B) + K] — (8B, + K)?

1.

2. 4,




1.6 ELECTRICAL SYSTEMS

The models of electrical systems can be obtained by using resistor, capacitor and inductor. The
current-voltage relation of resistor, inductor and capacitor are given in table-1. For modelling electrical
svstems, the electrical network or equtvalent circuit is formed by using R, L and C and voltage or current

Tource.

The differential equations governing the electrical systems can be formed by writing Kirchoff ’s
current law equations by choosing various nodes in the network or Kirchoff ’s voltage law equations by
choosing various closed paths in the network. The transfer function can be obtained by taking Laplace

ransform of the differential equations and rearranging them as a ratio of output to input.

TABLE-1.1 : Current-Voltage Relation of R, L and C

Element Voltage across the element Current through the element
i, R () = Rict) it)="12
VW= R
V(1)
i) L v(t) = Lii(t) ity = lf v(t) dt
2000 dt L
v(t}
Lo . dv(t)
LIS 1(3) c . :..!_
- V()= fi(o) dt i(n=cTW p
v(t)

=XAMPLE 1.7 _ )
Obtain the transfer function of the electrical network shown in fig 1.
SOLUTION
In thé gi\;ren network, inputis e(t) and outputis v,(t).
Let, Laplace transform of e(t) = L{e(t)} =E(s)
Laplace transform of v,(t) = L{v,(1)} =V,(s)

Va(s)

The transfer function of the network is ©)
s

Transform the voltage source in series with resistance R, into
=cuivalent current source as shown in figure 2. The network has two nodes.
=tthe node voltages be v, and v, The Laplace transform of node voltages
znd v, are V (s) and V,(s) respectively. The differential equations goveming

rer n_etwork are given by the Kirchoff's current law equations at these nodes.

Atnode-1, by Kirchoff’s current law {referf ig3)

V1+Cdv’.v v, _ €
R, dad R, R,

Ontaking Laplace transform of above equation with zero initial conditions we get,

V( ) . V1(S) Vo(s)  E(s)
R + O Re Ry R :
1 Vo(s)  E(s)
V. +8Cy + —2 =
| ~1{3.}[ - 1 Ra] R, R %)

e(t) CT CT v,

Fig 1.
Note : Source transformation
R
v
|=
R
a—l GD R
R
— N A—
R = é

: | \]
-::‘D .R‘é CT
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V —V2
v,—p Ry Vi
VV—— W
e vi Lo 9v Yam¥s L
R YR Tl & R, Tl
Fig 3. Fig4.

dv,
2 dt

Atniode-2, by Kirchoff’s current law (refer fig 4)

V2= ¥y +C,—==0
- Ry dt

On taking Laplace transform of above equation with zero initial conditions we get,

Va(s)  Vils)
R, R, +C,5V,(s)=0

Vi) _ Vals) A
R, R, +Cs Vy(s)= [Rz +sCz} Va(s)

- Vifs) = [1+ sC,R, | Va(s)

Substituting for V. (s) from equation (2} in equation (1) we get,

1] E(
(1+5R.C) V; s){ L5, +_ﬁ2_J_vé(zs) =‘é—?
(1+5RCy) Ry +R +SCRR,) Ry || 1 E(S)
&Rz J R
CVals) R,

TE(s)  [(1+5R,Cy) (R, +R; + SCRR,) —R{]

RESULT

The (node basis) differential equations governing the electrical network are,

, dv1+v,'—v2:i

2. —=——+
R, - dt
The transfer function of the electrical network is,

Vals) _ R,
E(s) [(1 +8R,C,) (R + R, +sCRR,) - R1]

1.7 TRANSFERFUNCTION OF ARMATURE CONTROLLED DC MOTOR

The speed of DC motor is directly proportional to-armature voltage and inversely proportional -

flux in field winding. In armature controlled DC motor the desired speed is obtained by varying ti
armature voltage. This speed control system is an electro-mechanical control system. The electric
system consists of the armature and the field circuit but for analysis purpose, only the armature circui
considered because the field is excited by a constant voltage. The mechanical system consists of ¢
rotating part of the motor and load connected to the shaft of the motor. The armature controlled T

motor speed control system is shown in fig 1.19.
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v~ Constant v, = input

[

_ Fig 1.19 : Armature controlled DC motor.
. Let, R = Armature resistance, Q
' L,= Armature inductance, H

i = Armature current, A
‘v, = Armature voltage, V
e = Back emf, V
K= Torque constant, N-m/A
T = Torque developed by motor, N-m
6 = Angular displacement of shaft, rad
J = Moment of inertia of motor and load, Kg-m*/rad _
B = Frictional coefficient of motor and load, N-m/(rad/sec)
K = Back emf constant, V/(rad/sec) R L
The equivalent circuit of armature is shown in ﬁg 1.20. " +3R, "~ lréi?\: _
By Kirchoff’s voltage law, we can write, v, ba e:i_

'

. di '
IaRa+Lad_:+eb=Va e (1.12) -

Torque of DC motor is proportional fo the product of

Fig 1.20 : Equivalent circuit of armature.

Jux and current. Since flux is constant in this system, the N\ 7
‘orque is proportional to i_ alone. Z ¥ R i]
Tewi, T e ,E;'
- Torque, T=Ki, .. (1.13) g

The mechanical system of the motor is shown in fig 1.21.
The differential equation governing the mechanical system of motor is given by,

TRSEEE

de  _do _ o
e _ (1.14)
The back emf of DC machine is proportiohal_to speed (angular velocity) of shaft.

Sey ':uc-dE or Backemf, e, = Kbﬁi—e—
dt dt

.;...(l .15)

The Laplace transform of various time domain signals involved in this system are shown below.

L{v,} =V, (9 L{e,} =Ey(s); L{T}=Ts): L{i,}=L(s)y L{}=0()

The differential equations governing the armature controlled DC motor speed control system are,

i . d%  _dé _ do
isRa+Lﬁd—‘;:—+eb=va ;o T=Kd, J-dt—2+BE=T'; e_b=th
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Taking Laplace transform of the above equations with zero initial conditions we get,

()R, + L sL(s) +E(s)=V,(s) (1.16)
T)=KLG) (1.17)
J15%6(s) + B 5 0(s) = T(s) - E (1.18)
E,(s) = Kys 6(s) ‘ | | ~-{1.19]

On equating equations (1.17) and (1.18) we get,

K,L,(s) = (Js° +Bs) B(s)

6(s) : T (1.20]

_ (Is" +Bs)
la(sj - K

t

Equation (1.16) can be written as,

(R, TSL)I{S)—I-E(S) V (5) ....‘(1 21]

Substituting for E,(s) and 1 (s) from equation (1.19) and (1.20) respectively in equation (1.21),

R sl US+BS)

Lt a

8(s) + K8 0(s) = V,(s)
t

(R, +sL,) (Js* + Bs) + Ky K8
Kt

—l B(s)=V,(s)

d

B(s)
V,(s)

The required transfer function is

. 0(s) _ K,
V,(s) (R, +sL,) (s’ +Bs)+K,K;s

~(1.22

— Ki
"~ RJS +R,Bs+LJ¢ +L,Bs +K K

Kt
s[IL.& + (R, +BL,) s+ BR, + KK, )]

K, /L,

=TT : o (1.21
2 [TRa+BL ) (BRTKiK, )| - (1.2
JL, L, J .

The transfer function of armature controlled dc motor can be expi'gssed in another standard forr
as shown below. From equation (1.22) we get,

172}

6(s) _ K, : _ ' K,
V.(s) (R.+sL)(s+Bs)+K,Ks ' z
a(s) ( a8 a)( 8 S} b3 Ra SLa 1+1|Bs 1+LIS_ +Kbl(t g
R, Bs I
_ K,/R,B
= — : (1.2
K K, ol
1+8T,) (145T,) + =2 '
s{( ST,) (145Ty) + 2 B}
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a

é: T,, = Mechanical time constant

1.8 TRANSFER FUNCTION OF FIELD CONTROLLED DC MOTOR

The speed of a DC motor is directly proportional to armature voltage and inversely proportional to.
flux. In field controlled DC motor the armature voltage is kept constant and the speed is varied by varying
#he flux of the machine. Since flux is directly proportional to field current, the flux is varied by varying
field current. The speed control system is an electromechanical control system. The electrical system
consists of armature and field circuit but for analysis purpose, only field circuit is considered because the
armature is excited by a constant voltage. The mechanical system consists of the rotating part of the
motor and the load connected to the shaft of the motor. The field controlled DC motor speed control
system is shown in fig 1.22.

~ where, —]15"(—2* =T, = Electrical time constant

!
|
p
I I
. (Output)

Fig 1.22 : Field controlled DC motor.

|

Let, R, = Field resistance, Q

L, = Field inductance, H
i = Field current, A i.
- v, = Field voltage, V _
T = Torque developed by motor, N-m
K, = Torque constant, N-m/A
] = Moment of inertia of rotor and load, Kg-m?*rad
B = Frictional coefficient of rotor and load, N~mr'(radfse;(_:)
The equivalent circuit of field is shown in fig 1.23. Fig 1.23 : Equivalent

By Kirchoff ’s voltage law, we can write circuil of field.

di
Re;+Li——=Vv - (1.25)
. oo g f -
The torque of DC motor is proportional to product of flux and \ N\ 1—| v

armature current. Since armature current is constant in this system, the 7 S I B »
sorque is proportional to flux alone, but flux is proportional to field 6 T B
current. : Fig 1.24.

Tei,, .. Torque, T=K.i == (1.26)

The mechanical system of the motor is shown in fig 1.24. The differential equatioh governing the
mechanical system of the motor is given by, .

2
d—?-+B@zT
dt di
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The Laplace transform of various time domain signals involved in this system are shown below.
L{i} =14(5) s LTy =T(6)- 5 L{vg=V) 3 L{B}=6(s)
The differential equations governing the field controlled DC motor are,

£ 5
dt dt
On taking Laplace transform of the above equations with zero initial condition we get,

Kf;f + Lf‘gd!Tf: V¢ 3 T= Kﬁif N J =T

Rele(s) + Lfslfts) = Vi(s) ' - R (1.28)
T(s) = Ky 1(5) ' L (1.29)
J5%6(s) + BsO(s) = T(s) _ (130)

Equatiﬁg equations (1.29) and (1.30) we get,
Ky I(s) = Is*O(s) + Bsb(s)

1) =s {J':"B)a{s} | 13D

tf
The equation (1.28) can be written as,

(R; +5Lg) 1e(s) = Ve(s) . S _ f132)
On substituting for I(s) from equation (1.31) in equation (1.32) we get,

Js+B
(Re+sLo)s S o) = V(o)
K
6(s) Ky
Ve(s) s(Ry+sL;)(B+sl)
- K 1 TKml ~ n(133)
+ +
sR¢ [1+5L—f)B(l+§-{] s (1+5T;) (1+5T)
K':F 3
~where, K, = = Motor gain constant
R,B
T = l_i;_ = Field time constant
T, =~é = Mechanical time constant

1.9 ELECTRICAL ANALOGOUS OF MECHANICAL TRANSLATIONAL SYSTEMS

Systems remain analogous as long as the differential equations governing the systems or transfer
functions are in identical form. The electric analogue of any other kind of system is of greater importance
since it is easier to construct electrical models and analyse them.

The three basic elements mass, dash-pot and spring that are used in modelling mechanical
translational systems are analogous to resistance, inductance and capacitance of electrical systems.
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The input force in mechanical system is analogous to either voltage source or current source in
lectrical systems. The output velocity (first derivative of displacement) in mechamcal system is analogous
o either current or voltage in an element in electrical system.

Since the electrical systems has two types of inputs either voltage or current source, there are
wo types of analogles : force-voltage analogy and farce~current analogy. :

"ORCE-VOLTAGE ANALOGY

The force balance equations of mechanical elements and their analogous electrical elements in
orce-voltage analogy are shown in table-1.2.The table-1.3 shows the list of analogous quantities in force-
voltage analogy.

The following points serve as guidelines to obtain electrical analogous of mechanical systems
vased on force-voltage analogy.

1. In electrical systems the elements in series will have same current, likewise in mechamcal
systems, the elements having same velocity are said to be in series. :

2

The elements having same velocity in mechanical system should have the same analogous
current in electrical analogous system.

3. Each node (meeting point of elements) in the mechanical system corresponds to a closed
loop in electrical system. A mass is considered as a node.

4.  The number of meshes in electrical analogous is same as that of the number of nodes
' (masses) in mechanical system. Hence the number of mesh currents and system equations
will be same as that of the number of velocities of nodes (masses) in mechanical system.

FABLE- 1.2 : Analogous Elements in Force-Voltage Analogy

Mechanical system Electrical system
Input : Force Input  :Voltage source
Output : Velocity : Qutput : Current through the element
Fsx
}-—p\J:%i e=v and v=Ri
" = =
f—> I—| £ soe=Ri
B! . 2
f=BX =By
dt
> x _
4’ dv e=vandv= LE
Fras=—= t
de? | dt di
: 2, @ E T
FamIX o
dt? dt

]
I
=
[=8
==
V-

¢=vand v=i_fidt
C

.‘.c=é‘[idt

f=Kx=Kfvdt
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TABLE -1.3 : Analogous Quantities in Force-Voltage Analogy

Item

Mechanical system

Electrical system
(mesh basis system)

Storage element

Independent variable Force, f Voltage, e, v
(input) _ :
Dependent variable Velocity, v Current, i
(output) Displacement, x Charge, q
Dissipative element - Frictional coefficient Resistance, R
of dashpot, B
Mass, M Inductance, L

Stiffness of spring, K

Inverse of capacitance, 1/C

Physical law

Newton's second law

Kirchoff ’s voltage law

2f=0 2v=0

Changing the level of Lever Transformer
independent variable H_4 & _N
' £ b & N

TABLE-1.4 : Analogous Elements in Force-Current Analogy

Mechanical system Electrical system
Input  : Force Input : Current source .
Outpu't : Velocity Output : Voltage across the element
1
}_} dx )
! ¥ = & i + 1
— 1 %y i ( RSy =
B'] i 2 ' -
f= X Bv
dt
[—-—hx .3 _
}—’a:il;;(:z: i (A § Cdv
—=V =C—
f—p @ E ! CJ ¢ T
I ¥ —
. d’x dv = 2
= >=M—
dt dt
§—P x=[vdt
ey
K
fep
]
f=Kx=K|[vdi
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TABLE-15 : Analogous Quantities in Force-Current Analogy

Item Mechanical system Electrical system
(node basis system) -
Independent variable Force, Current, i
(input)
Dependent variable Velocity, v Voltage, v
(output) Displacement, x Flux, ¢ _
Dissipative element Frictional coefficient - Conductance G=1/R
of dashpot, B
Storage element Mass, M ' Capacitance, C
. Stiffness of spring, K Inverse of inductance, 1/L

Physical law Newton's second law Kirchoff ’s current law
' _ Yf=0 Ti=0
Changing the level of Lever Transformer
independent variable fH_4 - i N,

£, L i, N,
5. The mechanical driving sources (force) and passive elements connected to the node (mass)

" in mechanical system should be represented by analogous elements in a closed loop in

analogous electrical system.

The element connected between two (nodes) masses in mechanical system is represented
as a common element between two meshes in electrical analogous system.

FORCE-CURRENT ANALOGY

The force balance equations of mechanical elements and their analogous electrical elements in
force-current analogy are shown in table-1.4. The table-1.5 shows the list of analogous quantities in
force-current analogy. '

The following points serve as guidelines to obtain electrical analogous ef mechanical systems
based on force-current analogy. '

1.

3]

- In electrical systems elements in parallel will have same voltage, likewise in mechanical

systems, the elements having same force are said to be in parallel.

The elements having same velocity in mechanical system should have the same analogous
voltage in electrical analogous system.

Each node (meeting point of elements) in the mechanical system corresponds to a node in
electrical system. A mass is considered as a node.

The number of nodes in electrical analogous is same as that of the number of nodes (masses)
in mechanical system. Hence the number of node voltages and system equations will be
same as that of the number of velocities of (nodes) masses in mechanical system.

The mechanical driving sources (forces) and passive elements connected to the node (mass)
in mechanical system should be represented by analogous elements connected to a node in
electrical system.

The element connected between two nodes (masses) in mechanical system is represented
as a common element between two nodes in electrical analogous system.
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EXAMPLE 1.8

Write the differential equations governing the mechanical :
system'shown in fig 1. Draw the force-voltage and force-current f(t)
electrical analogous circuits and verify by writing mesh and node
equations. B —~

SOLUTION . . IB‘ ' Fig I.

The given mechanical systemn has two nodes (masses). The differential equations governing
the mechanical system are given by force balance equations atthese nodes. Letthe displacements of
_ masses M, and M, be x, and x, respectively. The comesponding velocities be v, and v,

The free body diagram of M. is shown in fig 2. The opposing forces are marked as I j‘
fm1’ fm' fmz and f:n' i —; f(t)
=M, dz}; o By= B!‘qﬁ -
dt dt M,  —f,
d . ——» {0
f12 =By E(X1 X)) 1 K =Kix - %) Lt

By Newton's second law, f,; +§; + ;5 +fi; = (1)

Fig 2.
d?x dx d
MT?T‘JrB*Jd—;“‘Bua X =x) Kl = %) =f(t) (1
The free body di'agram of M, is shoﬁn infig 3.The opipoaing forces are marked as fm.;- T forze £ @Nd . x
d%x dx d |::v2
fa =M, .22 i fe=B,—2% for2 =B —(X —xy) . E—
dt T odt dt : ;
=Ko =%y ;1 fo=Kox, >l
Mz —» fbsz
t 4 £ —
By Newton's second law, f,;, +f, +fo + iz +f,=0 >,
d? d d fe
ps X
Mzd—t;-+82d—:'+ K2X2+B1za (g~ Xy) +Ky{x, - %)= 0 ) . Fig 3.
Onreplacing the displacements by velocity in the differential equations (1)and (2) of the mechanical system we get,
[ 2 '
Ji.e' d——;=9—\i ; E)E:V andx=_fvdt}
(77 dt® Tt dt
dv, . 3
MT—d-tL«_LBwT+BTz(v,_—v2}+K1J'(V1 —vydt=fy L. (3)
M, %2-+ Bovy + Ky fvy dt+Bp{v, — vy +Kif(vy —vy)dt=0 L 4)

FORCE-VOLTAGE ANALOGOUS CIRCUIT

The given mechanical system has two nodes (masses). Hence the force-voltage analogous eledﬁcat circuit will have
two meshes. : ]

The force applied to mass, M, is represented by a voltage source in first mesh. The elements M, B, K andB,,are
connected tofirst node. Herce they are represented by analogous elementin mesh-1 fomming a closed path. The elements K, B,
M,, K., and B, are connected to second node. Hence they are represented by analogous element in mesh-2 forming a closed path.

. Theelements K, and B,, are common between node-1and 2 and so they are represented by analogous element as
common elements between two meshes. The force-voltage electrical analogous circuitis shown in fig4.
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The electrical analogous elements for the elements of mechanical system are given below.

f)rel) M L, . B,- R, K, = 1/C,
v, = ML, B,—> R, K,—1/C,
v, i, ' B,—R,

L, R, L,

|

| §Ru R,

0@ M| M
] _’I_Cg TCZ

Fig 4 : Force-voltage elecitrical analogous circuit.

' L, R, L
; 000 +m_ 2000
di; Rik: +\ " di, .
— LQ—‘ -3
dt ] at

+ .{I1 '2)? R1z R, 12('2_1
©Q 1™ mj m
E’:jm-ig}dt}rﬂ C, —I ~1)

RZiZ % RZ

L

Fig 5. Fig 6.

éjizdt __i-cz

The mesh basis equations using Kirchoff's voltage law for the circuit shown in fig 4 are given below (Refer fig 5 and 6).

di . A R
L1d_t1+ Riy + Rypliy—ip) + EJ(H —lip)dt=e(t).

LQC:%Jr Rai; + ‘1—Ji2 dt+Ryp(iz — 1) + lm2 -i)dt=0

.A6)

Itis observed that the mesh basis equations (5) and (6} are similarto the differential equations (3) and (4) governing the

mechanical system.

FORCE-CURRENT ANALOGOUS CIRCUIT .

The given mechanical system has two nodes (masses). Hence the force-current analogous electrical circuit will have

two nodes.

The force applied to mass M, is represented as a current source connected to node-1 in analogous electrical circuit. The
siementsM,, B, K, and B , are connected to first node. Hence they are represented by analogous elements connected to
node-1in analogous electrical circuit. The elements K,. B,,. M,, K,, and B, are connected to second node. Hence they are

represented by analogous elements as elements connected to node-2 in analogous electrical circuit

The elements K, and B,, are common between node-1and 2 and so they are represented by analogous elemems as .
common element between two nodes in analogous circuit. The force-current electrical analogous circuitis shown infig 7.

The electrical analogbus elements for the elements of mechanical system are given below.

fit) = i) M, —>C,~ B, » 1/R, K, =1L,
v, =V, M, - C, - B,—>1R, K, — Wi,
v, V, B, 1R, '
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Fig 7 : Force-voltage electrical analogous circuit.

—(vy - vy)
(vi=vs) R v, = Riz ¢
1 12 12 f——
2 —_ V"“—’\/\/‘\r‘—r _IVQ dt
v, | v, Ly
‘ Va v L, dv, 1 i
civT i -—v L lCQ— l —V i
< dt Rg ¥
®iv | v Lfwy-vpdt
L, L 27 Vy C..= § R, g L,
T C1 R1
Fig 8. Fig 9,

The node basis equations using Kirchoff's curent law for the circuit shown in fig 7 are given below (Refer fig 8 and 9).

' 1 1. . '
—_— —A(Vi=Vy)+— — v, )dt =it -7}
e _R1v1+R12{1 2) L1J(V1 vp)dt =i(t)
dv, 1 1
—L dtT—-—v —v dt= -(8)
25 +R2 Vet T f"'a R12( 2= Vi)t L [{vy —vy)

Itis observed thatthe node basis equations (7} and (8) are similar to the differential equations (3} and (4) goveming the
mechanical system.

EXAMPLE 1.9

Write the differential equations goveming the mechanical system shown in fig 1. ‘
Draw the force -voltage and force-current electrical analogous circuits and verify by writing
mesh and node equations.

SOLUTION

The given mechanical system has three nodes masses. The differential equations
goveming the mechanical system are given by force balance equations atthese nodes. Let
the displacements of masses M., M, and M, bex,, x, and x;respectively. The oorreSpc nding
velocmes bev,v,andv,.

The free body dlagram of M, isshownin fig 2. The opposing forces are marked as

foofp fpandf .

—»x, X% X,
I 0 v,
| ! fuo et
—f, M, —f,

W, —, Vo
—>f, 1, fea

Fig 2, Fig 3. Fig 4.
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Md> dx
L i I -b1=81_a;1 fo = Ko(x = %5) 5 f=Kxy

fm1 dtz

By Newton's second law, f, i+ f, 1+ fio+ foq = fi(1)

d?x dx
—dt—zi+ B1_a_tl+K2(X1 —X,) + Ky = (1) _ : )

Free body diagram of M, is shown in fig 3. The opposing forces are marked as f . . f, & f,..

M

d
; u3=Baa{X2—X3) P fe =Ko -%) 5 fe =Ky (X —%3)

By Newton's second law, 5 + 3 + fig + g = (1)

d?x, d :
M, =2 + Baa(x2 —Xg) + KolXz = Xq) + K3(xz — X3) = (1) ()
The free body diagram of M, is shown in fig 4. The opposing forces are marked asf .. f,andf.
d?x d
fas = Msdea ; fa=8s "&Y(xs -%z) i fe =Kl - %)
By Newlcn'é second law, f,3 +fis +fa =0
d?x d
) Ma._'—dl“i@“rBa“cR(Xs"X2)+K3(K3—X'2)=Q ) _ o &)
On replacing the displacements by velocity in the differential equations (1), (2) and (3) goveming the mechanical system
e get,
2
ie., d_);':d_\l' ; E=\|rand)(=j\.rdt
dt dt dt
dv, . ' 4
M Gt By, +K Jvdt+ K (v, ~vp)dt=F) . e ()
dv L
Mzd—f-i» By(v, —Va) + Ky J(vy = vy)dt + Ky [ (v, — v3)dt = £5(1) ~-(5)
dvy ’ ' : (6)
Ma?’*'Ba(Vs ~ V) +KyJ(v; —v,)dt=0 e

FORCE-VOLTAGE ANALOGOUS CIRCUIT

Thie given mechanical system has three nodes (masses). Hence the force-voltage analogous electrical circuit will have
shree meshes. The force applied to mass, M, is represented by a voltage source in first mesh and the force applied to mass, M,
s represented by a voltage source in second mesh.

The elements M,; B,, K, and K, are connected tofirstnode. Hence they are represented by analogous element in mesh-
1 forming a closed path. The elements M,, B, K, and K, are connected to second node. Hence they are represented by
analogous element in mesh-2 forming a closed path. The elements M,, K, and B, are connected to third node. Hence they are
represented by analogous element in mesh-3 forming a closed path.

The element K, is common between node-1and 2and soitis represented by analogous element as common element
between mesh 1 and 2. The elements K, and B, are common between node-2 and 3 and so they are represented by analogous
slements as common elements between mesh-2 and 3. The force-valtage electrical analogous circuit is shown infig 5.

The electrical analogous elements for the elements of mechanical system are given below.

f“(t)_‘}e‘l{t} V‘J d i1 M1 d L1 B1 - R, K1 —> 1/C1

f{H—>e,t). v, =i, M- L, B,~R, K, > 1/C,
v, i, M, L, ' K, = 1/C,
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Fig 5 : Force-voltage electrical analogous circuit.

2L
m 7 :‘ﬁq
Ry | dt R
(:2_:+ CLj(i2 :m:z
Q E;I(Frii)dt_—v—
Fig 7.

Fig 6.

p‘)'zu
"‘—“—T’\N\tl—

Ra(i: 'iz)

-+
di
L,— 8L,
_— § f3 adtl
—1~I(i3—i2)dt -_ [ _

Cs

+

Fig 8,

The mesh basis equations using Kirchoff’s vottagé law for the circuit shown in fig 5 are given below (Refer fig®6, 7, 8).

di

di

dt C

h PR T,
Li—=+ Ry +—T[idt + — (i, — i, )dt = e,(t
& + 1'1.+ c, Jidt+ c, Jis=ip) ey(t)

Lp—2+ Ry(ip — i) + = (i, —i)dt + 61‘}('2 —idt = e,(t)
3 2

di N
L3?§+R3(|3—|2)+a J(iy —iz)dt =0

A9

Itis observed that the mesh equations (7), (8) and (9) are similar to the differential equations (4), (5) and (6) goveming the

mechanical system.

FORCE-CURRENT ANALOGOUS CIRCUIT

The givenmechanical system has three nodes

three nodes.

{masses). Hence the force-current analogous electrical circuit will have

The force applied to mass M, is represented as a current source connected to node-1 in-analogous electrical circuit.
The force applied to mass M, is represented as a current source connected to node-2 in analogous electrical circuit.

The elements M,, B, K, and K, are connected to first node. Hence they are represented by analogous elements as

elements connected to node-1 in analogous electrical circuit. The elements M, B,

K, and K are connected to second node.

Hence they are represented by analogous elements as elements connected to node-2 in analogous electrical circuit. The

elements M, B and K; are .connected to third node. Hence they are represen

connected to node-3 in analogous electrical circuit.

ted by analogous elements-as elements

“The element K, is common between node-1 and 2 and so itis represented by anétogous elementas common element

between node-1and 2 in analogous circuit. The elements B

,and K, are common between node-2 and 3 and so they are

represented by analogous elements as common elements between node-2 and 3. The force-curment electrical analogous circuit

isshowninfig9.

The electrical analogous elements for the elements of mechanical system are given below.

fO i) v, oV, M,-C, B, —» 1/R,
B =i v, >V, M,-»C, B,— 1R,
V, >V, M, —>C,

K, — 1/,
K,— 1!L2.
K,=> 1,
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The node basis equations using Kirchoff's current law for the circuit shown in fig 8. are given below. (Referfig 10, 11,12).

v, L
(e

Fig 9 : Force-current electrical analogous circuit.

— (= vp)dt
> L, A

C dvy 4 i_[\r dt
Tt R, Lt

'_i‘(t)(D ¢ Ré L‘% .tzmQD ==, ¢ o

Fig 10
1 Y )
R_a( 2=V R, R,
T A —v Vo
N L " 3 2 ;W\!
S . L <+ R—(Va ~Vp)
. D dv i i i
. Vs -
T J vz S vi)at 2 dt W
2 —J’{\nr2 —-V;)dt Ls
Wt p— '
W = — vy - vyt
Ly
Fig 11. Fig 12.‘
dv. 1 1 1 it
Cs dt1 + -é-;w + "I:J‘-Hdt* EI(\‘H = Vz)d_t =i{t)
dv, 1 1 LN i
C, dt2 R, (v? - V3)+EHV2 —Vv;)dt "’_[;J (Vo - vy)dt=i,(H
d 1
R v+ s - )t =0
%) 3

Va
=G,
..... (10)
..... (1)
A{12)

itis observed that node basis equations (10), {11)-and (12) are similar to the dlf!erentlat equations (4), (5) and (6)

eeming the mechamcal system.
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EXAMPLE 1-10 | : Kss

QU0
Write the differential equations governing the mechanical system shown in - B, B ' B,
fig 1.Draw force-voltage and force-current electrical analogous circuits and verify by s n 44— K,

writing mesh and node equations.
' M
SOLUTION " 1 —s—

The given mechanical system has three nodes (masses). The differential
equations governing the mechanical system are given by force balance equations at Fig 1.
these nodes. Letthe displacements of masses M,, M, and M, be x,, x, and x; respectively.

The corresponding velocitiesbe v,,v,and v,.

The free body diagram of M, is shown in fig 2. The opposing forces are marked asf,, f,,, f,,. f,; and f.

. X
f=M 2% ; B =k, : v

d12 ’ f"’ d
«— f,
' d . d -~ f
fo =Bza(x1—-xa) D fa =Baa(x1"x3) »
. _ - M, - f,
By Newton's second law, f,+fy+fiq+fz+fy=0 _ ' — 1,
& d d g &
X %, . e
dt; EL, 1Kx, +B, a(:q ~%,)+ B3§(x1 —X3)= 0 “““ (1 Fig 2.

The free body diagram of M, is shown in fig 3. The opposing force_:s aremarked asf ., f,, fandf .. l:_:xz

d?x d
fo=My—5= e —* ; fnz = Bza(xz —Xq) 5
d I : ' . ‘ £
fo3 =B E(xz “X3)i  fay=KplX—X3) M, o
—
By Newton's second law, fp +fos + o5 +fiza =0
) . —f,
o, 8,9 By 2 K =0 2 )
Mz?"T 2&("2"‘1}“} 23{—1'{(7“2'><a)'.+ %Xz = X3) =  Fig3.
The free body diagram of M, is shown in fig 4. The opposing forces are marked asf_, ;.. andf,, X
V.
d%xy d _ _ .
fma_ =M, Tza_ i k=B, E(xa —Xy) : | e——f,
d . L
fozs =B '&“{(xa -X3) i fon =Ky(X3 —%3) : M, *
: : e— f,
By Newton's second law, f3 +f3 +fo3 s =0 N . . f
d?x, d :
] M, dT +B, “(Xa X))+ B BT(X3 —Xp) +Kgg(Xg —Xp) =0 oo ) . Fig4.
On replacing the displacements by velocity in the differential equations (1), (2) and (3) goveming the mechanical syster
we geiv _ . ;
. odx - dv dx ' '
, —5=— ——=vand x=[vdt
[' © G2 D dt’ J ]
d\l"1 . . S ) . (‘
M1-dT+Ei1\|r1 + K Jvydt+ Bo(v,— v,) + By(vy—v3) =0 e
dv, . o . (
MgwdT+Bz{v2 —vy)+By(v, Zvg)+ KV —vg)dt=00 e :

My 1 B, )+ Baglvs —va) +Kaaflva ~Va =0 =




Models of Control Systems > : 1.36

SE-VOLTAGE ANALOGOUS CIRCUIT

The given mechanical system has three nodes (masses). Hence the force-voltage analogous electrical circuit will have
memeshes. '

The elements M,. K, B,, B, and B, are connected to first node. Hence they are represented by analogous elements in
g1 forming a closed path. The elemenis M., K,;, B,, and B, are connected to second node. Hence they are represented
' =naiogous elements in mesh-2 forming a closed path. The elements M,, K, B,, and B, are connected to third node. Hence
=rare represented by analogous elements in mesh-3 forming a closed path.

The elements K,; and B, are common between node-2 and 3 and so they are represented by analogous element as
¥ mon elements between mesh-2 and 3. The element B, is common between node-1and 2 and so it is represented by
=0gous element as common element between miesh-1and 2. The element B, is common between node-1and 3and soitis
p=sented by analogous element between mesh-1and 3. The force-voltage electrical analogous circuitis shownin fig 5.

The electrical analogous elements for the elements of mechanical system are given below.

v, =i, M, =L, K, »1/C, B, >R,
v, =i, M,—L, K,; = 1/C,B, >R,
v, =2, M, L, B, » R, Eli,s—)R23
L, I R, m
080 m ' +‘V\/\z_
- 3
R,(iy~1i
AT —AWA— L1é|~1% ol =4)
L‘ R3 Cz: Rg-g +

‘ _ L Ré_m Rz(iT—i)gnz
RO LN O N NG TR e
C,_I_ . C1—EC1-F1C"

Fig 5 : Force-voltage electrical analogous circuit. _ : Fig o
| L
Ca [y Ry T
P | +.'\/\/\1_ L diy :

i . . . " . 3 dt 1 . i, )dt . .
— (i, —i)dt  Raaliz—i5) Raliy - 1y) : gj('s ) Raaliy —i;)
Cx” — + 3 -~ - +
- + : VWY - ANVV—

m+ m - _ (i,

o di _ - C.. R
Rgé R2('2 _[1) Lz?t?— % Lz \ Ra l =3 23
i

Fig 7. : Fig 8.
The mesh basis equations using Kirchoff's voltage law for the circuit shown in fig 5 are given below. {Referfig6,7

ry

di,

L,—
T at

+Ry +é|- fidt+Ry( - i)+ Rsiy~izp)=0 (7
; .

L2 T2 4 Ryfiy ~i) (13 ~ )0t Rygfip ~15) = O = -8
dt Cx '
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di o 1 - s
I—GE:—"'Ra('a “!"}1‘—6; [{i3 —i)dt + Ry (i —i5) =0 - ‘

it is observed that the mesh basis equations (7), (8) and (9) are similar to the differential equations (4), (5) and
goverming the mechanical system. ' : '

FORCE-CURRENT ANALOGOUS CIRCUIT

The given mechanical system has three nodes (masses). Hence the force-current analogous electrical circuitwill h
three nodes. ) .

_ The elements M, K, B, B,and B, are connected to firstnode. Hence they are represented by analogous elements
elements connected fo node-1 in analogous electrical circuit. The elements M., K,;, B, and B, are connected to second no
Hence they are represented by analogous elements as elements connected to node-2 in analogous electrical circuit.
elements M, K, , B, and B, are connected to third node. Hence they are represented by analogous elements as eleme
connected to node-3 in analogous electrical circuit. :

The elements K, and B, are common between node-2 and 3 and so they are represented by analogous elemen
commeon elements between node-2 and 3 in electrical analogous circuit. The efement B, is common between node-1and2.
so it is represented by analogous element as common element between node-1 and 2 in electrical analogous circuit.”
element B, is common between node-1 and 3 and so itis represented by analogous elementas common element between nc
1 and 3 in electrical analogous circuit. The force-current electrical analogous circuitis shown infig 9.

The electrical analogous elements for the elements of mechanical system are given below.

AR M, = C K, = 1L, B, —» 1R,
v, >V, M, = G Ky = 1L, B, - 1/R,
AR ' M, - C, B, = 1/R, B,, = 1/R,, 1
: : : ﬁ—(‘-ﬁ—“a)
2 5 R,
AA— | | A
Rs Lz v : . E1'(V1—V2}
vy _\"2 0u¢ . v 2
| K R c, 1ty at Ly
o] l 1? l 1J- 1 R1 1

Fig 9 : Force-current electrical analogous circuit. Fig 10.
1
: —{V3 - V)
1 Ra -
— [(vz-vy)at Ve AAA———
R A : B
(Vo= V) 0" vy —vp)dt
3 2
Ro " ey, L . La I
Vi Vzo—— 50—
R, C avy R, : L
l @t L ANA——ay, vy -va) Va
C, > - R23 —
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The node basis equations using Kirchoff’s current law for the circuit shown in ﬁg Yare gwen below. {Refer fig 10, 11

i 12).
dv 1 1 1 1, : :
1d_t1 - EW +—}-_—1—fv1dt +~R;(\.r1 -v,) +§3§-{.\.’1 -vy3)=0 : B (10)
dv 1 1 1 o . '
C'z-ati+~R-2—{V2 —.v1)+gj(v2 —v3)dt+ﬁ;3-—(vz—v3)=0 ..... at
dv 1 1 1
c 3 —(va -V )+ Vy—Vo)dt+——(V3-vp}=0 (12)
3T R3 1 231’( 3= V2) R, (Va2 _

itis observed that the node basis equaﬁoné (10), (11)and (12) are similar o the differential equations (4), (5) and (6)
iovemning the mechanical system.

=XAMPLE 1.11 ' ' _
Write the differential equations governing the mechanical system shown infig 1. Draw the K, im')T‘ B,
3

mee-voltage and force-current electrical analogous circuits and verify by writing mesh and node

SOLUTION '
T o

The given mechanical system hastwo nudeé (masses). The differential equations goveming
e mechanical system are given by force balance equations atthese nodes. Letthe displacement

¥ masses M, and M, be x, and x, respectively. The corresponding veiocities be v, and v,. flg 1.
. The free body diagram of M, is shown in fig 2. The opposing forces are marked as fm, f,andf,. %
' —V,
f=My—=" (L );1 =B —d{x; Xe) 3 s = Kelxy — x5) T ¢ o
: : M, — f,
By Newton's second law, f ,+f,+f,=0 :
o2 dx; — %) <k
X Xy — X T
M,E-:%_+B1_..l&t__2_+].(1{x1_x2}=g ..... (N Fig 2

The free body diagram of M, is shown in fig 3. The opposing forces are marked asf . f,,. f,(. T, andf,,.

. —f{t)
f2 = M2ddt2 ; thZBZ% ; %1=B1‘3{(X2—x1) _ :::j
flo =KX, ; | fi = Kilxz = %q) ::%:

By Newton's second taw, 5+ foz + o + oy + e = (1) M, :;:
M, ":;z + 32% +KoXy + B&(xz -X) Ko - x) =) B ) ' _' - Fig‘;“f“

On replacing the displacements by velocity in the differential equations {1) and (2) goveming the mechanical system
weget, :

o _ .
[i.e., E_;E'zﬁ‘ d—x=v andx=jvdt]
dt dt dt

MT +B(\.f1 Vo) + Ky {vy— vz)dt 0 _ O (3)

Mzd: +Byv, + Ky [ vipdt +By(v, — V1)+K1I(V2 v,)dt=1(t) : R (4)




1.39 - S | (& Gontrol Systems Engineering
FORCE-VOLTAGE ANALOGOUS CIRCUIT |

The given mechanical system has two nodes (masses). Hence the force voltage analogous electrical circuit will hay
two meshes. The force applied to mass, M, is represented by a voltage source in second mesh.

The elements M,, K, and B, are connected to first node. Hence they are represented by analogous element in mesh
forming a closed path. The ‘elements M,. K,, B,. B, and K, are connected to second node. Hence they are representedt
analogous element in mesh 2 forming a closed paih

The elements B, and K, are common between node 1 and 2 and so they are represented as common elements betwes
mesh 1and 2. The iorce—voitage electrical analogous circuitis shown in fig 4.
The electrical analogous elements for the elements of mechanical system are given below.
ety v, - i M, - L, I‘(.l - 1/C, B, —» R,

v, = | M, - L, K, = 1/C, B, > R,

The mesh basis equations using Kirchoff's voltage law for the circuitshown in fig 4. are given below, (refer fig5 and§
' eft)
-
NN

Ré ' '§R2
LB o

C, == 0

L

Fig 4 : Force-voltage electrical analogous circuit.

. NV “',6.2_2\“ +§
i Rl —i) S R, - “a R, SR,
_Lg L diy a S
! 't I [y -
e r‘\. N
EJ-("J _iz)dl_—i' Gy J(‘z = '1)dt C_E.J'f?dt_—( G,
Fig 5.  Figé.
dig o oy 1 ' :
L_,E;-+R1(t1—|2)+aj(i,-}z)dtzﬁ S ¢
Lg-‘i—it&mzb* jlzdt+ j{i2;;1)dz+R,(i2—i1)=e{t) B oot
‘1

Itis observed that the mesh basis equations (5) and (6) are similar to the differantial equations (3)and (4) governing th
mechanical system.

FORCE-CURRENT ANALOGOUS CIRCUIT

The given mechanical system has two nodes (masses). Hence the force-current analogous electrical circuit will hai
two nodes. The force applied to mass M, is represented as a current source connected to node-2 in analogous electrical circu

The elements M,, K, and B, are connected to first node. Hence they are represented by analogous elements 2
elements connected to nod&1 in analogous electrical circuit. The elements M., K, B,, B, and K, are connected to secon
node. Hence they are represented by analogous elements as elements oonnected to node 1 in analogous electrical circuit.
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The elements K, and B, is common to node-1 and 2 and so they are represented by analogous element as common
elements between two nodes in analogous circuit. The force-current electrical analogous circuitis shown in fig 7.

The electrical analogous elements for the elements of mechanical systém are given below.
=i v, -v, M,—»C, B, > 1/R, K, = 1L,
v, >V, M,—C, B,—> 1R, K1,

The node basis equations using Kirchoff’s cumrent law for the circuit shown infig.7, are given below, (Refer fig 8 and 9).

dv 1 :

C1d—;.* E(\H 2;+—_[_(V1—V2) dg=0 e )
dv 1 1, 1 1 . i

CQ _dta + -é;\’z + E—ngdt + E“{Vz —_V1) + _LT_[(VZ - Vl)dt = !{t} '(8)

itis observed that the node basis equations (7) and (8) are similar to the differential equations (3) and (4) governingthe
mechanical system.

Va

®w T

4
i
2]

K

R, ng
B

Fig 7 : Force-current electrical analogous circuit.

1 1
S (vi-vp} —> - — (v, —v,)dt
Ry A VAVA e A Vg AAA—— Ry 2
' R, k ijv dt
v, ' . R, v, 2
4 L ; ] % i
_]I_i& dt. —g55——ev: _m_,ﬁ%\_ o i le _
—_ it ) 2
C, : 1 “«
T i_f(v,—vzjdt- rI(Vz‘W)dt' z_l—
L1 : ! 1 .. ;
Fig 8. . Fig 9.

1.10 ELECTRICAL ANALOGOUS OF MECHANICAL ROTATIONAL SYSTEMS

The three basic elements moment of inertia, rotational dashpot and torsional spring that are used in
modelling mechanical rotational systems are analogous to resistance, inductance and capacitance of electrical
systems. The input torque in mechanical system is analogous to either voltage source or current source in
electrical systems. The output angular velocity (first derivative of angular displacement) in mechanical
rotational system is analogous to either current or voltage in an element in electrical system. Since the
electrical systems has two types of inputs either voltage source or current source, there are two types of
analogies: torque-voltage analogy and torque-current analogy.

TORQUE-VOLTAGE ANALOGY

The térque balance equations of mechanical rotational elements and their analogous electrical elements
in torque-voltage analogy are shown-in table-1.6. The table-1.7 shows the list of analogous quantltles in
torque-voltage analogy.
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- 'TABLE-1.6 : Analogous Element of Torque-Vol Analo

Mechanical rotational system Electrical system
Input : Torque Input : Voltage source _'
QOutput : Angular velocity - Qutput : Current through the element
B - i '
- : .
T & _|ea¥1d9 (@ RS v e=v; v=Ri
a0 ")=‘d‘t“ e=Ri
T=B—=5B — -
dt
AV I A VA W/ di
T 2 Ul 7 ¢ e=vively
Po_ g0 e Se- di
e (1] - 3T =1 —
A R de= ot N
Yo dt
' .
N /a%b-\ Y\ E + - N e=v ;v=ljidt
T LTI : 1 c
© 8=jodt . © €3 Y
T=K0=Kodt _ - esglidt

'. . The following points serve as guidelines to obtain electrical analogous of mechanical rotational
systems based on torque-voltage analogy. :

1.

In electrical systems the elements in series will have same current, likewise in mechanlcal
systems, the elements having same angular velocity are said to be in series.

The elements having same angular velocity i in mechanical system should have analogous
same current in electrical analogous system.

~ Each node (meeting point of elements) in the mechanical system corresponds to a closed loop in

electrical system. The moment of inertia of mass is considered as a node.

The number of meshes in electrical analogous is same as that of the number of nodes

(moment of inertia of mass ) in mechanical system. Hence the number of mesh currents and
system equations will be same as that of the number of angular velocities of nodes (moment
of inertia of mass) in mechanical system. :

The mechanical driving sources (Torque) and passive elements connected to the node (moment
of inertia of mass) in mechanical system should be represented by analogous element in a
closed loop in analogous electrical system. : . ;

&
The element connected between twoe nodes {moment of inertia) in mechanical system is
represented as a common element between two meshes in electrical analogous system.



" Coapier alodels of Control Systems > ' 1.42

T4BLE-17 : Analogous Quantities in Torque-Voltage Analogy

Item Mechanical rotational 'system Electrical system
. ' (mesh basis system)
' Independent variable - Torque, T ' Voltage, e, v
(input) T
Dependentvariable_ Angular Velocity, ® Current, i
(output) Angular displacement, 8 - Charge, g
Dissipative element Rotational coefficient Resistance, R
| of dashpot, B '
Storage element ' Moment of inertia, J Inductance, L _
. Stiffness of spring, K Inverse of capacitance, 1/C
Physical law Newton's second law Kirchoff’s voltage law
| ¥T=0 Sv=0
: Changing the level of Gear - Transformer
independent variable T_mn € :&
: T, n e, N,

TORQUE-CURRENT ANALOGY

The torque balance equations of mechanical elements and their analogous electrical elements in
“orque-current analogy are shown in table-1.8. The table-1.9 shows the list of analogous quantities in
forgue-current analogy. ' : - :

The following points serve as guidelines to obtain electrical analogous of mechanical rotational
stems based on Torque-current analogy.

1. In electrical systems the elements in parallel will have same voItage hkewsse in- mechanical
systems, the elements having same torque are said to be in parallel.

2. The elements having same angular velocity in mechanical system should have analogous
same voltage in electrical analogous system.

3. Each node (meeting point of elements) in the mechanical system corrésponds to a node in
electrical system. The moment of inertia of mass is considered as a node.

4, The number of nodes in electrical analogous is same as that of the number of nodes (moment
of inertia of mass ) in mechanical system. Hence the number of node voltages and system
equations will' be same as that of the number of angular velocities of nodes (moment of
inertia of mass) in mechanical system.

5. The mechanical driving sources (Torque) and passive elements connected to the node in
mechanical system should be represented by analogous element connected to a node in
analogous electrical system.

6. The element connected between two nodes (moment of inertia of mass) in mechanical
system is represented as a common element between two nedes in electrical analogous
system.
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TABLE-1.8 : Analogous Elements in Torque-Current Analogy

Mechanical rotational system _ Electrical system
Input : Torque Input : Current source _
Output : Angular velocity Output : Voltage across the element

B i
Yooy Y
T ¥ e &yt . o
_ i 1==V
a6 “Ta '@ e R
T-BZ =B ! -
dt
i
o K
'1‘4_:"C§E._:£E Y 1,
: ® 6= jodt i® [_, v i=—I—:fvdt
T=K6=Kfodt -
.
rallrrey s
T . 4 - dv
2 % T o i® CTY %
T340 ;% a2 dt -
dt dt

TABLE-1.9 : Analogous Quantities in Torque-Current Analogy

Electrical system

coefficient of dashpot, B

Item Mechanical rotational system
(node basis system)
Independent.vaﬂable Torque, T Current, i
(input) ' i
Dependent variable Angular Velocity, ® ' Voltage, v
(output) Angular displacement, 6 Flux, ¢
Dissipative element " Rotational frictional Conductance, G = 1/R

Storage element

Moment of inertia, J

Capacitance, C

Stiffness of spring, K

Inverse of inductance, 1/L

Physical law

Newton's second law

" Kirchoff ’s current law

2T=0 2i=0
Changing the level of Gear Transformer
independent variable T n i N,

T, n i N
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=XAMPLE 1.12

Write the differential equations goveming the mechanical rotational systemn 5\ '
shown in fig 1. Draw the torque-voltage and torque-current electrical analogous 7/
sircuits and verify by writing mesh and node equations.

SOLUTION

The given mechanical rotational system has two nodes (moment of inertia

of masses). The differential equations governing the mechanical rotational system are given by torque balance equations at
these nodes.

=

B, B, Fig 1.

Let the angular displacements of J, and J, be 6, and QQrespectjvely. The corresponding angular velocities be
o, andm '

The free body diagram of J, is shown in fig 2. The opposing torques are marked as T“, T, and T

d% de '
Ti= J1d1 ;Tb1‘_B1d1 v T =Ky(8,-63) . \ \f J \} \'I \1
: X AN
By Newton's second law, T +T +T, =T ' T 8 T To T
' Fig 2
2,
Jf('jte; Bffum{m—eg) T (1 . '

The free body diagram of J, is shown in fig 3. The opposing torques are marked as T ,, T Tand T,

a6 de
Tp= Ja_d"tg—z i Te=B; dt2
_ . _ : \: i \1 \
T =K, U Ty = K8, -8,) i Js ‘/ K/
By Newton's second law, T+ T+ T+ T, =0 6 T T Te Ta
d%a, ds ’ : Fig 3.

J—=5+B; d2+K292)"’K1( -8,)=0

dt?

oﬁ replacing the angular displacements by angular velocity in the differential equations (1) and (2) goveming the
mechanical rotational system we get,

2, 5 .
{i.e. a9 _do . 99—:(0 and S:Joadt]

Ldt? dt | dt
4 d01 +Bo+K (o, —0,)dt=T ) T (3)
5,992 B o, cK,fedt+K dt=0 : )
2_dt-“r 202 + Ky fo,dt+ Kyf(o, —o)dt= _ .

TORQUE-VOLTAGE ANALOGOUS CIRCUIT

The given mechanical system has two nodes (J,and J,). Hence the torque-voltage analogous electrical circuitwill have

two meshes. The torque applied to J, is represented by a voltage source in firstmesh. The elements J,, B, and K| are connected

tofirstnode. Hence they are represented by analogous element in mesh-1forming a closed path. The elemems 4, B, K, and
K_ are connected to second node. Hence they are represented by analogous elements in mesh-2 forming a closed path.

The element K, is common between node-1and 2 and so itis represented by analogous element as common element
between two meshes. The torque-voltage electrical analogous circuitis shown in fig 4.

The electrical analogous elements for the elements of mechanical rotational system are given below.
T et J > L B, > R, K, — 1/C,
®, =i, ,->1L ° B, >R, K, - 1/C,
w0, —i, ) '
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D
L
5

R, L,
—AM— 55—
- . R‘i1 L dﬁ . + \
L, 1.@.‘1 ¢ dt Ry,
dt .
+ +

+

E}j(gqur —c () (i) &= éj(ig_—iodt e X
el o _ mc—2 fzzdt_T
Y | 2

Fig 5. Fig6.

The mesh basis equations using Kirchoff’s voltage law for the circuit shown in fig 4 are given below (Refer fig 5 and 6).

L12—1+RT|1 'j(i,'—iz)=e(t) | | \ dB)
di,
Lgatmzp—j;zdu—j ~ijdt=0 | - (8)

Itis observed that the mesh basis equations (5) and (6) are similar to the differential equations (3) and (4) govemning the
mechanical system.

- TORQUE-CURRENT ANALOGOUS CIRCUIT

The given rmechanical system has two nodes (J, and J,). Hence the torque-current analogous electrical circuit will have
two nodes. The torque applied to J, is represented as a current source connected to node-1 in analogous electrical circuit.

Theelements J,, B, and'l'(1 are connected to firstnode. Hence they are represented by analogous elements as elements
connected to node-1 in analogous electrical circuit. The elements J,, B,, K, and K, are connected to'second node. Hence they
aretepresented by analogous elements as elements connected to node-2 in analogous electrical circuit.

. - The element K| is common between node-1 and 2. So itis represented by analogous element as common element
- between node-1 and 2. The torque-current electrical analogous circuitis showninfig 7.

vy L" Va
»

‘00 ]

CG= R, _ - C.— R, L,

{
Fig 7 : Torque-current electrical anafogous circuit.
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I fuy—vy)dt —J(Vz vodt
v, Li—> v, v, bie— v,
a _/@\_.._. * /@\ .
' i dv 1 1
dv1 i ng-"l l—\ﬂ' l— Vzdt
lc*“&lﬁﬁ” P R |
o® | NE
‘C = R, : C.z= R,&. Lz?
Fig 8. ' Fig 9.
The electrical analogous elements for the elements of mechanical rotaticnal system are given below.
T—>i) B,-1UR, o>V, J,>C, Ko,
B, > 1/R, m, >V, J,=C, K,— 1L,

Thenode basis equations using Kirchoff’s current law for the circuit shown in fig 7 are given below (Refer fig 8and 9).

dvy 1 1 . : .
C1d_t1 + ‘ﬁ:\ﬁ + -I:'i (v-wp)at=ichy e 7
dv, 1 1 1 )
C2 —a-;z- + R_2V2 + 'Ez—j ngt + E“VZ - V—;}dt =0 . : “{8}

" Itis observed that the mesh basis equations (5) and (6) are similar to the differential equations (3) and (4) govemning the
mechapical system. '

EXAMPLE 1.13 - K
4 F
Wite the differential equations governing the mechanical J oo J, ___H B
rotational system shown in fig 1. Draw the torque-voitage and ' —1]—
torque-current electrical analogous circuits and verify by writing < 7B,
mesh and node equations. Fig 1.
SOLUTION

The given mechanical rotational system has three nodes (moment of inertia of ma'sses) The differential equations
govering the mechanical rotational system are given by torque balance equations at these nodes.

Letthe angular displacements of J,, J,and J,bed,,6,and O respectively. The corresponding angular velocxties bew,,
o, and (.

Thefree body diagram of J_is shown in fg 2. The opposing torques aremarkedas T,,, T, and T

. d, d@ - N ) NN
T = .1, -8, 30:=6) _ '

J1 dt 2 b1 1 dt T‘/] 8‘/ J, T‘/ ‘/ A/

1 : il Tbi T 1

T =Kq(6,-03) . o

: Fig 2.
By Newton's second law, T]1 + T *T,=T
d%, _ d(e,~8 '
' Ji d21 B1L1dt_2_)+}{1(91_92)=T ..... {1)

The free body diagram of J, is shown in fig 3. The opposing torques are marked as T, sz, T,andT,,.

d%,

d(6, —03)
dt? 2

To =4
T2 dt

, sz=B
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' ' d(e, -6 -
T =K(0;-84): Ty = Bi(—edti ) J, ) ) ) )
By Newton's second law, T+ T+ T, +T,,=0 - 6 Te T To Ta
Fig 3.

d%s, .8, d(92_e3)+8, d(6, -9

J
2 de? dt dt

1).+K1(92 —8)=0 @

The free body diagram of J, is shown in fig 4. The opposing torques are marked as T3, T, and T,

d%e d(e
T =J; d23 ; Tz =By ¢ Scit %) § T =Ky \ J, IR
% P
By Newton's second law, T, + T, +T,,=0 8, T T To
' Fig 4.
2 -—
3,88 g 905 =09) yg g . %)

dt? dt
On replacing the angular displacements by angularvelocnty in the differential equations (1) and (2) governing the
mechanical rotational system we get,

[. 4% do  de
ie, =

. —=o and 8=[odt

a2 " dt T dt
601 _ :
JT +Bi(@y~0,) +Kf({0;-0,) dt=T _ cn(8)
(}02 :
Js—= @ +By(0, —04) +By(w, - 03) +Kif (0, —o) dt=0 - ()
J3%+Bz( 3= 0,)+Ks [0 dt=0 ST e ©)

TORQUE-VOLTAGE ANALOGOUS CIRCUIT

The given mechanical system has three nodes (J,, J, and J,). Hence the terque-voltage analogous electrical circuit will
have three meshes. The torque applied to J, isrepresented by avoltage source.in firstmesh.

The e!ements J,, K;and B, are connected to first node. Hence they are represented by analogous elementin mesh-1
forming a closed path. The elemenis J.,B,, B, and K, are connected to second node. Hence they-are represented by analogous
element in mesh-2 forming a closed path: The elementJ B,and K3 are connected to third node. Hence they are represented
by analogous elementin mesh-3 forming a closed path.

The elements K, and B, are-common between the nodes-1 and 2 and so they are represented by analogous element as
common between mesh-1and 2. The element B, is common between the nodes-2 and 3 and so itis represented by analogous
element as common element between the mesh-2 and 3. The torque-voltage electrical analogous circuitis shown in fig 5. _

The electrical analogous elements for the elements of mechanical rotational system are given below.

Te) o, > i J > L, B, > R, K, = 1/C,
@, —> |, J, = L, B, - R, K, = 1/C,
@, = i J - L L g
1
dt
000
L, +

Sf-iga =G o
: e(i)C) D 1 g
Rl -i) & R,

Fig5: Torque—vokage electrical
analogous circuit. Fig 6.
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di
L, -2
2 dt L
Co=1 4 i L diy
! +c1j('2 dt -+ _ Yat o,

R, § Ry(iz —iy) -

+

R (i —i3)§ R,
(L

Fig 7.

+

1. i
R2§ Ry(i5 —ip) _C';J-!s_dt s

Fig 8.

The mesh basis equations using Kirchoff’s voltage law for the circuit shown in fig 5 are given below (Referfig 6, 7
znd 8). :

diy . . 1. .
L1d—'t1+ Rilh—ig) + 5 [t -ip)dt = et
1

di,

., —=
2dt

# Ry =1+ Rl =) + [ G ~ it =0

di oL 1
L, — +R, (i, — —iydt=0
3 Gt +Ry(is —ip) + c, j‘s

Itis observed thatthe mesh basis equations (7), (8) and (9) are similar to the differential equations {4), (5) and (6)
Joveming the mechanical system. '

TORQUE-CURRENT ANALOGOUS CIRCUIT

The given mechanical system has three nodes (J,, J,and J.}. Hence the torque-current analogous electrical circuit will
save three nodes. The torque applied to J, is represented as a current source connected to node-1 inanalogous electrical
TECUIL. _ - .

Theelements K., J, and B, are connected to firstnode. Hence they are represented by analogous elements as elements
=onnected to node-1 in analogous electrical circuit. The elements J,, B,, B,and K, are connected to second node. Hence they
zre represented by analogous elements as elements connected to node-2 in analogous electrical circuit The elements J,, B,
and K, are connected to third node. Hence they are represented by analogous elements as elements connected to node-3 in

analogous electrical circuit.

The elements K, and B, are common between node-1and 2 and so they are represented by analogous element as
sommon elements between node-1 and 2. The element B, is common between node-2 and 3 and so itis represented as common
slement between node-2 and 3 in analogous circuit. The torque-current electrical analogous circuitis shown in fig 8.

R _ 1

’-——'\/\/I\l—1 R R_(Vi - vZ) R

vy ' . Vs ] Vi 1 —
L, - VWV \" 1 "
: | 1 I Jv—vp)at
dv, s ——e V.

GDi(t) =C, =C, = C, g L, i) . l Cde L,

QD C.T
Fig 9 : Torque-current electrical Fig 10.

analogous circuit.
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RI
Vi & AAN— “2"("'2 ~Va) R—(Vs V)
; v, | v 2 R Vs
R_(Vz vy) A8V, 2 ® AN y ,
; R v — | vydt
NS (et ]l
+__
1 __icgﬁ_z_ Cs L
‘L"“[(Vz —vydt G dt
1 . A |_3
Fig I1. - Fig 12.
- The electrical analogous elements for the elements of mechanical rotational systemn are given below.
T=ilt) o,-» v, J, = C, B, » 1R, K, — 1L,
o, —> V, J, = C, B, - 1/R, _ K, = 1/
CRE A J; = G

The node basis equations using Kirchoff’s current law for the circuit shown in fig 9 are g'rveh below (Refer ﬁg 10,1
‘and 12).

dv, 1 1 . . .
Crge * RV Vot =i . o ~1(10)
dv 1 1 1 . :
C2 dtz E(VZ _V1)+E;-(V2_V3)+?_T'{(V2 —Vq)dt= 0 .' e {11)
dvy
C,—= = +—(\."3 \.|'2)+——-_[\.r3 dt=0 : _ : L (12)

: Itis observed that the node basis equations (10), (11)and (12) are similar to the differentiai equations (4), (5)and (6
goveming the mechanical system. . '

1.11 BLOCK DIAGRAMS

A control system may consist of a number of components. In control engineering to show the
‘functions performed by each component, we commonly use a diagram called the block diagram. A bloci
diagram of a system is a pictorial representation of the functions performed by each component and o
the flow of signals. Such a diagram depicts the interrelationships that exist among the various components
The elements of a block diagram are block, branch point and summing point.

BLOCK

In a block diagram all system variables are linked to each other through functional blocks. The
Sfunctional block or simply block is a symbol for the mathematical operation on the input signal to the
block that produces the output. The transfer functions of the components are usually entered in th
corresponding blocks, which are connected by arrows to indicate the direction of the flow of signals
Figure 1.25 shows the block diagram of functional block:

~ The arrowhead pointing towards the block indicates the Input, A | Transfer | Output, B
input, and the arrowhead leading away from the block represents ﬁ’g‘g’n B=AG(s)
the output. Such arrows are referred to as signals. The output '
signal from the block is given by the product of i lnput signal Fig 1.25 : Functional block.
and transfer function in the block. .
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SUMMING POINT |

Summing points are used to add two or more signals in the
system. Referring fo figure 1.26, a circle with a cross is the symbol that

dicates a summing operation. B

The plus or minus sign at each arrowhead indicates whether the signal Fig 1.26 : Summing point

= t0 be added or subtracted. It is important that the quantities being added or
subtracted have the same dimensions and the same units.

SRANCH POINT Branch point
1 bram ' R
A branch point is a point from which the signal from a block A ‘B=AG
Zoes concurrently to other blocks or summing points. A
. —
CONSTRUCTING BLOCK DIAGRAM FOR CONTROL SYSTEMS Fig 1.27 : Branch point.

A control system can be represented diagramatically by block diagram. The differential equations
Zoverning the system are used to construct the block diagram. By taking Laplace transform the differential
=guations are converted to algebraic equations. The equations will have variables and constants. From the
working knowledge of the system the input and output variables are identified and the block diagram for
=ach equation can be drawn. Each equation gives one section of block diagram. The output of one section
«ill be input for another section. The various sections are interconnected to obtain the overall block
=iagram of the system.

EXAMPLE 1.14
Construct the block diagram of armature controlled de motor.
SOLUTION
The differential equations governing the armature controlled dc motor are (refer section 1.7),
. _di
Va=|aRa+La'atE+eb _ 1)
T=Kij, R @
do
T=J — '
T | | @)
8, =K, © R (4)
1 ©= %?- : ' _(_53
Ontaking Laplace transform of equation (1) we get, _
V,(s)=L{s) R, +L, s L(s)+E,(s) i . {6)
In equation (8), V,(s) and E,(s) are inputs and | (s) is the output. Hence the V.(s}-Eyfs) .
=zuation (6} s rearranged and the block diagram for this equation is shown in fig 1. Vi(s) 1
V,(8) - Ey(8) = () [Ry +5 L,] - Ry +5L,
1 Eb(s}
“a(8) = m [Va(s) = E,,{s)] Fig 1.
On taking Laplace transform of equation (2) we get, L,(s) - T(s)
- T(s) = K 1.(s) ) ]
- Fig 2.

In equation (7), | (s) is the input and T(s) is the output. The block diagram for this equation is shown in fig2.
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On taking Laplace transform of equation (3) we get,

T(s)=Js a(s) +Bo(s) o @)
In equation (8), T(s) is the input and o(s) is the output. Hence the equation (8) is rearranged and the block diagram
this equation is shown in fig (3). T(s) 1 o(s)
. -
T(s) = (Js+ B) o(s) ) Js+B
 ofs) = — Fig 3.
- - ofs) Jo<B T(s)
' On taking Laplace transform of equation (4) we get, o(s) Es)
:
E = e 9 .
o(8) = K, o(s) ) Fig 4.

In'equation (9), o(s) is the input and E,(s) is the output. The block diagram for this
equation is shown in fig 4.

On taking Laplace transform of equation (5) we get,

wo(s) =s B(s) {10
Inequation {10), »(s) is the input and 6(s) is the output. Hence equation {10} is rearranged ahd the block diagram for ti
equation is shown in fig 5. o(s) ] 6(s)

8(s)= %m(s} : : Fig 3.

The overall block diagram of armature controlled demotor is obtained by connecting the various sections showninfig 1
fig 5. The overall block diagram is shown in fig 6.

V(s)-Esls)

V.(s) SR ] l(s) __T(s) 3 ofs) o(s) -

(s)

@
Ko

Fig 6 : Block diagram of armature controlled dc motor.

EXAMPLE 1.15

Construct the biock diagram of field controlied dc motor.
SOLUTION

The differential equations goveming the field controlled dc motor are (refer section 1.8),
. di
v =R{i; + L, — ‘
f Fg ¥ f . e T
T=Kqi
d _ do

T=J—+B —
dt? dt

On taking Laplace transform of equation (1) we get,

V,(s) =R, k(s) L s I(s)
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Inequation (4), Vi(s) is the input and I,(s) is the output. Hence the equation (4) is rearranged and the block diagram for
& =quation is shown in fig 1. '

Vi(s) 1 1{s)
Vi(s) =l(s) [R +sL¢] ' R; + sL,
1 : .
o l(s) = Fig 1.
)= gy Vi) | s
On taking Laplace transform of equation (2) we get,
T
T6) =K, 1(s) - ) g
In equation (5), li(s) is the input and T(s} is the output, The block diagram for this Fig 2.
p=50n is shown in fig 2.
Ontaking Laplace transform of equation (3) we get, -
T(s)=Js?0(s) +Bso(s) T (6) T(s) i o(s)
. —
Inequation (6), T(s) is input and 6(s}) is the output. Hence equation (6) is rearranged Js?+Bs
& Se block diagram for this equation is shown in fig 3. Fig 3
T(s)=(Js* +Bs) 6(s)
LB(8)=—5——Ti
(®) Js? +Bs (©)

The overall block diagram of field controlled dc motor is obtained by connecting the various section shown infig 1 to
- The overall block diagram is shown in fig 4.

1 I{s) T(s) 1

i) —— g
®) Ry + sl Js? +Bs %)
Fig 4 : Block diagram of field controlled dc motor:

—CK DIAGRAM REDUCTION

The block diagram can be reduced to find the overall transfer function of the system, The. following rules can be used

=ck diagram reduction . The rules are framed such that any modification made on the diagram does not alter the input-output
RO

RULES OF BLOCK DIAGRAM ALGEBRA

Rule-1 : Combining the blocks in cascade

'AG,G,

AG, AG,G
A - . et A G1G2 1=z

Rule-2 : Combining Parallel blocks (or combining feed forward paths)

A(G+G
A GG, (G+G,)
A AG ' A AG
—e—Gl—> _
A AG A

5
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Rule-4 : Moving the branch point before the block

) AG
A G—o2G, RPN ) REAEN
o
AG ] DG AG

Rule-5 : Movmg the summing point ahead of the block

A+B (A+B)G

=
AG q‘ AG+B

Rule-7 : Interckangmg summing pomt

A+B A+B-C A g A~C % A-C+B=A+B-C

[

Rule-8 : Splitting summing points

B
A % A+B-C -
C

Rule-9 : Combining summing points

e E

B
A Y, A+B-C
.
Rule-10 : Elimination of (négative) feedback loop
R—C H) (R-CH)G
cC = R G . C
- 1+ GH
Proof:
C=R-CH)G = C=RG-CHG = C+CHG=RG
C G
#CI+HG)=RG = Z=T—Cu
" Rule-11 : Elimination of (positive) feedback loop
O c ' _
—e—1+—> R G ] ¢
e = " i-GH E
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EXAMPLE 1.16

1.54

Reduce the block diagram shown'in fig 1 and find C/R.

S LUTION

Step 1: Move the branch point after the block.

B
Lt

Step 2:Eliminate the feedback path and combining blocks in cascade.

Step 4: Combining blocks in cascade

R G, o, . G C
1+ GH 17T g i

C.(_G Va G (G fG1G2+G3 _ GG, +G;

R \1+GHJ| * G (1+GHJ{ G, 1+GH

EESULT

C_GG,*G
Th li transfer function of the system, —=——2_—3.
e overall tran Y R 1+GH
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"EXAMPLE 1.17
Using block diagram reduction technique find closed loop transfer function of the system whose block diagram is show

infig1.

ke

: Fig L.
SOLUTION

Step 1: Mmring the branch point before the block

Step 2-Combining the blocks in cascade and eliminating parallel blocks

»GJ

b |
3 aé
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Step 5:Eliminating the feedback path and combining blocks in cascade

R 5 5% »G,G,7C, RS

. I G1
- 1+GHG;
Step 6 Eliminating the feedback path
R_, c D |GGG +Ga) .C
1+(GGH) g
"
GGGy +Gy) G,G,G; + GG,
1+ GG,H, N 1+ GG,H, - GG,G; + GG,
1+ G(G,G3 +Ga) Hy 1+G{GoH, + G,G3H, + GHy 1+ GGH, + G,G3H, + GH,
1+GGH, Gy : 1+ GGH, '
Step 7-Eliminating the feedback path
R GGG, + GGy C
1+ G1G2H1 + G2G3H2 + G,‘Hz
GiG,G3 + GGy

C_ 1+ GGH+G,G3H, + GyHy _ G,G,G; + GGy
R~ 14 GG.G; + GG, 1+ GGH, + G,GiH, + G H, + GGG, + GGy

1+ GG,H; + G,G3H, +Gy4H;

RESULT

The overall transfer function is given by,

c_ GG,G; + GG,

R 1+ GGH, + G,GyH, + GH, + GGG, + GGy

=XAMPLE 1.18
. . Cfs) . - :

Determine the overali transfer function @ forthe system shown in fig 1.

Fig 1.
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SOLUTION

Step 1: Moving the branch point before the block

HC {s)

C(s)
HGf—>

Step-l :Combining the blocks in cascade and eliminating feedback path

G Cls)
G 3 : »
. 1+ GHG, | <!

Step & : Combining the blocks in cascade
: _ GGy

1+ G4HGs
1+ &'Hz

/ 1+ GHG,
G5G, N[ ,C(S)

: G.
T+ GBG4H1 + GZGSHZ .

o
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Step 6 - Eliminating the feedback path

R(S) GG,G, _ = c(s)
1+ GGGJHT + G2G3H2 =
(G

Step 7 :Combining the blocks in cascade

G{G,Gs

1+ G,G H, + G,G,H,

GGG

1 1~y G
TIE GG H, + GG, | X
/

. * !

R(S) : GG,G, _ C(S)
| 14 GaGH; + G,GaH, + GG,G.G, —

cls) _ GG,G,G,
R(S) 1+ GaGaHy + G,G3H, + GGGy
{=SULT

The overall transfer function of the system is given by,

Cs) GG,G,G,
R(s) 1+G,G,H, + G,G.H, + GG,G.G,

= XAMPLE 1.19

For the system represented by the block diagram shown in fig 1. Evaluate the closed loop transfer function when the
rrict Ris (i) at station-| (i) at station-ii.

‘ Station-li
C(S
92 )
Hle
{H
Fig L.

=JLUTION

0] Consider the input R is at station- and so the input at station-ll is made zero. Let the output be C.. Since there
is no input at station-Il that summing point can be removed and resulting biock diagramis showninfig2.
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Step 1 : Shift the take off point of feedback H; beyond Gzand rearrange the branch points

Fig 2

Step 2 : Eliminating the feedback H, énd combining blocks in cascade

—{HJe—{ 1G]«

vO

;1

Step 3: Eliminating the feedback path

G,G; |

Vp

3

1+ GaHy
.............. iy
& Lii" :
G, G GG :
1+GyH, B 1+GzH, G,Gs !
. _GpGs x Hy 1+ _GoHy 1+ GaH, +GoH,
1+G3H2 G3 1TG3H2
Step 4: Combining the blocks in cascade
R GG, C
G : >
1+ GsHy + GgH;
= .
i
Step 5: Eliminating feedback path H, :
| GGG, C
| 14 GaH, + GH; "
[Fije -

GGG,

1+ GyH, + GoH,y GGG,

GGGy <H 1+ GaH, + GoHy + GiG,GaH,

1+ G3H, + GoHg

1
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CGys) GiG,G3
R(s) 1+ GyH, + GH; + GG.G3H,

(@ Consider the input R at station-1i, the input at station-1 is made zero. Let output be C,,. Since there is no inputin’
station-1 that corresponding summing point can be removed and a negative sign can be attached to the

feedback path gain H,. The resulting block diagramis shown in fig 3.

Step 1:Combining the blocks in cascade, shiftirng the summing point of H, before G, and rearranging the branch points. -

\ A%

Fig 3.

v O

v

o
x
I
|
h

A".“

_ G .l gp Ml [_G |, -GHG; -H, | _ ~G,(G\GzH, +Hj)
1+ G,H, TG, 1+ G,H, G, (1+ G2H,)G,
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Step 5: Eliminating the feedback path

' C,
T —G3(GGH; +Hy) <
(1+G,H,)G;
] e
_ Gy _ = G, = Gy(1+ GyH,) ]
1- —(GGH, + Hy) ) G 1+ GoHy + G5(GG,H, +Hy) T+ GoH,y +Ga(GGH, +Hy)
‘I -+ Gsz 3 1 + GzHS
G, Gy(1+ G,H,)

R 1+ GoHy + Ga(G{GH, + H,)

RESULT

The transfer function of the system with input at station-| is, :
R 14+ G3H, + GyHy + GG,G3H,

The transfer function of the system with input at station-ll is,
G _ G3(1+ GoH,)
R 1+ GyH, + Gy(GG,H, + Hy)

EXAMPLE 1.20

For the system represented by the blor_:k diagram shown in the fig 1, determine C,/R, and C, /R, -

- SOLUTION

C,
Case (i) To find F’
T

In this case set R, =0 and consider only one output C,. Hence we can remove the summing point which adds R, and
need not consider G, since G;is onthe open path. The resulting block diagram is shown in fig 2.
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Fig 2.

Step 2-Combining the blocks in cascade and splitting the summing point

......

.
R e P S ©

1+ G, ——Gd

Step 3: Eliminating the feedback path

- . C
R, % & e 1
T ‘ G,GHH,
' 1+ G,

Step 4: Combining the blocks in cascade
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Step 5. Eliminating the feedback path

GG,(1+G,) C,
(1+ G4) - GG.GsHH,

R, | (1+G,) - GG,GHH, = C,
1t GG, (1+G,) D’

(1+G,)-G,G,GHH,

Step ﬁ'COmbining the blocks in cascade

R, B GG,(1+G,) C:.
(1+ G,) - GGG HH, + GG,(1+ Gy) :
C, G,G,G3(1+ Gy)

R, (1= GGy) (14 Gy) - GG,GHH,

C,
Case 2 ; To find A
1

Inthis case set R, =0 and consider only one output C,. Hence we can remove the summing point which adds R,and
need not consider G, since G, is on the open path. The resulting block diagram is shown in fig 3.

Step 1: Eliminate the feedback path.
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Step 2: Combining blocks in cascade and splitting the summing point

R, Y
)
. ry
d [Hle
SH G, G <.
. =L|—_|.2J 1+ G _@ g Al
T My
Step 3: Eliminating the feedback path Step 4 : Combining the blocks in cascade
R, G,
11+ GG,
- ] I/
! G,GgH C, .
— 2 : G,G:H C,
1+ G, 45 2 2 » G,
1+ G,
Step 5: Eliminating the feedback path
—Fle
R, G,G,GsH, =l§y—_|_ C
(1+G,) (1+GG,) :
GGGty
R, (1+G,) (1+GG,) C,
_ GG,GH,H,
(1+G,) (1+GG,) |

Step 6:Combining the blocks in cascade

R, R GG,GH, G C,
(1+ Gy) (1+ G G,) - GG, G:HH,
C_ GG4GsGeH,
R, (1+G,) (1+GGy) - GG,GsHH,
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RESULT

The transfer function of the system when the input and output are.R1 and C1 is given by,
G G{G,G, (1+Gy) '

R, (1+GG,) (1+G,) - GG,GHH,

The transfer function of the system when the input and output are R+ and Czis given by,
Co_ G1G4GsGs Ho -

R, (1+G,)(1+GG,)-GG,GHH,
EXAMPLE 1.21

Obtain the closed loop transfer function C(s)/R(s) of the system whose block diagram is shown infig 1.

- C(S)
=\Z" ;
1 i
|
SOLUTION
Step 1 :Splitting the summing point and rearranging the branch points - ;
[Fje | |
R(S i CE) !
(“_‘) G -G, '
|
H,
»G, ;
E
- Step 2 :Eliminating the feedback path 1
. = |
R(S) Y C(s)
P B4 G1 + Gz > d L h 2 .
F 3 - Y
H
.JE] :
Step 3 : Shifting the branch point after the block.
Gy
1+ GH,

» G,
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Step 4 : Combining the blocks in cascade and eliminating feedback path

R(S)

G
- G 2 G
N5 ! 1+ G,H, —G
[H e /G, Je

L H

@

Step 5 :Combining the blocks in cascade and eliminating feedback path

R@) | GGy | c(8)| _GaCs
—- SEVeE -
! T+ GoHy + G,GaH, LG"’.I%_-
- 14 G2Gaty
1+ G,H,
Step 6 :Eliminating forward path GOG
] el hal - N
R(S) G{G,Gs C(s) | 1= Gty » G,GaH,
1+ GyH, + G,GaH, - GGH, 1- ”{';"é'%%%‘(;‘ﬁ [%]
2h 232
el
L Cs) _ G,G,G, .G
TR(s) 1+G.H,+G,GH, - GGH,
=ESULT
Ces) G,G,Gs

The transfer function of the sysiem is RE) 1+ G o + G,GaH, - G1GQH1

+G4

=XAMPLE 1.22

The block diagram of a closed loop systemis shown in fig 1. Using the block diagram reduction technique determine the
=csad loop transfer function C(s)/R(s).

=OLUTION

R(S)
—

Stép 7 -Splitting the surnmin_g point.

RS




L7

Step 2 :Eliminating the feedback path.

RE©) |

The transfer function of the system is,

C(s) Ga(s) [Gi(s)+]
Ris) ~ #Gy(s) Hz(s)+G1{5} Ga(s) Hy(s)

R(S) - Gy(s) C(S)
R 1+ Gy(s)Hy(8) ’
Step 4 -Interchanging the sumfning points and combining the blocks in cascade
R(S) Y G,(s) C(s)
G > >
e & raene
Gy(s) Hi(s) e
_ Step 5 : Eliminating the feedback path and feed forward path
e IS
1+ G(s)Hy(s) -
., . Gaf8)
Gy(s) Hy(s) |« 1+ G,(5)Hy(S)
GolS) __Gy(s)Hi(s)
T+Gy(s)Ho(s)
Step & : Combining the blocks in cascade

RELL yEmH Gyls) cE
ST 15, 9h,06) + GEIG M) "
. Cls) _ Gy(s) [Gi(s) + 1]
____,Fi{f,}.._‘ 1+ Gy(s) Hy(s) + Gy(s) Gy(s) Hy(s) 1.
RESULT 3
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MPLE 1.23

tising block diagram reduction technique find the transfer function C(s)/R(s) for the system shown in fig 1.

{H,J—

Fig L.
BCCUTION

S#ep 1 :Rearranging the branch points

C(s)

Stgp 3 : Moving the branch point after the block.

)]
9

ge!

M@
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Step 4 :Moving the branch point and combining the blocks in cascade.

C(s)
- C(8)
Step 6 :Eliminating feedback path and interchanging the summing points.
. Hile
R(S) G, C(s)
———»@_ )—r@}—»@——; v
2 3 1+ GaHH,
Hy(1+ GgHH,) 1
L/ GG,
GGG
1+ GHH, GGG,
1- G,G;GH; 1+ G,HH, - G,G,GyH;
1+ GHH;
Step 7 :Combining the blocks in cascade and eliminating the feedback path
R(S) 5 G,G,Gy C(S)
> 1+ GyHH, - G,G3GH, o
H,(1+ G HH,)
G3G4
s _
GG,G4Cy
1+ G HH, -GGG H, G,G,G1G;

‘1 + —_— —1.'—_.— —_— — -
1\ 1+ GAHT!—'2 - G2G3G4H3 RN G3G4

1 GG,GG, ] [ H 1+ G4H1H2}] T e GHH; - G,GGH, + GGH (1+ GiHH,)
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Step & : Eliminating the unity feedback path.

R(S) | GG,G.G, - C(s)
' 1+ G HH, — GGG H; + GGH, (1+ GHA) -

: G{G5G4G,
Cls) _ 1+ GyHH, — GoCGyGHa + GyGH, (1+ GaHHy)
TRE6) 4y G{G,G;Gs
1+ G HH, — G,G3G H, + GGoH, (1+ GHH,)
= ' . . G{G,G3Gy
T 1+ GHH, - G,G3GHs + GGoH(1+ GgHH,) + GG,GsGy
_ G,G,G3G,
T 1+ HH,(Gy + GGoGaHa) + GiGa(Hs + GaGy) - G,G3GaHs

=ESULT
The transfer function of the systemis,
C(s) GGoG4G,y

R(s) e HH(Gy + GGG 4H,) + GGa(H, + GyGy) - GoGaGaHy
* 42 BLOCK DIAGRAM REDUCTION USING MATLAB
“RANSFER FUNCTION OF A SYSTEM '

Let, G(s) be the transfer function of a system. When the transfer function is a rational function of
" then using MATLAB the transfer function can be obtained from the coefficients of the numerator and
“=sominator polynomials as shown below. Let, the general form of G(s) be as shown below.

M M-I M-2
bys” +b;sT  +bysT T +by S+ by
N N-1 N-2
2,8 +a,8  +a8,5 e +a,,S+ay

G(s) =

First, the coefficients of the numerator and denominator polynomials are declared as two arrays as
s=own below. : '

num_cof [bO b1 b2 ........ bml;
den_cof = [a0 al az ........ anl;

]

Next, the transfer can be obtained using the following commands of MATLAB.

G = tf('s");
G = ([num_cofl, [den_cof])

“RANSFER FUNCTION OF CASCADE / PARALLEL / FEEDBACK SYSTEM

Consider two systems with transfer functions G,(s) and G,(s) . Let the two transfer functions be
===ional function of "s" as shown below. - :
bys™ +b,s™ T+ b,sM Pt 4Dy S+ Dy
as" +a,8" " +2,8"  Hernnn: +a3y S+ay

G,(9)=
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M M-1 M-2
dos” +d;s - +d,57 A +dy_s+dy

Cos™ + e, s 40,8 N P +Cy_ S+ Cy

G,(s)=

When the two systems are connected as cascade / parallel / feedback system, then the overé
transfer function of cascaded system / parallel system / feedback system can be obtained using MATLA}

In order to obtain the overall transfer function, first the coefficients of the numerator and denominai
polynomials of G,(s) and G,(s) are declared as arrays as shown below.

num_cofl = [b0 bl b2 ........ bml;
den_cofl = [a0 al a2 ........ anl; |
‘num_cof2 = [d0 di d2 ........ dml;
den_cof?2 = [c0 ¢l c2 ........ CN];

When the two systems are connected in cascade as shown below, then the overall transfer functig
G (s) of the cascaded system can be obtained using the following commands of MATLAB.

—G G} =

6C = tf('s');
[num_cofC, den_cofC]l = series(num_cofl, den_cofl, num_cof2, den_cofz);;

GC = ([num_cofc]l, [den_cofc])

When the two systemé are connected in parallel as shown below, then the overall transfer functig
G, (s) of parallel system can be obtained using the following commands of MATLAB.

S
—+—g—— @ =

<
1

Gpr = tf('s'); :
[hum_cofpP, den_cofP]=parallel(num_cofl, den_cofl, num_cof2, den_con);g

GP = ([num_cofPl, [den_cofP]) ' _ : }

When the two systems are connected in feedback as shown below, then the overall transél
function G;(s) of feedback system can be obtained using the following commands of MATLAB.

il 4 e e e e e e

GF = tf('s");
[num_cofF, den_cofF] = feedback(num_cofl, den_cofl, num_cof2, den_con}i;
GF = ([num_cofF], [den_cofFl) g




=R0GRAM 1.1

consider the transfer functions of the twe systems given below.
G,(s)=8/(s*+25+9) and G,(s)=4/(s5+6)

Write a MATLAB program to find the overall transfer function if the two systems
are connected as cascade system, parallel system and feedback system.
clc

clear all

Gl=tf(*s’); 62=tf(‘s’); GC=tf(‘s’);6P=tf(*s');GF=tf('s’);
num_cofl=[0 0O 8];

den_cofl=[1 2 91;

disp(‘systeml’);

Gl=tf([num_cofl], [den_cofl])

num_cof2=[0 4]1;

den_cof2=[1 6];

disp(‘System2’);

G2=tf([num_cof2], [den_cof2])

{num_cofc,den_cofc]=series(num_cofl,den_cofl,num_cofz,den_cofz);
disp(‘Cascade system’);
cc=tf([num_cofcl, [den cofcl)

[num_cofP,den_cofr]= para11e1(num cofl den_cofl,num_cof2,den_cof2);
disp(* Para11e1 system');
GP=tf([num_cofr], [den_cofP])

[num_cofF,den_cofF]=feedback(num_cofl,den_cofl,num_cof2,den_cof2);
disp(‘Feedback system');
GF=tf([num_cofF], [den_cofF]l)

2UTPUT
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Systeml
Transfer function:

§A2 + 2 5 + 9

Systeml
Transfer function:

cascade system
Transfer function:
: 32

sA3 + 8 sAZ2 + 21 5 + 54

paralilel system
Transfer function:
4 sA2 + 16 5 + 84

SAZ + 8 542 + 21 s + 54

Feedback system
Transfer function:
8 s + 48

sA3 + 8 sA2 + 21 5 + 86




.73
1.13 SIGNAL FLOW GRAPH

The signal flow graph is used to represent the control systein graphically and it was developed by
S.J. Mason.

A signal flow graph is a diagram that represents a set of simultaneous linear algebraic equations. By
taking-Laplace transform, the time domain differential equations governing a control system can b
transferred to a set of algebraic equations in s-domain. The signal flow graph of the system can be
constructed using these equations.

It should be noted that the signal flow graph approach and the block diagram approach yield the
same information. The advantage in signal flow graph method is that, using Mason's gain formula the
overall gain of the system can be computed easily. This method is simpler than the tedious block diagram
reduction techniques.

The signal flow graph depicts the flow of signals from one point of a system to another and gives
the relationships among the signals. A signal flow graph consists of a network in which nodes are connected
by directed branches. Each node represents a system variable and each branch connected between twe
nodes acts as a signal multiplier. Each branch has a gain or transmittance. When the signal pass through.
a branch, it gets multiplied by the gain of the branch.

In a signal flow graph, the 51gnal flows in only one direction. The direction of signal flow is:
indicated by an arrow placed on the branch and the gain (multiplication factor) is indicated along thé
branch.

EXPLANATIOH OF TERMS USED IN SIGNAL FLOW GRAPH

Node : Anodeisa pomt representing a variable or signal.”

Branch : A branch is directed line segment joining two nodes. The arrow on the branéh?
indicates the direction of signal flow and the gain of a branch is the transmittance.

Transmittance : The gain acquired by the signal when it travels from one node to another is |
called transmittance. The transmittance can be real or complex. :

Input node ( Source) : It is a node that has only outgoing branches.

Output node ( Sink ) : It is a node that has only incoming branches.

Mixed node : It is a node that has both incoming and outgoing branches.
Path : + A path is a traversal of connected branches in the direction of the branch
' arrows. The path should not cross a node more than once.
Open path | : A open path starts at a node and ends at another node.
Closed path : Closed path starts and ends at same node. _
Forward path : TItisa path from an input node to an output node that does not cross any noda

more than once.
Forward path gain  : It is the product of the branch transmittances (gains) of a forward path.

Individual loop : Itisaclosed path starting from a node and after passing through a certain par
of a graph arrives at same node without crossing any node more than once.

Loop gain : It is the product of the branch transmittances (gains) of a loop.

Non-touching Loops : If the loops does not have a common node then they are said to be non- -
' touching loops.




alModels of Control Systems - > L74

*“wOPERTIES OF SIGNAL FLOW GRAPH

The basic properties of signal flow graph are the following :

()
(i)
(iii)
(iv)
(V)

(vi)
(vii)

(viii)

The algebraic equations which are used to construct signal flow graph must be in the form

- of cause and effect relationship.

Signal flow graph is applicable to linear systems only.
A node in the signal flow graph represents the variable or signal.

A node adds the signals of all incoming branches and transmits the sum to all outgoing
branches. ' '

A mixed node which has both incoming and outgoing signals can be treated as an output
node by adding an outgoing branch of unity transmittance.

A branch indicates functional dependence of one signal on the other.

The signals travel along branches only in the marked direction and when it travels it gets
multiplied by the gain or transmittance of the branch.

The signal flow graph of system is not unique. By rearranging the system equations different
types of signal flow graphs can be drawn for a given system.

= SHAL FLOW GRAPH ALGEBRA

Signal flow graph for a systeﬁl can be reduced to obtain the transfer function of the system using
~e following rules. The guideline in developing the rules for signal flow graph algebra is that the signal at
; =ode is given by sum of all incoming signals.

Rule I : Incoming signal to a node through a branch is given by the product of a signal at prev10us '

node and the gain of the branch.

Example: : X " '
. 2 :>‘7X;

Q

X k 2,
L, ' ' LT Tax,

Rule 2 : Cascaded branches can be combined to give a single branch whose transmittance is

equal to the product of individual branch transmittance.

Example:
a b ab
o—Pp 00 = o » -C
X % X X %

Rule 3 : Parallel branches may be represented by single branch whose transmittance is the sum

of individual branch transmittances.
Example: a
a+b

’%Q"z SRR
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Rule 4 : A mixed node can be eliminated by multiplying the transmittance of outgoing branchg
(from the mixed node) to the transmittance of all incoming branches to the mixed node..

Example
_ X ac |
a
ey s
X2 b X3 3(4 xz be

Rule 5 : Aloop may be eliminated by writing equations at the input and output node and rearrangmé
the equations to find the ratio of output to input. This ratlo gives the gain of resultanr

branch.
E i
xample ab
1-bc
o ! O
a b X U_ ' %

o
b?Ctl
“qu

Proof:
Xy =axy+X; ; X3 =Dbx, _
Put, x, = ax; +x; in the equation for x,.
©oXg=blax; +ex;) = xp=abx;+box; = x;-bexz=abx; = x;(1-bc)=abx,
. X5 _ ab '
"X 1-bc

SIGNAL FLOW GRAPH REDUCTION

The signal flow graph of a system can be reduced either by using the rules of a 51gr1aI flow graph
algebra or by using Mason's gain formula.

For signal flow graph reduction using the rules of signal flow graph, write equations at every nodc‘
and then rearrange these equations to get the ratio of output and input (tmnsfer function). l

- The signal flow graph reduction by above method will be time consuming and tedious. S.J. Masoﬂ
has developed a simple procedure to determine the transfer function of the system represented as a signa
flow graph. He has developed a formula called by his name Mason's gain formula which can be directly
used to find the transfer function of the system.

MASON'S GAIN FORMULA

The Mason's gain formula is used to determine the transfer function of the system from the signal
flow graph of the system.

Let, . R(s) = Irfput to the system
C(s) = Output of the system
Now, Transfer function of the system, T(s) = % ' weee(1.34)
)

Mason's gain formula states the overall gain of the system [transfer function] as follows,

. _1
Overall gain, T_Z ; PyAg (1,355
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where,

T = T(s) = Transfer function of the system
= Forward path gain of K forward path
Number of forward paths in the signal flow graph

> RO
I

= 1 — (Sum of individual loop gains)
. Sum of gain products of all possible
combinations of two non - touching loops

Sum of gain products of all possible
combinations of three non - touching loops

Ag

il

A for that part of the graph which is not touching K¢ forward path -

“ONSTRUCTING SIGNAL FLOW GRAPH FOR CONTROL SYSTEMS

A control system can be represented diagrammatically by signal flow graph. The differential equations
severning the system are used to construct the signal flow graph.The following procedure can be used to
soastruct the signal flow graph of a system.

1.

Take Laplace transform of the differential equations governing the system in order to
convert them to algebraic equations in s-domain.

The constants and variables of the s-domain equations are identified.

From the working knowledge of the system, the variables are identified as input, output and
intermediate variables. -

For each variable a node is assigned in signal flow graph and constants are assigned as the
gain or transmittance of the branches connecting the nodes. :

For each equation a signal flow graph is drawn and then they are interconnected to give
overall signal flow graph of the system.

PROCEDURE FOR CONVERTING BLOCK DIAGRAM TO SIGNAL FLOW GRAPH

The signal flow graph and block diagram of a system provides the same information but there is no
sandard procedure for reducing the block diagram to find the transfer function of the system. Also the
=lock diagram reduction technique will be tedious and it is difficult to choose the rule to be applied for
smplification. Hence it will be easier if the block diagram is converted to signal flow graph and Mason's
gain formula is applied to find the transfer function. The following procedure can be used to convert
~lack diagram to signal flow graph. '

1.

Assume nodes at input, output, at every summing point, at every branch pointand in between
cascaded blocks.

Draw the nodes separately as small circles and number the circles inthe order 1,2, 3, 4, .....
etc. '

From the block diagram find the gain between each node in the main forward path and
connect all the corresponding circles by straight line and mark the gain between the nodes.

" Draw the feed forward paths between various nodes and mark the gain of feed forward path

along with sign,
Draw the feedback paths between various nodes and mark the gain of feedback paths along
with sign. '
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EXAMPLE 1.24

Constructa signal flow graph for armature controlled de motor.

SOLUTION
The differential equations goveming the ammature controlled dc motor are (refer section 1.7).
-va=iaRa+La%+eb; T=Kij,; T=J%T~+Bm; e =K, 0; o =de/dt
Ontaking Laplace transform of above equations we get,

V($)=1(S)R +L sl (s) +E (s)

1)
T(s) = K1(s) ()
T(s) =dsals)+Bosy (3)
E@=Ko® (4)
o(s) =s6(s) ...{5)

The input and output variables of armature controlied dc motor are armature voltage V (s} and angular displacement
6(s) respectively. The variables | (s), T(s), Eb(s) and o(s) are intermediate variables.

The equations (1) to (5) are rearranged & individual signal fiow graph are shown infig 1tofig 5.

V() - Eo(8) = L ()[R, +5 L] | PAS 1
.[ d
~Lis)= Rasl [Va(s) - Eq(s)] Ve . Qﬁ‘ R, +sL, L)
2 2 o= > - > o
TE)=K,1(5) o 5 O 2
Fig 1 . Fig 1 Ey(s)
T(s)=o(s) [Us+B] Jsi 5
1 - o > o -
.o(s) = 1B T(s) T(s) o(s)y Fig3
_ o(s)
E (s)=K ofs) :
b -] . - Kb
Ey() Fig 4
w(s) = 56(s)
o(s) 1/ 8(s) ,
~8(s)= —g-m{s} ° f © Fig 5

. The overall signal flow graph of armature controlled dc motor is obtained by interconnecting the individual signal fiov®
graphs shown in fig 1 to fig 5. The overall signal flow graph is shown in fig 6. -

1 1
Vi) 1 vs)-Efs) R.+sl, L) K T(8)  JssB  ofs) s 6(s)
o > Q —»- o > o > o > o

»

L Efs)

Fig 6 : Signal flow graph of armature controlled dc motor.
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=XAMPLE 1.25

- 1.78

Find the overall transfer function of the systém whose signal flow graph is shownin fig 1.

_H2
R(s) G, G, G, G, G, 1
:1: =1 Q > 3\;_/3 > e g\:/? > g
' —H, -H,
soLUTION s Fig 1
Forward Path Gains
There are two forward paths. . K=2
Let forward path gains be P1and P2 .

R(s) 1 G, G, G, G, G, 1 Cs)
T2 3 4 s = & = 7 = s
Fig 2 : Forward path-1
R(s) 1 G, G, 1 C

T,

Fig 3 ;: Forward path-2.

Gain of forward path-1, P1 = G1 (32(33G_i G5
Gain of forward path -2, P GﬂGsGﬁ

Individual Loop Galn

There are three individual Ioops Letindividual loop gains be P11, P21 and Px.

S e, N2

Fig 4 : Loop-1. Fig5: Loop—2 Fig 6 : Loop-3.

Loop gain of individual Ioop—t, Pn =-GzHn
Loop gain of individual loop-2, Pz =-G2GsHz
Loop gain of individual loop-3, Ps1 = -GsHs
‘i. Gain Products of Two Non-touching Loops

There are two combinations of two non—touchlng loops. Letthe gain products of two non touching loops be Przand Pzz.

Fig 7 : First combination of 2 non-touching loops. | Fig 8: Second combmauon of- 2 non—touchmg f oops.

Gain product of first combination .
of two non touching loops } Prip =Py = (-GoHy) (-GsHy) = GoGsHH,

Gain product of second combination
Py, =P, Ps = (—G,GsH,) (-GsH3) = G,GaGsHH
of t nOf-‘ItﬂUChiﬂg]OODS } 22 2'P31 { 213 2}( 5 3.} 235t 12
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IV. Calculation of A and A,

A = 1-(P1+ P21+ Px) + (P2 + Po)
= 1= (GaHi- GaGaHz- GisHs) + (GeGisHiHo+ GaGaGisHaHs)
=1+ GzHi1+ GoGsHz + GsHs + G2GsH1Hs + G2G3GsHzHz
Ay = 1, Since there is no part of graph which is not touching with first forward path.

-The part of the graph which is non touching with second forward path is shown in figo.

o 3 > 4
Az = 1-P11=1-(-GzHi) = 1+ Goth \:3:/
V. Transfer Function, T _ o

By Mason's gain formula the transfer function, T is given by,

1 1
T = KZ Ped = (PA;+P,A;)  (Number of forward paths is 2 and so K =2)
K

G,G,G3G,Gs +G,GG; (1+ G,H,)
1+ GzH; + G,G3H, + GgH, + G,GsHH; + G,G3GsHH,
GiG,G3G,G5 + G,G:Gs + G,G,GsGgH,
T+ GgH, + GyGaH, + GsHy + G,GsHH; + G,G3GsH,H;
G,G4Gs [G/G; + G / G, + GeHy]
1+ GH; + GG3H; + GgHs + G,GsH{H; + G,G3GsH H;,

il

EXAMPLE 1.26 : ’

Find the overall gain of the
system whose signal flow graphis R(s) 1
shown in fig 1. ©

SOLUTION

Letus number the nodes as shown in fig 2.

I. Forward Path Gains

There are six forward paths. .. K=6

Letthe _fomard path gains be P1, Pz, P3, P4, Ps and Ps.

70 °8
Fig 3 : Forward path-1. Fig 4 : Forward path-2.
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7° 8
Fig 5 : Forward path-3

7 ’Hz
Fig 7 : Forward path-5 . Fig 8 : Forward path-6

Gain of forward path-1, P1=G2Gs Gs

Gain of forward path-2, P2= Gs Gs Gr

Gain of forward path-3, Ps=G1 Ga G7

Gain of forward path-4, Ps=G3Gs Gs

Gain of forward path-5, Ps=-G1GsGrGsH

Gain of forward path-8, Ps=-G1G2GsGsH:
! Individual Loop Gain

There are three individual loops. - H,

Letindividual loop gains be Pn, Pz1and Pst. o
H, 79

G
3 oA 4 H)

> o4

Fig 9: Loop-1 Fig 10 : Loop-2

Loop gain of individual loop-1, P11=-GsHs 7 8
Loop gain of individual loop-2, Pz =-GsH: _ . -H,
Loop gain of individual loop-3, Pai= GiGsHiH2 . Fig11: Loop-3
Gain Products of Two Non-touching Loops . G
-H _ >
There is only one combination of two non-touching 3 1 G,

cees. Let gain product of two non-touching loops be Pr. > 4 -H,
Fig 12 : Combination of 2 non-touching loops

} Pz =PyPy = (-G4Hy) (-GsHy) = G,GsHiH,

- g8

Gain product of first combination
of two non - touching loops

«. Calculation of A and A,
A

*

1-(P11+P2a1+Pai) +Prz = 1-(-GaH1- GsHz+G1GsH1Hz2) + GaGsH1Hz
1 + GaH1 + GsHz-G1GsHHz + GaGsH1Hz2
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The part of the graph non-touching forward path - 1 is shown in fig 13.
~Ar=1-(-GsHz) = 1+GsHz

The partofthe Qraph non-touching forward path -2 is shown in fig 14.
o Ae=1-(-GaHi) =1+ GaH1

There is no part of the graph which is non-touching with forward paths 3, 4, 5and 6.

A3 A= A= A=
V. Transfer Function; T

By Mason's gain formula the tansfér function, T is given by,

T= —;— [Z'PK AK} (Number of forward paths is six and so K =6)
. _K'

= 71— (PA+PoA, +Padg + PeA, + PsAs + Pdg)

G,G4Go(1+GeH,) + GaGsGy(1+ G Hy) + GiG,G, + GGG
- G1G3G?GBH‘I — G1GEGSG8H2
1+ G,H, + GgH, - GGgHH, + G,GHH,

EXAMPLE 1.27

Find the overall gain C(s)/R(s) for the signal flow graph shown infig 1.

SOLUTION
I. Forward Path Gains

There are two forward paths. .. K=2. Letthe forward path gains be P, and P,,

R(s) - @, G, G, G, C@
o > < > - o ' o
1 .2 3 4 5
Fig 2 : Forward path-1
R g, G C(s)
o
1 2 3 4 5
Fig 3 : Forward path-2 G,

Gain of forward path-1, P,=G,G,G,G

27374

Gain of forward path-2, P,=G,G,G;
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l adividual Loop Gain

There are five individual loops. Let the individual loop gains be p, . p,,, Ds,, b41_and P;-

-H, C:zz 5
2 \J ’
2 3 4 A '

Fig 4 : loop-1 Fig 5 : loop-2 Fig 6: loop-3
& G S,

G;

Fig 7 : loop-4

4
_ Fig 8 : loop-5
Loop gain of individual loop-1, P, =-G,GH, '
Loop gain of individual loop-2, P,,=-H,G,
Loop gain of individual loop-3, P,,=-G,GH,
Loop gain of individual loop-4, P,,=-G,G,GH,

Loop gain of individual ioop—5, P, =G,

I Gain Products of Two Non-touching Loops

There are two combinations of two non-touching loops.
Let the gain products of two non-touching loops be P, and P,,.

G, G, 4
3 . 5
’ @ G 2 ‘ S G
- “Hz 4
Fig 9 : First combination of Fig 10 : Second combination of
two non-touching loops two rnon-touching loops
Gain product of first combination P —P.P. = (_GH) G = G.GH
of two-non touching loops 2= P = (G, 2.)( 5)= GGk
Gain product of second combination| _ -
of two non touching loops } Po = PsPs = (-GuGeHs) (Gs) = —G,GsGeHs
i Calculation of A and A,
A =1—(Py;+ Py +Pay + Pyy +Py) + (P +Py)
=1-(-GxG3H, - HyG; - G,G3GH; + Gs - G,GgHy)
+(—GgHyGs — G,GsGgHy) a
Since there is no part of graph which is not touching forward path-1, A+=1. :
The part of graph which is not touching forward path-2is shown in fig 11. 4
Fig 11

S A=1-Gs
. “ransfer Function, T

Sy Mason's gain formula the transfer function, T is given by,

T =% ZPKAK {Number of forward pathis 2and so K=2)
K
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(Control Systems Engineering
= [PA +BA; ] = [G1G,6:G, x 1+ G G,Gy(1-Gy)]

_ G,G,G,G, + G,G,G, — G,G,G,G,
1+ G,G,H, + H,G, +G,GG,H; - Gs + G,G¢Hs — G,H,G; — G,G;G4H,
EXAMPLE. 1.28

Find the overall gain C(s)/R(s) for the signal flow graph shown in fig 1

“H, :
R(s) 1 G, s X G, 1 C(s)
o > > »> :
1
. Figl
SOLUTION #
Forward Path Gains
Thére is only one forward path. .-, K=1.
Let the forward path gain be P,.
R(s) 1 G, G, G, G, 1 C(s)
o > o - o > o p o > o » o
1 2 3 4 5 6 7
_ _ Fig 1 : Forward path-1
Gain of forward path-1, P,= G,G,G.G, '
Il. Individual Loop Gain
There are three individual loops. Let the loop gains be P, , P, , P,..
G
94 'Hz 2 G! 92 . :3
N s s s S
-H, 3 4
Fig 3 : loop-1

5
Fig4:loop-2
Loop gain of individual loop-1, P, =-G,GH,

Fig 5: loop-3

Loop gain of individual loop-2, P,,=-G,G,H,
Loop gain of individual loop-3, P,,=-G,G,G,G,

Gain. Products of Two Non-touching Loops

Calculation of A and A,

There are no possible combjnations of two non-touching loops, three non-touching loops, etc.

A=1-(P+Py +P31)
_: 1- (—G3G4H1 - G2G3H2 - G1G2G3G4}

=1+ G3G,H, + G,G.H, + G,G,G5G, '
Since no part of the graph i$ non-touching with forward path-1,A,=1.
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‘u Transfer Function, T

By Mason's gain formula the transfer function, Tis given by,

.} _ S&) =— Z PAy = l B, A, (Number of forward péth islandsoK=1)

_ Rs) A% _
162G3G4

T+ G3G4H; + G,G3H, + GG,G,G,

EXAMPLE 1.29

The signal flow graph for a feedback control system is shown in fi g 1. Determine the closed loop transfer function
= =iR(s).

RGS) g,
o >
1

ELUTIO“

TF Forward Peth Gains

There are two forward paths. -, K=2.

Letforward path gains be P, and P,

RG) g G a G, s C6)
o P O > O fpee——Cr - O P <
1 2 3 4 S : 6.
Fig 2 : Forward path-1
[ .
f G,
RG) g, g, a €O
o > > o
1 2 3 4 5 6

,i Fig 3 : Forward path-2

Gain of forward path-1, P1= G:1G2G3Ge Gs
Gain of forward path-2, P.= G1G2GeGs

. Individual Loop Gain

There are four individual loops. Let individual loop gains be P11, P21, P31 and Pa.

G G G,
2 v 3 3 ‘@3’ 4 4@ 5 3 A
Ho H, “H, H, A,
Fig 4 : loop-1 Fig 5:loop-2  Fig 6: loop-3 Fig 7 : loop-4

Loop gain of individual loop-1, P, = G,H,
 oop gain of individual loop-2, P, = G,H,
Loop gainof individual loop-3, P, = GH,
Loop gain of individual loop4, P,.= G.H H

41 6 2 3
M. Gain Products of Two Non-touching Loops v :

There is only one combination of two non-touching loops. Let the gain Fig 8 F irst combmaaon of
EcEs of tvo non-touching loops be P, : two non touching loops
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} Py = (GgHy) (GaHa)

=G,G,HH,

Gain product of first combination
of two non - touching loops

V. Calculation of A and A,

A=1=(Py+ Py + Py +Pyy) + Py,
=1-{GH; + GaHy + GgH; + GgHHg) + GG HH;,
=1- GzH1 — G3H2 - G4H3 — GBHZHﬁ + G2_G4H1I'i-3 :
Since there is no part of graph which is non-touching with forward path-1and 2, A=A=1

V. Transfer Function, T

By Mason's gain formula the transfer function, T is given by,

T é% Z P, = %{P,A, +P,A,) (Number of forward paths is two and so K =2)
- : . .

= G1G2G3G4Gs + GiG,GsGe
1- G H, - GjH; — G4Hs — GgHoHs + G,G4HH,

EXAMPLE 1.30

Convert the given block diagram to signal flow graph and determine C(s)/R(s).
> G
L=

R(s)

SOLUTION
The nodes are assigned atinput, output, at every summing point & branch pointas shown in fig 2.

R(s) -
1 5 3
. . |
[H |} Fig2 |
The signal flow graph of the above system is shown in fig 3.
-G,
R(s) 1 1 G, G, 1 C)
o > > d » o > > o
1 2 3 4 5 - 6
“H Fig 3

. Forward Path Gains

There are two forward paths. .-. K=2
Letthe forward path gairs be P, and P,
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Ris) 1 . 1 G, G, 1 C)
"o " > o > o > o—> o
1 2 5
R(s) 4 1
o > O »-
1 . 2 3 4 5 6

‘Fig 5 : Forward path-2
Gain of forward path-1, P=G.G, '
Gain of forward path-2, P,=-G,
I Individual Loop Gain

: _ _ 2\, 3 /4
There is only one individual loop. Let the individual loop gainbe P, ,. . \i/
Loop gain of individual loop, P,,=-G,H. '

. -H
M. Gain Products of Two Non-touching Loops : Fig 3 : loop-1
There are no combinations of non-touching Loops. .
W Calculation of A and A,
. A=1-[P,] =1+GH
Since there are no part of the graph which is non-touching with forward path-1 and 2,
A=4,=1
¥ Transfer Function, T
By Mason's gain formula the transfer function, T is given by,
1 _ 1 : - _ GG, -G
T== é“ P = K[HA1 +P,,] = _;-fe—jH
EXAMPLE 1.31
Convertthe block diagram to signal flow graph and determine the transfer function using Mason's gain formula.
> G,
C(s
R(8) (s)
Figl -
SOLUTION
The nodes are assigned at input, ouput, at every summing point& branch pointas shown in fig 2.
' 3~ ’
C(s)
—>
9

Fig 2
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The signal flow graph for the above block diagram is shown in fig 3.

o
A 4
r
>

vy o
ge
B
—t
|®)
o~
“

¥ -

1. Forward Path Gains

There are two forward paths. . K=2.
Letthe gain of the forward paths be P,andP,.

R(s) 1 _ 1 .G 1 G, C(s
o > ﬂ‘J——F—-O—-—b—o——p——-o—y__o
L 2 3 4 6 8 !

Fzg 4 : Forward path i
Ris) 1 1 G, 1 1 1 Cls
- > —C> - T 4 O- > [+ > O P - |
1 2 3 . 4 5 6 7 : 8 g
Gainofforward path-1, P=G,G,G, _ Fig 5 : Forward path-2

Gain of forward path-2, P,=G,G, _ _ _ |
Il. Individual Loop Gain '

There are five individual loops. Let the individual loop gain be P, P Py, P,and P,
- Loop gain of individual loop-1, P,;=-G,G,G,

Loop gain of individual loop-2, P,=-G,G H,

Loop gain of individual loop-3, P,=-G,G H,

Loop gain of individual loop-4, P,= -G,G,

Loop gain of individual loop-5, P,=-GH,
1 G, 1 G, G 1

w4

Fig 6 : loop-1.

k S S !

Fig 10 : loop-5.

010

Fig 9 : loop-4.
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Gain Products of Two Non-touching Loops

There are no possible combinations of two non-touching loops, three non-touching loops, etc.,.

Calculation of A and A,

A=1-[P,#P, 4P, +P +P_] = 14G,G,G,+G,GH +G,GH,+*G,G,+G,H,

273 2
Since no part of graph is non touchlngwnh forward paths-land 2, A = Az 1.
Transfer Function, T

By Mason's gain formula the transfer function, T is given by,
1 1
T= ZZ PA, = -[P,A, +PA,]
k

GG,G; + GG,
: 1+G1G2G3+G1G2H1+G2G3H2 GGy +G Ha
EXAMPLE 1.32
Convert the block d:agram to signal flow graph and detenmne the transfer function usmg Mason' 5 gain formula.
F ]‘
| )
9
G Fig1
L1
BC_UTION
| The nodes are assigned atinput, output, atevery summing point & branch pointas shown infig 2.
. _ .
1%
C(s)
G [ 4
6 7
Fig2

R(s) 1

-
L

1

rward Path Gains

There are two forward path, . .. K=2.

Letthe forward path gainsbe P, and P,



R(s) 1 o G, G, G, 1 1 C(s)
K- - o > O - o P < - < » < - S
i 2 3 4 5 6 7 8
Fig 4 : Forward path-1.
R(s) 1 ' \ 1 C@)

Fig 4 : Forward path-1

Gain of forward path-1, P.=G,G,G,
Gain of forward path-2, .P,=G,
Il. Individual Loop Gain

There are three individual loops with gains P,,P,, and P, . - _

G, G, -H, 4 G,
Nt LG &N £75
1 H 4 + o »> 6 _ 0
. 9 1 ) 5 ) . g' 1
Fig 6 : loop-1. - Fig 7 : loop-2. Fig 8 : loop-3.

Gain of individual loop-1, P,,= G,G,H,
Gain of individual loop-2, P,,= —G,G,H,
Gain of individual loop-3, P,,=-GH,

lll. Gain Products of Two Non-touching Loops

There are no possible combinations of two-non touching loops, three non-touching loops, efc...
IV. Calculation of A and A,
A=1-] p11+P21+P31I =1- G1G2H1 + GszHz + G2H1

-H
Since no part of graph touches forward path-1, A, =1. 2
The partof graph non touching forward path-2 is shown in fig 9. G, 2 -G,
= A, = 1-[G,GH, -G,G,H,- G,H, ] 3 Co4] 5
= 1-G,G,H,+G,GH,+GH, I B ]
9  Fig9

V. Tran‘sfer Function, T

By Mason's gain formula the transfer function, Tis given by,
T= % 2. Ry =% [PA;+P;A,] (Number of forward paths is 2 and so K = 2)
* -
1

A

= ‘g— [G1G263 + G4 - G1G2G4H1 + GzG3G4H2 + G2G4H1]

[G1GyGs + Gy (1- G(GHy +GyGaH, + GHy)]

o

GiG,Gs + Gy = GiG,GHy + G,GiGM, + G,GHy
1= G{G,H, + G,GyH, + G,H,
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=XAMPLE - 1.33

pig 1.

R(s)
—

C(s)
p—

SOLUTION -

C
—p
6 7
]
1
» o
7
' _ -G 1 Fig3
Forward Path Gains o _ 8 ¥
There are four forward paths, .. K=4
Letthe forward path gains be P, P,, P, and P,.
1 1 - G, G, 1 1
O—————p—0 > o > o > o » > »> o
1 2 3 4 5 6 7

1
> o b o
6 7.
Fig 5 : Forward path-2.
1 1
» Qi o
6

7
Fig 6 : Forward path-3.

—t
¥ -

<

% d

Fig 7 : Forward path-4.-

Fig 4 : Forward path-1.

Draw a signal flow graph and evaluate the closed loop transfer function of a system whose block diagram is shown
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. Gain offorward path-1, P.= G.,G,
Gain of forward path-2, P,= -GG,
Gain of forward path-3, P,= G,G,GH,
Gain of forward path-4, P,=-G,G,GH,
Il. . Individual Loop Gain

There are two individual loops, let individual loop gains be P, and P,,. -G,
G,

G, G

» o 3
< P>

L 2

Fig 7: loop-1 : Fig 7 1 loop-2
"Loop gain of individual loop-1, P,,=—G,GHH, : :
Loop gain of individual loop-2, P,,=G,G;H/H,

IIl. Gain Products of Two Non-touching Loops

There are no possible combinations of two non-touching loops, three non-tquching_!oops, etc.,.
IV. Calculation of A and A, '

A=1- [sumofindividualloop gain]=1~ (P +P,,)
=1-[-G,GHH,+GGHH] =1+GGHH,~- GGHH,

173 1 2 1773 1 2
Since no part of graph |snontouchingw:mlhefomardpaths A=A=A= A~1

V. Transfer Function, T

By Mason's galn formula the transfer function, T is given by,

- T= Z PcAg-= hpzzl:ﬂ (Number of forward paths is 4 and so K=4)

G G3 GG, + GGG H, - GGG H,
14 GGyHH, - GGHH,
IG1(G3 —Gp)+ GG HyG3 - Gy) _ Gy(G3 - G,)(1+GH,)
1+ GHH,(G3 - Gy) 1+ GHH,(G; - Gy)

1.14 SHORT QUESTIONS AND ANSWERS

QI. I What is system? :
When a number of elements or components are connected in a sequence to perform a specific
function, the group thus formed is called a system.

Q1.2 What is control system?

A system consists of a number of components connected together to perform a specific function. {n
a system when the output quantity is controlled by varying the input quantity, then the system is called
control system. The output quantity is called controlled variable or response and input quanuty is

called command signal or excitation.

oL3 What are the two major type of control systems?
The two major type of control systems are opein loop and closed [oop systems

Q1.4 Define open loop system.

The control system in which the output quantlty has no eﬁect upon the input quantity are called open
loop control system. This means that the output is not fedback to the input for. correction.
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Define closed loop system.
The control systems in which the output has an effect upon the input quantity in order to maima:n the

_desired output value are called closed loop control systems.

What is feedback? What type of feedback is employed in control system?

“The feedback is a control action in which the output is sampled and a propomonal signal is given to '
input for automatic correction of any changes in desired output.

Negative feedback is employed in control system.

What are the components of feedback control system?

The components of feedback control system are plant, feedback path elements, error detector and
controller.
' error detector

QOpen loop
system (Plant) I Ohutput

Why negative feedback is invariably preferred in a closed loop system?

The negative feedback results in better stability in steady state and rejects' any disturbance signals. It
also has low sensmwty to parameter variations. Hence negative feedback is preferred in closed loop
symems

Controller

Reference input

I 3

What are the characteristics of negative feedback?
The characteristics of negative feedback are as follows :
(i) accuracy in tracking steady state vaiue.
(i) rejection of disturbance signals.
(i) low sensitivity to parameter variations.

(iv) reduction in gain at the expense of better stability.

What is the effect of positive feedback on stability?

The positive feedback increases the error signal and drives the output to instability. But sometimes
the positive feedback is used in minor loops in control systems to amplify certain internal SIQnaIs or
parameters.

Distinguish between open loap and closed loop system.

Open loop Closed loop

1.Inaccurate & unreliable. = 1. Accurate & reliable.

2.Simple and economical. . 2. Complex and costiy.

3.Changes in output due to external 3. Changes in output due to extemal disturbances
disturbances are not corrected automatically, are corrected automatically.

4.They are generally stable. 4. Great efforts are needed to design a stable system

What is servomechanism?

The servomechanism is a feedback control system in which the output is mechamcal position (or
time derivatives of posmon e.g. velocity and acceleration).

State the principle of komogeme} (or) State the principle of superposition.

“The principle of superposition and homogenity states that if the system has responses c,(hand c,t)

for the inputs r.{t) and r,(f) respectively then the system response to the linear combination of these
input a,r,(t) + agrz(!) is given by linear oombmatlon of the individual outputs a,c {t) + a,c,(t), where a,
and a, are constants.
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QL14

01.15

QL16

Q1.17

01.18

Q119

01.20

Define linear system.

A system is said to be linear, if it obeys the principle of superposition and homogenity, Which states
that the response of a system to a weighed sum of signals is equal to the corresponding welghed
sum of the responses of the system to each of the individual input srgnals The concept of linear|
system is diagrammatically shown below.

0 }e0 | o

- System

a,n(1)

System
a,r;(t) + a,r(t)

If e, (t) = a,c,(t) + 2a,0,(1)
art) then system G is linear

oG bret | o

System

Fig Q1.14 : Principle of linearity and superposition.

What is time invariant system?

A system is said to be time invariant if its input-output characteristics do not change with time. Aline
time invariant system can be represented by constant coefficient differential equations. (In line
time varying systems the coefficients of the dlfferentlal eguation governing the system are function
time).

Define transfer function.

The transfer function of a system is defined as the ratio of Laplace transform of output to Lapla
transform of input with zero initial conditions. (It is also defined as the Laplace transform of t

impulse response of system with zero initial conditions).

What are the basic elements used for modelling mechanical translational system?

The model of mechanlcal translational system can be obtained by usmg three basic elements ma
spring and dashpot.

Write the force balance equation of ideal mass element.

Let a force f be applied to an ideal mass M. The mass will offer an opposing force, f_ which |

proportional to acceleration. }_,x
' . g=t, -mIX
Write the force balance equation of ideal dashpot. '

Let a force f be applied to an ideal dashpot, with viscous frictional coefficient B. The dashpot will oﬂ‘d
an opposmg force, f, which is proportional to velocity.

o
dx
f=h=Bg T — —> ——E—I—f f=f,=B —(x1 )

reference

Write the force balance equation of ideal spring.

Let a force f be applied to an ideal spring with spring constant K. The spring will oﬁer an opposu*
force, f,_ which is proportional to displacement.

e
700"

K

Frx
f—» {9

reference K f=f =Kx,-x)

ALY
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P23
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What are the basic elements used for modelling mechanical rotational system?

The model of mechanical rotational system can be obtained using three basic elements mass with
moment of inertia, J, dash-pot with rotational frictional coefficient, B and torsional spring with
stiffness, K.

Write the torque balance equation of an ideal rotational mass element.

Let a torque T be applied to an ideal mass with moment of inertia, | ]
J. The mass will offer an opposing torque TJ which is proportional to ™" ¥o
angular acceleration. T=T :Jd_ze_

|~
|~
—
RS

Write the torque balance equation of an ideal rotational dash-pot.

Leta torque T be applied to a rotational dash-pot with frictional coefficient B. The dashpot will offer an
opposing torque which is proportional to angular velocity.

PRV ) ) T;
T=T,= gd 1 9 i E T 9:{ J : d
dt B B T:Tb=BE{

0,-6,)
Write the torque balance equation of ideal rotational spring.

Let a torque T be applied to an ideal rotational spring with spring constant K. The spring will offer an
opposing torque T, which is proportional to angular displacement.

T.=K6 T 8 _ T o 6, T=T,=K(@®,-86)

Nante the two types of electrical analogous for mechanical system.
The two types of analogies for the mechanical system are force-voltage and force-current analogy.

Write-the analogous electrical elements in force-voltage analogy for the elements of mechanical
translational system.

Force, f — Voltage, e Frictional coefficient, B — Resistance, R

Velocity, v — Current, i Stiffness, K —» Inverse of capacitance, 1/C.
Displacement, x — Charge, q Newton's second law, =f = 0— Kirchoff 's voltage law, Zv =0
Mass, M’ — Inductance, L

Write the analogous electrical elements in force-current analogy for the elements of mechamcai
translational system.

Force, f — Current, i Frictional coefficient, B — Conductance, G =1/R |
Velocity, v — Voltage, v | Stiffness, K — Inverse of Inductance, 1/L
Displacement, x - Flux, 0 Newton's second law, =f = 0 — Kirchoff’s current law, Zi =0
Mass, M —» Capacitance, C ' ' '

Write the analogous electrical elements in torque—valtage analagy for the elements of mechanical
rotational system.

Torque, T ' —sVoltage, e |Stiffness of spring, K — Inverse of capacitance, 1/C
Angular velocity, ® —sCurrent, i |Frictional coefficient, B - Resisfance, R

Moment of inertia, J —inductance, L |Newton's second law, XT =0 — Kirchoff ’s voltage law, Zv =0.
Angular displacement, 8 — Charge, g :
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01.29

@130

01.31

01.32

01.33

01.34

Q1.35

01.36

Q1.37

01.38

_ transferred to a set of algebraic equations in s-domain. The signal flow graph of the system can be

Write the analogous electrical elements in forque-current analogy for the elements of mechanica
rotational system, o

Torque, T — Current, i | Frictional coefficient, B — Conductance; G = 1/R
Angular velocity, o — Voltage, v | Stiffness of spring, K — Inverse of inductance, 1/L
Angular displacement, 6 — Flux, ¢ |Newton's second law, XT = 0 — Kirchoff ’s current law, Zi ={
Moment of inertia, J — Capacitance, C ' '

What is block diagram? What are the basic components of block diagram?

A block diagram of a system is a pictorial representation of the functions performed by each componen
of the system and shows the flow of signals. The basic elements of block diagram are block, branc
point and summing point. :

What is the basis Jor framing the rules of block diagram reduction technique?

The rules for block diagram reduction technique are framed such that any modification made on the
diagram does not alter the input output relation.

Write the rule for eliminating negative Jfeedback loap.

Proof i 11
. C=R-CH)G |
R G C -
= = C=RG-CHG
1+ GH C+CHG=RG
C(1+HG)=RG
c__6
R 1+GH .
Write the rule for moving the summing point ahead of a block.
B
B BG
A (A+B)G = _
K- _AG + BG = (A+B)G

What is a signal flow graph?

A signal flow graph is a diagram that represents a set of simultaneous linear algebraic equations. By
taking Laplace transform, the time domain differential equations governing a control system can be

constructed using these equations.

What is transmittance?

The transmittance is the gain acquired by the signal when it travels from one node to another node
in signal flow graph.

What is sink and source?

Source is the input node in the signal flow graph and it has only outgoing branches. Sink is a output
node in the signal flow graph and it has only incoming branches. - :

Define non-touching loop.
The loops are said to be non-touching if they do not have common nodes.

What are the basic properties of signal flow graph?

" The basic properties of signal flow graph are,

(i) Signal flow graph is applicable to linear systems.
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(i) It consists of nodes and branches. A node is a point representing a variable.or signal. A
branch indicates functional dependence of one signal on the other.

(ili) A node adds the signals of all incoming branches and transmits this sum to all outgoing
branches.

(iv)  Signals travel along branches only in the marked direction and when it travels it gets multiplied
by the gain or transmittance of the branch.

(V) The algebraic equations must be in the form of cause and effect relationship.
J1.39 - Write the Mason's gain formula.
Mason's gai'n formula states that the overall gain of the system [transfér function] as follows,
O?erall gain, T=%21:< PcAk

T =T{(s) = Transfer function of the system
K = Number of forward paths in the signal flow graph
P, = Forward path gain of K" forward path
A=t [sum of individual} . [ sum of gain products of all possible }
loop gains combinations of two non - touching loops
sum of gain products of all possible
- [combinations of three non - touching loops} """

Ay = A for that part of the graph which is not touching K" forward path

J1.40 For the given signal flow graph, identify the number of forward pam and number of individual
loop.

Nurmiber of forward paths =2
Number of individual loops = 4

1.15 EXERCISES

L _ ' [ LSS
=11 For the mechanical system shown in fig E1.1derive the . _L
transfer function. Also draw the force-voltage and force-current l——lIp
- analogous circuits. . % K
=1.2 For the mechanical system shown in fig E1.2 draw the force-

voltage and force-current analogous circuits. '
g 1 g 1 M j I X,V

v, e Fig ELI

f(t) K, K,
—b M, BEO™ M
B.Na|

////// ST

Fig EL2

=1.3 Write the differential equations governing the mechanical system shown in fig E1.3(a) & (b). Also
draw the force-voltage and force-current analogous circuit.
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M,

! O . B O O B,
S S S SSSS S SSSSTTSSS
_FigEI.3(a)

Fig E1.3(b)

Ei.4 Consider the mechanical translational system shown in fig E1.4, Draw(a) fcrce-voltage and (b) force-

current analogous circuits.

v,
B o, « , K ®,
Bad M ﬁ_ N SIS 7. N
fv M, T() 1 B 1.8 _]__le

B

! [ 1 | | -2 l
i Yy

Fig EL5

Fig E1.4

E1.5 Wirite the differential equations governing the rotational mechanical system shown in fig E1. 5. Also
draw the torque-voltage and torque-current analogous circuits.

E1.6 In an electrical circuit the elements resistance, s L b
: capacitance and inductance are connected in parallel g o o
across the voltage source E as shown in fig E1.6, + ke ilz :
Draw(a) Translation mechnical analogous system (b) g R C L
Rotational mechanical analogous system. _ ' _I_
- FigELé6

E1.7 Consider the block diagram shown in fig E.1.7(a), (b) (c) & (d). Using the block diagram reduction
technique, find C/R.

Fig E1.7(a)

Fig EL7(b)
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E- 5

c
r—>

L’T{_:Ilq Fig EL7(c)

C

Fig E1.7(d)

Convert the block diagram shown in fig E1.8 to signal flow graph and find the transfer function of the
system. '

Fig EL8

Consider the system shown in fig E1.9(a), (b), (c) & (d). obtain the transfer function using Mason's
gain formula. :

c(s)
Ay Ass Fig E1.9()



Fig E1.9(c)

Fig ELY(d) . FigELI0
. Xg Xg
E1.10  Consider the signal flow graph shown in fig E.1.10 obtain 7~ and <
. 1 2

E1.11  Find the transfer functions of the networks shown in fig E1.11(a); (b), (c) & (d).

R, R L
'Y VY C—_. by -
&) %F{z Teu(t) ’ e(t) .; R, C Teo(t)
J . . . S T
FigEI;II(a) _ Fig EL1I(b)
R, L L,
o NN— T8

ei(t} |1) [

- EQ R,-

Fig EL11(0)

E1.12 Find the transfer function of the circuit
shown in fig E1.12.

—»0

e,y

=c i) =
L,
— 560"
_FigELI2

O4—
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ERFOR EXERCISE PROBLEMS

The transfer function is

1

| —W—asr——
R L C
-' e(t) X

f—e() M=L  K=1IC
v=2i B-R
Force-voltage analogous circuit

y 2 L, R C G R, L,
W
SOOI AR
TS |
f e, M,~L, B-=R
f,~e, ML, K21C,
v, =i, B~R, K1,
v~ B,»R, K=1C

Force-voltage analogous circuit

X(s) _
F(s) {Ms +Bs+K)

®  rs Lo L

f)=iy MSC  K=1L

Force-current analogous circuit
R
vi [TV v

C; L L L Cz

TR AL
£, M,»C, B=1R
f,~i, M,-C, K1,
vV, B,~21/R, K1,
v,V B,—»1/R, K21/l

Force-current analogous circuit

., M‘%+ B+ BV, ~ ¥5) + Ky vt + K[ (v, ~ vo)t = (1)

M, % +B,v, +B(v, —vy) + Kz‘[vadt +K[(v; - v))dt = (1)

R,

R,
—'vv\r—m‘l

fl) »et) M,—L, B,— R2
v,—> i, M,—L, K,— 1/C,
v,=i, B,—R, K,—=1/C,
. Force-voliage analogous circuit

r 2 1) M19c;’T1+K,jv1m+K2J’(v1_

Ko (v = vy)dt +B(v, = v5) = O

L, G,

_%CLW

F3 i3

f)oe® ML, K ->1/C,

vV, =i, M—L K->1C,
v,— i, B—R K,— 1/C,
V>, '

Force-voltage analogous circuit

ST
(% R, %C| R L =C;

f(t)-+|{t} M,—»C, B, 1R,
vy, M-—>C, K,— 1L,
v,—»v, B ->1R K-1L,

Force-current analogous circuit

v,)dt+ K3j{v1 —v,)dt =F(t)

dv,

M=+ B(vy = V) +Kp (v — vyt =0

vi ) V’\‘)E—Ha
s
—e—

fo—>i) M, —C, K- 1L,
v,=>v, M->C, K -1,
v,=v, B-1R K — 1L,
v, >V,

Force-currenr analogous circuit
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El4

E15

EL6

E1.7

R,
R, R R v
ﬂ/\/\, : V, A\Az(\; Vz. 3
- g
o ® c L CT ¢
&) 1 ) i R1§ 2 3"‘
C
|
f)>e) M >L,  B,R, ft)>i) M, >C, B, 1R,
v, =i, M,—»L, B,-»R, v, =V, M,»C, B,—1R,
Lok ML BoR, e, g’: 1?R IR
v, =i, B-R K—1/C 3 3

Force voltage-analogous circuit

Force-current analogous circuit

J1—‘_‘;”t—1 +Bo+Kyf(0,-0)dt =Tt 9,22 d"”z +B0, +Kyf (@, - —oydt+ Ky [ (0, ~03)dt=0

Jaijc‘;_h B3 +K, [(05 ~0,)dt=0

i{t}G

T)—»et) J,->L, B - R, K,—=1/C, TM—ilt)  J,-»C, B, - 1R, K,— 1L,
@, —i, J —)L2 B —>R2 Kz—)UC Q, >V, 4,—>C, B,—>1R, K,> 1L,
o, 1, 4= L B —R, a,—i 0=V, J;=>C; B,->1R, o,>v,

Torque-voltage analogous circuit

V \.r
f(t ;. ) ’
e)—>f) i,—v, :3—)\;3 R->B
i,>v, LoM 1C-K

Analogous mechanical translational system

@ C_ GG, +G,G;
R 1+G-!H2 +G1 +G1G2H1+G1G3H1
GG (11 G;5) (G4 +Gs) -

Torque-current analogous circuit

WY
i
Tt) ©z B o
e(t) > T(t)

A\
,ﬁ‘gﬁ\m‘:/ //’;

h—~>o, >0, R>B
hb2e, L->J 1C-oK
Analogous mechanical rotational system

® ﬁ_ 1+(1+Gy) (G, + Gs) Hy + (14 Gy) (G, + Gy) GH,
(C) E G1Gz + G-‘Gs

R 1+ G1G2H1 + G1G2 + G1G3 + G2H2 + Gst
@ S . GG,Gs

R~ 1+ G,GgH, + GGH; + GG,G,
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]

GG,Gy + Gy + G,G3GH, + GG H, + GG,GH,
1+ G2G3H1 + GzH_z + G-\‘GzHg

() Cls) _ GiG,G, .
R(s) 1+ GG.H,+ G,GH, + GG,Gs

b E _ ApARALA A + AAgAshcs + ApAgAgfs + AgAgAys

R 1- (ApAzi+ AzA g + AssAss) + (ApAaAsA s + ApAsAssAss
+ AgAgAseAes) — (ArAziAuAAsePes)
C_ GE,GaGy (1+ GGy + GgG7) + G,G5GeG,(1+ GGy + GoGy)

© R=TI1GG, + GG, + GG, + GeB, + GG,0c0q + G.Ge0,Cs

+GG,GG; + G,G5GsG5
Xs _ [G1G2G3G4] [1-(G7Grp + GsG7Gg + Giyg) + G7G12Giss ]
Xy 1-1GGeGig + GipGiy+ GG3GsGeGy + G3GsGeGry + GGz
+GgGyGg + Gyg] + GpGgGiygGig + GigGiiGig + G7G1pGog

(@

i;i% = GG,GeGo + GG,G,Go + GG,GsG,Gy  ; :—3 = G,G:G;Go
1 : 2

Ey(s) __ 1+SR,C
E(s) 1+s(R;+R;)C
Eols) _ 1
E(s) s’LC+sRC+1
Eo(s) _ sR,C
E(s) (sLC+sR,C+N(sL,C+sR,C+7-1
E.(s) _ sRR,C+R,
E(s) SRR.C+(R,+R,)

(a)

(b)

(e}

@

C(s) ' s?L,C

E(s) [sR,C+1][s*(L+L;) C+sR, C+1|-1




CHAPTER 2
TIME RESPONSE ANALYSIS

21 TIME RESPONSE

The time response of the system is the output of the closed loop system as a function of time. It is
denoted by c(t). The time response can be obtained by solving the differential equation governing the
system. Alternatively, the response c(t) can be obtained from the transfer function of the system and the
input to the system,

Cs) __ GE)

_ - 21
R 1rGeHE J© @1

The closed loop transfer function,

The Output or Response in s-domain, C(s) is given by the product of the transfer function and the
input, R(s). On taking inverse Laplace transform of this product the t1me domain response, ¢(t) can be
obtained.

Response in s-domain, C(s) = R(s) M(s) ' : o 22)

Response in time domain, c(t)= £{C(s)}=L{R(exM(s)} . (2.3
where, M(s) = _ 66
1+G(s)H(s)

The time response of a control system consists of two parts : the transient and the steady state
response. The transient response is the response of the system when the input changes from one state to
another. The steady state response is the response as tlme t approaches infinity.

C(s) R(s) C(s)
_R’csponse (MG}t Gl
(or Output) - = M(s) = _ G
1+G(s)H(s)

Fig 2.1 : Closed loop system,

22 TESTSIGNALS

The knowledge of input signal is required to predict the response of a system. In most of the
systems the input signals are not known ahead of time and also it is difficult to express the input signals
mathematically by simple equations. The characteristics of actual input: signals are a sudden shock, a
sudden change, a constant velocity and a constant acceleration. Hence test signals which resembles these
characteristics are used as input signals to predict the performance of the system. The commonly used
. test input signals are impulse, step, ramp, acceleration and sinusoidal signals.

The standard test signals are,

1. a) Step signal : 2. a) Ramp signal 3. a) Parabolic signal
b) Unit step signal - b) Unit ramp signal b) Unit parabolic signal
4. Impulse signal 5. Sinusoidal signal.
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Since the test signals are simple functions for time, they can be easily generated in laboratories. The
mathematical and experimental analysis of control systems using these signals can be carried out easily.
The use of the test signals can be justified because of a correlation existing between the response
characteristics of a system to a test input signal and capability of the system to cope with actual input
signals. ' :
STEP SIGNAL

r(f)A
The step signal is a signal whose value changes from zeroto Aatt=10
and remains constant at A for t > 0. The step signal resembles an actual steady
input to a system. A special case of step signal is unit step in which A is unity. A .
The mathematical representation of the step signal is, _
t)=1;t=0 »
C mtiie e 1
RAMP SIGNAL Fig 2.2 : Step signal.

The ramp signal is a signal whose value increases linearly with time A

from an initial value of zero at t = 0. The ramp signal resembles a constant
velocity input to the system. A special case of ramp signal is unit ramp signal in 2Apesmeeeeeg ‘
which the value of A is unity. _ '
The mathematical representation of the ramp signal is, :
r)=At ; t=0 :

=0 ;t<0 .. (2.5) 0 1 27 ¢
Fig 2.3 : Ramp signal.

A J

PARABOLIC SIGNAL

In parabolic signal, the instantaneous value varies as square of the tt) 4
time from an initial value of zero at t = 0. The sketch of the signal with _
respect to time resembles a parabola. The parabolic signal resembles @  45AF--vee-un--
constant acceleration input to the system. A special case of parabolic signal

is unit parabolic signal in which A is unity. 2Aba--ac-- /
The mathematical representation of the parabolic signal is, 05AL--2 .
0= 2t Fig 2.4 : Parabolic signal.
=0 ;t<0 e (2.6)

!_Note : Integral of step signal is ramp signal. Integral of ramp signal is parabolic sfgndJ
IMPULSE SIGNAL

A signal of very large magnitude which-is : (=304
available for very short duration is called impulse T(t) = () A
signal. 1deal impulse signal is a signal ‘with infinite A
magnitude and zero duration but with an area of A. = —
The unit impulse signal is a special case, in which A
isunity.
The impulse signal is denoted by o(t) and 0 ’ /A >

mathematically it is expressed as,

Fig 2.5 : Impulse signal.
8(t)=c0; t=0 and ja(t)dt=A .

—0; 20 r(27)
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Since a perfect impulse cannot be achieved in practice it is usually approxixﬁated by a pulse of small

width but with area, A. Mathematically an impulse signal is the derivative of a step signal. Laplace transform
of the impulse function is unity. '

2.3

TABLE 2-1 : Standard Test Signals

Name of the signal Time domain equation Laplace transform of—‘
: of signal, r(t) the signal, R(s)

: A

Step A -

S
. 1
Unit step l -
S

A

Ramp At Z
' 1

Unit ramp t e
A

i £ £
Parabolic %— 3

2 L

Unit parabolic By S
Impulse a(t) l

23 IMPULSE RESPONSE

The response of the system, with input as impulse signal is called weighing function
or impulse response of the system. It is also given by the inverse Laplace transform of the system
transfer function, and denoted by mt). '

Impulse response, m(t) = £ {R(s) M(s)} = £ M (2.8)
___G(sy -
where, M(S}_T@% ’R(s) =1, for 1mpuise1

Since impulse response (or weighing function) is obtained from the transfer function of the system,
it shows the characteristics of the system. Also the response for any input can be obtained by convolution
of input with impulse response. '

24 ORDEROF A SYSTEM

The input and output relationship of a control system can be expressed by n® order differential
equation shown in equation (2.9).

n n-1 dn—Z d b d=
a D+a,——=p(t)+a,——p(t) +.ota_,—p(t)+a. p(t) = b, —a(t
e p(t)+a, G p(t)+a, = p(t) _n_l dtp() a P(D) 0 5m q(t)
ml dm2 d (2:9)
+b, Eﬂ:-l-q(t)+b2-dt—m_—2q(t)+......+bm_raq(t}+ b, q(t) seerl 2

where, p(t) = Output / Response ; q(t)=Input / Excitation.

The order of the system is given by the order of the differential equation governing the system. If .
the system is governed by n® order differential equation, then the system is called n* order system,
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Alternatively, the order can be determined from the transfer function of the system. The'tran.sfer
function of the system can be obtained by taking Laplace transform of the differential equation governing
the system and rearranging them as a ratio of two polynomials in s, as shown in equation (2.10).

P(s) _ bys™+b;s™ +b,s™ 24, .4b,_ 5+b

Transfer function, T(s)= = - e —
(8)  aps"+a;s" +a,s" M, +a, (s+a,

m L (2.10)

where, P(s) = Numerator polynomial
Q(s) = Denominator polynomial
The order of the system is given by the maximum power of s in the denominator polynomial, Q(s).
Here, Q(s)=a,s" + a s +a, 8" o, +a s+a.
Now, n is the order of the system
When n = 0, the system is zero order system.
When n = 1, the system is first order system.

When n = 2, the system is second order system and so on.

Note : The order can be specified for both open loop system and closed loop system.

The numerator and denominator polynomial of equation (2.10) can be expressed in the factorized
form as shown in equation (2.11).

T=o) (26t 2)lstzy) @.11)
Q(s)  (s+p)(s+py)eee{s+D,)
where,  z, z, ......z_ are zeros of the system.

Pi» Pys P, are poles of the system.

Now, the value of n gives the number of poles in the transfer function. Hence the order is also
given by the number of poles of the transfer function.

Note : The zeros and poles are critical value, of s, at which the function T(s) attains extreme
values 0 or . When s takes the value of a zero, the function T(s) will be zero. When s takes the value of]
a pole, the function T(s) will be infinite.

25 REVIEW OF PARTIAL FRACTION EXPANSION

The time response of the system is obtained by taking the inverse Laplace transform of the product
of input signal and transfer function of the system. Taking inverse Laplace transform requires the knowledge
of partial fraction expansion. In control systems three different types of transfer function are encountered.
They are,

Case 1 : Functions with separate poles.
Case2 : Functions with multiple poles.
Case3 : Functions with complex conjugate poles.

The partial fraction of all the three cases are explained with an example.

Case 1 : When the transfer function has distinct poles

K

Let, T(s)=—————
s(s+py) (s+py)
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By partial fraction expansion, T(s) can be expressed as,

K A B C
=+ +

s(s+py)(stpy) s s¥pp S+P;

T(s)

' The residues A, B.and C are given by,

A=T(s) x s _, B=T(s) x(s+ pl)L:_p] C=T(s) x (s+p, )|s=_p2
- Example '
Let, T(s) = ————
s(s+1)(s+2)
By partial fraction expansion, T(s) can be expressed as,
e 2 A, B, C
s(s+1)(s+2) s s+1 s+2
A is obtained by multiplying T(s) by s and lettings =0.
2 2 | 2

A=T(s) x s[‘FOI

TG rD(+2) k=0 (4D (12, 1x2

B is obtained by multiplying T(s) by (s +1) and letting s = —1.

S 2 -2 S S
T E (s+1)L,_} -;(s—ﬂgi ey 2

C is obtained by multiplying T(s) by (s +2) and letting 5 = -2.

2
C:T(S) X (S+2)L:_2—5(—s'mx (3'1'2)1

. 2
N TS S S

- s(s+1)(s+2) s os+l s+2

B=T(s)x (s+1)

' 2| 2
= = =+i
=2 s(s+D)_, -2(=2+1)

Case 2 : When the transfer function has multiple poles

K
s(s+p;) (s+p,)

By partial fraction expansion, T(s) can be-expressed as,

Let, T(s)=

Ty~ K _A, B C D

= — = et
s(s+py) (s+p3) s s+p; (s+py) (s+p2)

The residues A, B, C and D are given by,
A=TG) x9 _, B="T(s) x (s+py)|

5=—-PpP1

C=T(s) x (s+p,)°

4
s=-p, ds

[16) = (s+p2)?].

=-p,

Example
2

_ s(s+1) (s+2)
By partial fraction expansion, T(s) can be expressed as,
B C D
T(s)= K 5 =ﬁ+ + 5+
s(s+1)(s+2) s (s+1) (s+2)°  (s+2)

Let, T(s)=
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A is obtained by multiplying T(s)} by s and letting s = (.

_ _ 2 2 2
A——T(s)xs‘s=0——-_\2x5’= Ty 2[ =205
ss+1)(s+2)7 50 (s+1)(s+2)% _, 1x2

B is obtained by multiplying T(s) by (s +1) and letting s = ~1,

2!_I2

2
B=T(s)x(s+1)]  =————x(s+1)| . = = =
. L 1 s(s+1) (s+2) ) ., S(s+2y L=_] ~I(-1+2)
C is obtained by multiplying T(s) by (s +2)* and letting s = =2.
2 2 | . 2

C="T(s) x (s+2)*

- +2)2
=2 g(s+1) (s+2)2x(S )

e 5{s+1){s=_2 —2(-2+1)

D is obtained by differentiating the product T(s) (s +2)* with respect to s and then letting s = 2.

a2 ] 205+ _ 209+ _

e ds[sG+D ] 52(s+1}2|__2 (<22 (=2+1y
2 05 2 1 1.5

—_— - ———t— —

s+1)(s+2° s s+l (s+2) s+2

Dz%[j(s)x(s+2}2]

T(s) =

Case 3 : When the transfer function has complex conjugate poles

K

Let, T(s) = =
(s+p){s" +bs+¢)

By partial fraction expansion, T(s) can be expressed as,

T(s) = K oA BerC T T @.12)

(s+p)) (s +bs+c) s+p, s +bs+c

-The residue A is given by, A=T(s) x (s+ p1)| Y

The residues B and C are solved by cross mult;plylng the equation (2. 1‘?) and then equatmg the
coefficient of like power of s,
Fma]!y express T(s) as shown below,
A Bs+C

T(s)= e ' {(x+y)2='x2+2xy+y_2]
S+p; s"+bs+c

. Let us express, s* + bs, in the form of (x + y)*. This will require addition and subt[actlon of an extra
term (b/2)% '
- Bs+C _ A Bs+C
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~ Example

1
(s+2) (s +s+1)
By partial fraction expansion,
T(s) = 12 _ A . ]23S+C
(s+2)(s“ +s+1) s+2 s +s+1

Let, T(s)=

A is obtained by multiplying T(s) by (s +2) and letting s = 2.
: 1

1 s ! 1
=2 (s+2)(s" +s+1)

LA=T(s)x(s+2) (2" -2+1 :3

(s+2)

s=—2

To solve B and C, cross multiply the following equation and substitute the value of A. Then equate the
like power of s. )

1 _ A  Bs:C s +s+1 , ,
(s+2) (s +s+1) s+2 $+s+1 =52+2Xi+[lJ +1_[_1.J
1=AE +5+1)+(Bs+C) (s+2) 122 21 2
1=é(sz+s+1}+Bsg+2Bs+Cs+2C [S 2) +[ 4]
g ] =(s+0.5)> +075
1=2 4 24— 4B +2Bs+Cs+2C
3 3 3

1
On equating the coefficient of s* terms, 0= §+ B : ..B '—'—%

On equating the coefficient of s terms, 0:14.254.@ s =*_I__2]3=_l+_2,=l
' - 3 ' 3 3 3
T9-3+3 3L 18 0]
s s +s+1 38 3(s"+s+1) 3(s"+s+1)

i 1 s N I 1
35 3(s+05)2+0.75  3(s+0.5)7+0.75

26 RESPONSE OF FIRST ORDER SYSTEM FOR UNIT STEP INPUT
~ The closed loop order system with unity feedback is shown in fig 2.6.

RE) ) € R J 1] CQ
Ts 1+ Ts
T =
Fig 2.6 : Closed loop for first order system.
The closed loop transfer function of first order system, Cs) -1
R(s) 1+Ts
If the iﬁput is unit step then, r(t)=1and R(s)= é
1
o : 1 11 1 T
.. The response’in s- domain, C(s) =R(s) =

(1+Ts)=s(l+Ts)=sT[_}__+5} {Hl)
' T . T



By partial fraction expansion,
1
c)=—rT -2, B

C9E

A is obtained by multiplying C(s) by s and letting s = 0.

1 1 1
B O(s)x| s+~ T fsel =T =L -
T/t o 1 T s -1
T T 1 T
=7 1
T =
T
1 1
nC(s) == - T
s 1 . I e—at = —
- SFT { } s+a
The response in time domain is given by,
] 11 -t
o) = LHCE)}=LHR-- =1-e T ~(2.13)
s 1
S+ T

The equation (2.13) is the response of the closed loop first order system for unit step input. For
step input of step value, A, the equation (2.13) is multiplied by A.

t
.. For closed loop first order system, Unit step response =1—¢ T

t
Step response = ALI» e'TJ
When, t = 0, ¢(t) =1-¢e°=0
When, t = 1T, ¢(t) =1—-¢1=0.632
When, t = QT, c(t) =1-¢%=0.865
When, t = 3T, ¢(t) =1-¢e3=095
When, t = 4T, c(t) =1—e*=0.9817
When, t = ST, c(t) =1-e3=0993
When, t = o, c(t) =1-e==1

Here T is called Time constant of the system. In a time of 5T, the system is assumed to have attained
steady state. The input and output signal of the first order system is shown in fig 2.7.
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r(t) A c(t) 4
U | P O
1 0.95F------ciialll ; :
0.865 == ===~ ,
0.632}--- .
t=0 _ ‘ t 0T 2t 3T 4t t
Fig 2.7a : Unit step input. Fig 2.7b : Response for Unit step input.

Fig 2.7 : Response of first order system to Unit step input.
27 SECOND ORDER SYSTEM

The closed loop second order system is shown in fig 2.8

2 2 C(s)

R(s) . w©; Cfi) Ris) | - i
s?+2w,s N s%+ 20,5+ 0]

Fig 2.8 : Closed loop for second order system.

The standard form of closed loop transfer function of second order system is given by,

Cs) ©;

=% (2.14)
R(s) - & +2§mns+c0§

where, © = Undamped natural frequency, rad/sec.
€ = Damping ratio.

The damping ratio is defined as the ratio of the actual damping to the critical damping. The
response c(t) of second order system depends on the value of damping ratio. Depending on the value of
C, the system can be classified into the following four cases,

Casel : Undamped system, =0
Case2 : Under damped system, -~ 0<{<1
Case3 : Critiéaliy damped system, (=1
Cased : Over, damped system, £>1
The characteristics equation of the second order system is,
$+2os+ol! =0 _ | : R (2.15)

It is a quadratic equation and the roots of this equation is given by,

200, £ 4007 —do) _ 200, *40r(C*-1)

51, 5 =

=L, to, -1 el 2.16)



roots are purely imaginary

Whenl =0, s, 8, =%j0,: .
? S %2 =10 {and the system is undamped 2.17)

roots are real and equal and _
the system is critically damped (2.18)

roots are real and unequal and
Whens>1, s, s, =0, T0,~1; . :
C>1 8,8 =G0 20uE7 -1 {the system is overdamped wed2.19)

When 0<¢ <1, s, 5, =0, T,/ -1 =—Cmn.imﬂ/(—1) -
' = Lo, to -1 1-G =Lo, tjo 1~

' ) roots are complex conjugate
=—Lw,tjoy; h ]
e system is underdamped ef2.20)

where, a4 = o 1-C y e(2.21)

Here o, is called daﬁxped frequency of oscillation of the system and its unit is rad/sec.

Whent=1, s, 8, =—0; {

2.7.1

RESPONSE OF UNDAMPED SECOND ORDER SYSTEM FOR UNIT STEP INPUT

The standard form of closed loop transfef function of second order system_is,

CE)___ o
R(s) o +200,s5+05

For undamped system, z = 0.

o ol : . | .
“Re " Fas? {2.22)

1
- When the input is unit step, (t)=12andR(s)=-.

2

. The response in s-domain, C(S)=.R(s} zm“ Z -1 zm“ e (2.23)
. ' f+0l s 1o . -
"By partial fraction expansion,
)
mn _A B
C(s) =- —+=5

+
s{s +@ ) S .8 +@

A is obtained by multlplymg C(s) by s and letting s = 0.

2 - 2 2

W ® ®
A=c<s>xs1ﬁo=~7"—z—xs\ =gty = 3=l

s(s"+0y) |, S+, @

‘B is obtained by multiplying C(s) by (s> + ®>) and letting s* = —© ? or s = jo .

o> o;
B=C(s) x (s +03) ><(52+m§} =—1 =—=-jo, =-S5
s=jo s(s2 +02) » L Jog
s=jwo 5 = jiog
A B 1 ]
ki =2 - _ 1|
- O = T il s f+al L=~ | L{cos ot} == "
s | 5 + 0

Time domain response, c(t)= L {C(s)}=L" 18 loi_cos ot (2-24)
. : 3 32 + (ﬂi
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) c(t)h
1{t)a
(1)4 _ S
1 | S S A S
0 % 0
Fig 2.9.a ; Input.

1
Fig 2,9.b : Response.
Fig 2.9 : Response of undamped second order system for unit step input.

Using equation (2.24), the response of undamped second order system for unit step input is sketched
in fig 2.9, and observed that the response is completely oscillatory.

Note : Every practical system has some amount of damping. Hence undamped system does not
exist in practice. '

The equation (2.24) is the response of undamped closed loop second order system for unit step
input. For step input of step value A, the equation (2.24) should be multiplied by A.

. For closed loop undamped second order system,

Unit step response = 1— cos ot

Step response

=A(1 —cos o, t)

2.7.2  RESPONSE OF UNDERDAMPED SECOND ORDER SYSTEM FOR UNIT STEP INPUT

The standard form of closed loop transfer function of second order system is,
Cs) 0’

n
R(s) %+ 2Lw s+ mi

For underdamped system, 0 < { <1 and roots of the denominator (characteristic equation) are
complex conjugate.

The roots of the denominator are, s=-{o, o, -1

 Since{<1, ¢*isalsolessthen1, andso 1-¢2 is always positive,
L 5= =0, £ 0,y (-1)(1-87) = Lo, * jo,y1-C
The damped frequency of oscillation, @, =w_41-
ss=—Lo *joy
. CL)2
The response in s-domain, C(s)= R(s) -
o s +20o s+ 0,
For unit step input, r(t) = 1 and R(s) = 1/s.

2
n

0]
C(s) =
s (57 + 20,5+ 02)

2
. . . A Bs+C
By partial fraction expansion, C(s)= @ == St

n A, BstC (2.25)
s(sz+2§mns+mﬁ) s +2os+02
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A is obtained by multiplying C(s) by s and letting s =0.
. 0)2 (1}2
A=sxC(s).  =sx n =n 1
|s‘0 s[sz+2Cmns+mﬁ] o’
To solve for B and C, cross multiply equation (2.25) and equate like power of s.
On cross mu]fiplication equation (2.25) after substituting A = 1, we get,
0l = +2%o s+ 0’ +(Bs+CO)s
0l =5"+2%o,s+02+Bs’ +Cs
Equating coefficients of s2we get, 0=1+B ~B=-1
Equating coefficient of s we get, 0=2(o_+C  -.C=-2Lo_
1 s+2Cm ' '
L Cg)=—m 55— : wed226)
_ ©) s & +2o s+’
Let us add and subtract (%o 2 to the denominator of second term in the equation (2.26).
. C(s)—-l-— : s+20m, _ 1 s+2Cm,
) s P42, s+02+002-Col s (8 +2Lo,5+0002) + (02 -Col)
1 s+ 2o, _1 s+20o, : )
s (s+lo,) +02(1-87) s (s+fo,) +o) wa“%\“"fi
1 s+ o Lo .
-2 n n (2.27)
s (s+lo,)’+0] (+4n,) +o] .
Let us multlpiy and divide by ©, in the third term of the equation (2. 2?).
_ stCo, G0, D4 £
e - | {1}=<
)= s (S+an)2 +0] 04 +8o,) +0]
I ~ 0]
The response in time domain is given by, L{e smmt} - (s+a) +@* |
1 s+&m to @ -at _ s+a
.t=£—lc 3-[._1_"" hi! _ n d Lie cosmt__..—._._._.-_—j
° = LHCO} {s (s+C0,) +0; o (s+c.:mn)2+m3} { } (s+a) +o?

=l-gont

i3]
d n

—Lopt ) —Gent
=]—ji2(1.l'lwgz cos@ gt + G sinmdt]=1—j_ = [s_inmdt x &+ cosmgt x M-f;z}
1-¢ . - 1-¢

Let us express ¢(t) in a standard form as shown below.
' —Lmpt

c(t) =1- \/— (sinw 4t x cosB + cosw 4t x sinb)
1-C

—Zogt.: -t ' o ) :
e 'sinw 4t = 1~ 70"} cosm 4t + o sinwgt| | —
P tg =018

[Note : On constructing right angle

triangle with £ and \1-¢* , we get
~Cawpt

— 2
Sin(Ogt+0) (2.28) sin=y1-¢
1 —§2 - cos B= r‘; Ji-
_ =3 | y
where, [B =tan™! —;J ' tan

g

=]-
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The equation (2.28) is the response of under damped closed loop second order system for unit step
input. For step input of step value, A, the equation (2.28) should be multiplied by A.
- |

{

~. For closed loop under damped second order system,
. . e—gmni‘ ) 4 1_C2
Unit step response =1— \/_2 sin (wyt+0); O=tan z

: _ 1-¢

J1-22
o

e—;mu[
sin (04t+8) ; 6=tan™

1-&

- [
Step response = AFLI -

Using equation (2.28) the response of underdamped second order system for unit step input is
sketched and observed that the response oscillates before settling to a final value. The oscillations depends
on the value of damping ratio. . :

OR oty 4

» .
> >
t

0 t 0
Fig 2.10.a : Input. ' Fig 2.10.b : Response.

Fig 2.10 : Response of under damped second order system for unit step input.
' 2.7.3  RESPONSE OF CRITICALLY DAMPED SECOND ORDER SYSTEM FOR UNIT STEP INPUT

The standard form of closed loop transfer function of second order system is,
) o
R(s) s*+2Lw,5+®2

For critical damping { = 1.
. 2 2. .
. Cs) Dy Dy : e(2.29)

TR §+20,5+0° - (s+0,)°

When input is unit step, r(t) = 1 and R(s) = 1/s.
.. The response in s-domain,

2 2 2

w 1 ® ®
C(s) = R(s n 1 R n (2.30)
®) ()(s+o)n)2 s (s+w,)?  s(s+o,)? .
By partial fraction expansion, we can write,
2
X A B C
C(9) = =" ;
s(s+w,) s (s+o,) s+o,
2 2
© o
A=sxC(s = L = —2=1
_ ©lo s+, _, o}
2 s
B=(s+0,)'xCE . ==4  =-0,
s=—on  §
s=—@py

d 2 LICH
c__g[(sm,,) xC(s)lF_w = ds( S]
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) A B C 1 @, 1
LO(g)=—t st == — - -
s (s+o,) st+to, s (s+o,) s+m,

The response in time domain,

@, 1 } ‘ L{tehm} 1 2

c(t) = .E_{C(s]} El{—~——-— (s+a)
s (s+o,) s+o, : e
—at| __
o(t)=1-w,te " —e™n L{ }-_ sva |
c()=1-e"(I+o,ty (231

The equation (2.31) is the response of éritically damped closed loop second order system for unit
step input., For step input of step value, A, the equation (2.31) should be multiplied by A.

*. For closed loop critically damped second order system,

Unit step response = 1-e “(1+,t)

Step response = A[l —e 1+ m“t)]

Using equation (2.31), the response of critically damped second order system is sketched as shown
‘n fig 2.11 and observed that the response has no oscillations.

r(t) & cot) &
1 _ ) R -

h >
t 0
Fig 2.11.a r Input. Fig 2.11.b : Response.

-+ ¥

Fig 2.11 : Response of critically damped second order system for unit step input.

2.7.4 RESPONSE OF OVER DAMPED SECOND ORDER SYSTEM FOR UNIT STEP INPUT

The standard form of closed loop transfer function of second order system is,
C(s) _ 03
R(s) s*+ 20w, s+ mi

For overdamped system € > 1. The roots of the denominator of transfer function are real and
distinct. Let the roots of the denominator be s, s, -

_sa,_s,,=—cmni_mnﬂ{g2— =_[gmnimn1/c}_—1] | {(2.32)

Let s;=-s,ands, =-s, .~ =Co,—0,-1 (2.33)

s, =Lm, +o,0 —1 (234)

The closed loop transfer function can be written in terms of s, and s, as shown below.

cw_ - ol _en (2.35)
R(s) s’+2{o,s+m2  (s+5)) (s+s,) -
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For unit.step input r(t) =1 and R(s) = 1/s.

- 2
LCe)=R ®f w2
{ +5)) (s+ Sz) s(s+5) (s+57)
By partial fraction expansmn we can write,
2
C(s)= Cu =£+ B + ¢
s(s+s))(s+s,) s s+5 S+s,
. 2 S 2
A =sx C(s)lg=8x% at =L
s(sts)(stsy)|_, 8%
o2 o’ .
1'I = n z—ll-:l
LC@ —o & - :H: @, +0,C I} C2mi—m§(¢2'—l) CH
' 2
B=(s+s,) x C(s)] @, =_°l§m
T 5(5"' 52} =8, (=8; +53)
s, !—{mn F 0,02 — 1400, + 0,8 -11 [2an¢2 4] s 2J@-1 S
2 2
C=C(s)x (s+5,)], __ D P —
_ smn " s(s+sy)|___ —S(=5+8)
~ - w2 ~ o2 _ o, 1
N — c2—1+Cmn—mn¢c2—l] 20,0c-1]s G- E
The response in time domain, ¢(t) is given by, '
0] 1 1 () 1 1
o)=L 2 z
{ s aJr-1 s (ts) 2Jg -1 t5+52)}
' @ 1
o) == e+ {—“ ¢
2 QZ_ 2
o '-S]K
c(t) - 2 ] ..... (2.36
2Jg2-1 L s
where, s; =§w, - ®, Qz—l

52=Cmn+0;)nvlcz_1

The equation (2.36) is the response of overdamped closed loop system for unit step input. For step
input of value, A, the equation (2.36) is multiplied by A.

. For closed loop over damped second order system,

. . 1 —s3t —sat
Unit step response = 1- o ML [e . ] where, s, =Clo, —m-nJCz -1
2J-1 s s
© 1 [e™t g2t 2
Step response = Ajl- A — - s, =L, +0,4E -1
2 s 5
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I‘(t) A . ) c(t) J.n

v

0 t . 0 T '
Fig 2.12.a : Input. Fig 2.12.b : Response.
Fig 2.12 : Response of over damped second order system for unit step input.

Using equation (2.36), the response of overdamped second order system is sketched as shown in
fig 2.12 and observed that the response has no oscillations but it takes longer time for the response to
reach the final steady value.

28 TIME DOMAIN SPECIFICATIONS

The desired performance characteristics of control systems are specified in terms of time domain
specifications. Systems with energy storage elements cannot respond instantaneously and will exhibit
wansient responses, whenever they are subjected to inputs or disturbances.

The desired performance characteristics of a system of any order may be specified in terms of the
transient response to a unit step input signal. The response of a second order system for unit-step input
with various values of damping ratio is shown in fig 2.13.

c(t) 4

f(t);;

~Y

Fig 2.13.a : Inpul. ' Fig 2.13.b : Response.
Fig 2.13 : Unit step response of second order system.

The transient response of a system  to a unit step input depends on the initial conditions. Therefore )
to compare the time response of various systems it is necessary to start with standard initial conditions.The
most practical standard is to start with the system at rest and so output and all time derivatives before
t= 0 will be zero. The transient response of a practical control system often exhibits damped oscillation
before reaching steady state. A typical damped oscillatory response of a system is shown in fig 2.14.

The transient response characteristics of a control system to a unit step input is specified in terms
of the following time domain specifications.
1. Delay time, t,
2. Rise time, t,
3. Peak time, t
4. Maximum overshoot, Mp
5. Settling time, t,
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c(Da
c(t)

0.5¢

Allowable error
2% or 5%

B

0t

t, Tt

»

Fig 2.14 : Damped oscillatory response of second order system for unit step inpu.

The time domain specifications are defined as follows.

1. DELAY TIME (t)

2. RISE TIME (t)

3. PEAK TIME (1)

4.PEAKOVERSHOOT (M)

5.SETTLING TIME (t)

It is the time taken for response to reach 50% of the final value, for
the very first time.

: Tt is the time taken for fesponsé to raise from 0 to 100% for the very

first time. For underdamped system, the rise time is calculated from
0 to 100%. But for overdamped system it is the time taken by the
response to raise from 10% to 90%. For critically damped system, i
is the time taken for response to raise from 5% to 95%.

: It is the time taken for the response to reach the peak value the very

first time. (or) It is the time taken for the response to reach the peak
overshoot, Mp.

: Itis defined as the ratio of the maximum peak value to the final value.

where the maximum peak value is measured from final value.
Let, c¢(e0)=Final value of c(t).
¢(tp) = Maximum value of e(t).

e .
Now, Peak overshoot, M, = w e (2.37
¢

t - \
% Peak overshoot, %M, = w x 100 S e (2338
. cl{oo

It is defined as the time taken by the response to reach and.sfay within
a specified error. It is usually expressed as % of final value. The usua
tolerable error is 2 % or 5% of the final value.

EXPRESSIONS FOR TIME DOMAIN SPECIFICATIONS

Rise time (t) -

The unit step response of second order system for underdamped case is given by,

—Loaty

e(t)=1-2—sin(w4+0)
J1-¢

Att=t, c(t) = c(t) =1 (Refer fig 2.14).
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~Lonty 'l
st )=1- sin(@yt, +6) =1 | Note : On constructing right
f—]_-cg r . g FigH
tont | angle triangle with { and 1-¢*
— nlr i

— sin(w4t, +8)=0 * we get
1-C i e 1 1-¢?
Since ~e =®n'r %0, the term, sin (@4t, +8)=0 | tno= TQ

When, ¢ =0,7,2%,3%... , sin =0 g
Lot +0=m
(Ddl'r =T- 8
| | n—0 | - :
| .. Rise Time, t, = | - (2.39)
3 d |
-1 I- C2 . . 2 i .
Here, 6=tan’Y—=; Damped frequency of oscillation, 0, = ©,/1-& (refer note)
| 2
! m—tan 1=6
| - Risetime,t, = — = insec e 2.40)
| w,1-¢

Note: 6 or tan” should be measured in radians.

| ' Jl—Cz
c

Peak time (t)

To find the expression for peak time, t, differentiate c(t) with respect to t and equate to 0.

d
ie, —coft =0
ie dtc( )L=tp

The unit step response of under damped second order system is given by,

—Copt

J1-¢7

Differentiating c(t) with respect to t.

S eft)y=1-~

sin(w,t +8)

~Za gt

—e =
i-

d e
—c(t)= ~Lw,) sin(o,t+6
oo - (-Cw,) sin(e 4t + )+[ e

nt
2

J cos(w,t+08)o,

Put, o, =, 1-&

so—c(t) =
dt h _ €2 1— gl
o e %t

i [a; sin(o,t+0) —y1-C cos(mdt+9)}
(0]

—Logt & Jl 2
d © (Co,) sin(o,t+0) - ©.y1-6 €™ cos(®,t+0)

2 ¢ cos@ sin(w,t +6) —sind cos(w,t+8)]  (refer note)
1-C : ’
= ®s e nsin(o,t +0)c0s0 - cos(w t +8)sin6]

1-¢

3
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W

1-¢

B

e sin((o,t +6)-0)] =

é—ﬁm ut

sin(o,t)

d
‘att=t,, —c(t)=0
P (1)

Wy

Since, ¢ %

g Ot sin(@gtp) =0

? %0, the term, sin(w4t,) =0
‘When ¢ =0, n, 2m, 3n, sing =0

Note : On constructing right ;r-ﬁg'fe”
triangle with {and 1-5*, we get
sin@ = 1-7° I‘E
cos@ =& £) =

£ g

- m'dtp =T

] . T |
| . Peak time, t, =— |
[ - i
i

wee(2:41)
W4 |
The damped frequency of oscillation, 04 =w,y1-C
- Peak time, t, = LE 1 — (2.42)
) o, 1_C2 ]
Peak overshoot (MP)
. i, )—cl(
%Peak overshoot, %M, = M x 100 (243)
where, c(t) = Peak response att =t _.
c(o0) = Final steady state value.
The unit step response of second order system is given by,
(0=1- 22 sino,1+9)
c(t)=1- sin{o 4t +
J1-¢2 '
Att=w, coft) = ¢(e0) = 1-—— sin(@t+0) = 1-0 = 1 T
V-8 Py
—Lonty

Att=t,, c(t)=c(t;)=1- —‘/—;wﬁ- sin{@4t, +6)
_ 1=

k.1

d
=1-2 sin{md-l-{-ﬁ]
1-&2 g
Coa
e ™ 5" sin(m +6)
VI-C
L=
g2
=1+ sin®
1-Z
4
- 1—;2_ L
=l_+e > y1-G% = l+e Vs
1-¢

g =0y W/@

sin (x +0) = —sinS‘

Note : On constructing.
right angle triangle with
Sand V1-22, we g

Ak

(2.44)

sin@ =4/1-°
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&
e(t,) — () gy
Percentage Peak Overshoot, %M, = ( ")( :(Oc) x 100 = Ite ] ! = 100
Cl oo
=e V"% %100
_ &=
. Percentage Peak Overshoot, %Mp =e¢ VIS 00 e (2.45)

Settling time (t)

The response of second order system has two components. They are,
. . C—gmnt
1. Decaying exponential component, M- o
2. Sinusoidal component, sin(wt + 8).
In this the decaying exponential term dampens (or) reduces the oscillations produced by sinusoidal

component. Hence the settling time is decided by the exponential component. The settling time can be
found out by equating exponential component to percentage tolerance errors.

e"';‘”n‘s
o = =002

For 2 % tolerance error band, at t ts,. ﬁ

For least values of £, e 5n's =002.
On taking natural logarithm we get,

. ‘ . 4
. Lo, t.=n002) = -Lot,=—4 = = o,
For the second order system, the time constant, T=— L
S0y
-, Settling time, t, = rl =4T  (for 2% error) ' wenes(2.46)
- =n .

For 5% érror, e %l = 05

On taking natural logarithm we get,
' 3
—Ca,t, = m(0.03) = —Cot=-3 = t =
. S Lo,
-~ Settling time, t_= C3 =3T  (for 5% error) . e(2.47)
- 0y ' . -

In general for a specified percentage error, Settling time can be evaluted using equation (2.48).

(% error) _ In(% error) _ (2.48)

Co, T

. Settling time, t,=
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EXAMPLE 2.1
Obtain the response of unity feedback system whose open loop transfer function is G(s) = 7 4 5 and when the input
5(5 +
is unitstep. .
SOLUTION - R(s C(s)
SULUTIVAN . (s) & GEl—e>
The closed loop system ia showninfig 1.
The closed loop transfer function, g(s) G(s) - : -
. (5)4 1+ G(s) : " Fig 1: Closed loop system.
. Cls)  s(s+5) _ s(s+5 4 . - 4 _ 4
"Ris) 4, 4  S(t5)+4 " s(s+5)+4  s2155+4 (s+4)(s+1)
s{s+5) s{s+5)
; ; 4
The response in s-domain, =R(g) ————
p C(s)=R(s) ST+ d)
Since the input i.s unit step, R(s) =%.; ~C(s)= m‘;—(m
By partial fraction expansion, we can write,
C(s}—____.__‘.;_____—‘ﬁ 3 .._E._+i
Ts(s*t1)(s+4) s s+1 s+4
4 4
"A=C = ==
® xS 573 (s+4)_, 1x4
4 | 4 -4
=C +1 = = —
(®) x (s+1),_ SE+4)| ., —K-1+4) 3
4 | 4 1
= +4 = = —
C=CO) X =S, T W4 3

The time domain response c(t) is obtained by taking inverse Laplace transform of C(s).
1T 4 1 1 1}
+

Response in time domain, c(t)= L~ {C(s} ‘«{5 RTTh _3. <12

1

1v-g-e +oe e —1—-:}[49 “‘]_

RESULT

Response of unity feedback system, c(t)=1- %[4&"‘ —e ]

EXAMPLE 2.2

A positional control system with velocity; feedback is shown in fig 1. What is the response of the system for unit step
input. o : :
SOLUTION R(s) ,|_100 Cés)

The closed loop transfer function,
Cs) __ Gls)

R(s) 1+G(s) H(s) ' N .
100 Fig 1 : Positional control system.
Given that, G(s) = and H(s)=0.1s+1
. s{s+2)
100 . 100
C(s) _ s(s+2) s(s+2) .. 100 _ 100

“S(5+2)+100(0.15+1)  $2+2s+10s+100 s2+125+100

“Re) (100 |
. 1+(5(5+2)]({).15+1) s(5+2)
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Here (s? + 12s + 100) is characteristic polynomial. The roots of the characteristic polynomial are,

_-12+4144-400  -12+j16 _

S Sy -
1392 2 ] 2

The roots are complex conjugate. The system is underdamped and so the response of the system will have damped
oscillations. )

-6+j8

100

The response in s-domain, C(s)=R(s) —m———————
P (8)=R(s) s?+125+100
Since input is unit step, R(s)=-;- '

100 _ 100
s2+125+100  s(s®+125+100)

~.C(s) =%

By partial fraction expansion we can write,

100 A Bs:C
e =~ =5t
T S (62 +125+100) s s2+125+100

. The residue A s obtained by multiplying C(s) bir sandlettings=0.

100 100
A=C :-_________4 190
() 8, o s2+125+100|,., 100

The residue B and C are evaluated by cross multiplying the following equation and equating the coefficients of like power of s.
100 _ f\_+ Bs+C
s(s?+125+100) 5 s?2+125+100
- 100 = A(s? +125+100)+(Bs+C) s
100 = As? + 12As + 100A + Bs? + Cs

On equating the coefficients of sweget, 0=A+B L B=-A=-1
On equating coefficients of s we get, 0=12A+C . C=-12A=-12
1 -s-12 1 s+12 o1 s+6+6
S m st o T T =% 2, g2
s s°+12s+100 s s°+125s+36+64 s (s+6)°+8
_1 s+6 _ 6 1 s+6 _6 8
s (s+6P+8  (s+6)°+82 s (s+6)°+82 8 (s+6)°+8°

The time domain response is obtained by taking inverse Laplace transform of C(s).

Time response, o(t) = L {C(s)} = 51{_1_ s+6 ] 8 }

s (s+6)2+82 8 (s+6)2+87

=1-e % cos8t - % esin8t=1- e*‘[% sin8t + cosSt}

The result can be converted to another standard form by constructing right angle triangle with £ and {1- %% . The

damping ratio £ is evaluated by comparing the closed loop transfer function of the system with standard form of second order
transfer function. '

C(s) w? 100

“RE) $2+ 2o, +02 $21125+100
On comparing we get, ©2=100 2w, =12
' ~o,=10 UL -

= =06
2w, 2x10
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Censtructing right angled triangle with £ and ,f? —* weget,
1-72 =08
i 08 /)
6=08 ; 06; tanf =
sin ; cos@ = n 6 £=06
co=tan-' 28 530 530 « T —rad = 0.925 rad. . cosb =06
06 180 sing =08

10 10

=1~ 2 e {singt < 6.+ cos8t x 08] =1-1.25 &**[sinst coso + cos8t sind]
Note : 6 is expressed
in radians

~. Time response, c(t)=1—e'5‘[%sin81+c058t} =1- e*‘—g{—5|n8t+im58t}

=1-1.25e%[sin (8t+9}] =1-125 ™ sin(8t +0.925)

RESULT

The response in time domain,

oft)y=1-e™ E singt + cosSt} or c(t)=1-1.25 ™ sin(8t +0,925) '

"EXAMPLE 2.3

The response of & servomechanism is, ct) =1+ 0.2e*®- 1.2 e™ when subject to a unit szep input. Obtain an
expression for closed loop transfer function. Determine the undamped natural frequency and damping ratio.

SOLUTION

Giventhat, c{f)=1+0.2e%-12e™
On taking Laplace transform of c(t) we get,

C(s)=1+02 1 1 _ (5+60) (s+10)+0.25 (s+10)-1.25 (s +60)
s (s+60) (s+10) ~ s (s+60) (s +10)
_s°+70s+600+025% +25-12s?-72s . 600 _1 600
s (s+60) (s+10) s(s+60)(s+10) s (s+60)(s+10)
Sinceinput is unit step, R(s) = 1/s.
' 60 600
. = :R"'
C8)=RE) oy e r10) ) 75705+ 600

Cls) _ 660
R(s) s?+70s+600
The damping ratio and natural frequency of osc:ul!ahon can be estimated by comparing the system transferfuncttcn with
standard form of second order transfer function. )
C(s) _ o2 B 600
" R(s) s?+2a,s+ol s°+70s+600

.. The closed loop transfer function of the system,

On comparing we get,
- 600 \ 2o, =70
70 70
- o =600 = 24. ‘ LS E e =14
o, =600 =2 49radfse§ | £ B0, - 2x 2449 3
RESULT
The closed loop transfer function of the system, E i 2+ 7%050+ 600

Natural frequency of oscillation, o, =24.49 rad/sec
Damping ratio, =143
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EXAMPLE 2.4

The unity feedback systemis characterized by an open loop transfer function G(s) =K/s (s +10). Determine the gain K,
so thatthe systemwill have a damping ratio of 0.5 for this value of K. Determine peak overshaot and time at peak overshoot for
a unit step input.

R C
SOLUTION | (s) ‘g‘ G ._@
The unity feedback systemis shown infig 1.
. Cls) Gs) : ' .
The closed loop transfer function —“R{s) TS Fig 1 : Unity feedback system.
Given that, G(s)=K/s (s +10)
K
. C(s) _ s(s+10) _ LY K
TRs) g4 K s(s+10)+K ~ s°+10s+K
s(s+10) :

The value of K can be evaluated by comparing the system transfer function with standard form of second order transfer
function. : ' '

. Cls) _ o} _ K
" R(s) s2+Xos+ol s +10s+K
On comparing we get,
02=K | 2w,=10 | K=100
Lo, =vK . Putc=(}.5andmn=\f§ ®, = 10rad/sec
~2x05xyK =10 '

JK=10

The value of gain, K =100,

2
Percentage peak overshoot, %M, =e ="V x100 -

= 05105 L 100 = 0163 x100 =16.3%

- I s Tc
Peak time, {; :;;-= m'n\f1—;2 = 10‘/1__ 0 =0.363 sec
RESULT '
Thevalueofgain, . K = 100
Percentage peak overshoot, %M, = 16.3%
Peak time, ' t, = 0.363sec.
EXAMPLE 2.5

The open loop transfer function of a unity feedback system is given by G(s) = K/s {sT+1),whereKandT afe positive
constant. By what factor should the amplifier gain K be reduced, so thatthe peak overshoot of unit step response of the system
is reduced from 75% 10 25%. ] ' : ) :

_ R(s) <> o C(s)
SOLUTION &) >
The unity feedback systemis shown in fig 1.

UAs) _Gs)
"R(s) 1+G(s)

The closed loop transfer function Fig 1 : Unity feedback system.
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Given that, G(s) = K/s (sT +1)

o Cls) _ Kis(sT+1) _ K ~ K _  KIT
T OR(S) 1+K/s(sT+1) s(sT+1)+K sT+s+K

2,15 K

T .T :
Expression for £ and v, can be obtained by comparing the transfer function with the standard form of second order
transfer function.

Cs) _ 0? __KIT
" R(s) s?+2o,5+0° | 2. 1s. K
On compan‘ng we get, !
w2=K/T 2o, =T _
. mn=m = 1 _ 1 1

The peak overshoot, M, is reduced by increasing the damping ratio . The damping ratio { is increased by reducing the
gainK. : : .

When M, =075, Let£=¢, and K=K,
When M, =025 letE=¢(, and K=K,

i
Peak overshoot, M, = V"

Taking natural logarithm on both sides, /n M, = T

1-¢2
22
On squaring we get, (in M,)* = 1“ 2
On crossing multiplication we get, : On equating, equation (1)} & (2) we get,
1 (In M,)*
1— 2 nM 2 Z;Q 2 . - 14 _
(=) (n M) T KT~ 72+ (M)
_ 1 4T (InM)
InM,)? —3(In M)? =222 —— e
(i M) -G Mp)” = K 72+(InM)?
_ 24 (InM,)?
MY = 202 + 22(In ML) K E +(
(InM,)* =C"n" +£5(In M) AT
(In Mp)? =2 [22 +(in M, )?]
> (nM)?-
=T e (1)
72 +(in M,)
1 1
Buti=——, o~ %=—0n (2
i @

24+(In075)° 9952 30.06
When, K=K, , M =0.75, - K, == - -
en e P 4T (0757 03317 . T

24 (025 1179 153
When, K=K, M =0.25, - K,=Z( _ 1179 183
on K=K, M, =025 2 AT (0257  768T T

=196

K; _ (1/T)30.06
" K, (1/T)1.53
1
Ki=19.6 K K,=——K
| 1 2 (or) 27796
Toreduce peak overshoot from 0.75 to 0.25, K should be reduced by 19.6 times (approximately 20 times).

RESULT

The value of gain, K should be reduced approximately 20 times to reduce peak overshoot from 0.7510 0.25.
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EXAMPLE 2.6 | -

A positional control systemwith velocity feedback is shown in fig 1. What is the response c{t} to the unitstep input. Given
that £ = 0.5. Also calculate rise time, peak time, maximurn overshoot and settling time.

SOLUTION .
- cte) ae) - Rl 16 Cis)
ion, =) . A5 ' _ 08 >
The closed loop transfer function, Re) 776 e s(s +0.8)
Given that G(s) = 16/s(s + 0.8) and H(s) = Ks +1 Ks+1
16 Fig 1
. C(s) _ s(s+08) _ 16 .
" R(s) 16  s(s+0.8)+16(Ks+1)
1+S(S+0.8) {(Ks+1)
16 16

TS +085+16Ks+16  s2+(08+16K) 5+ 16

The values of K and o, are obtained by comparing the system transfer function with standard form of second order
transfer function.

. Cs) _ o2 - 16
" Rls) s’+Zons+0l s2+(08+16K)s+16
Oncomparingwe get.
02 =16 0.8+16K =20,
- o, =4rad/sec k29,208 _2x05x4-08_,,
16 16
C(s) _ 16 16

"Rs) $2+(08+16x02)s+16 s°+4s+16
Given that the dampihg ratio, £= 0.5. Hence the system is underdamped and so the response of the system will have
damped oscillations. The roots of characteristic polynomial will be complex conjugate.

: : 16
in s - domain, - W
The response in s-domain, C(s)=R(s) 21 45:16

For unitstep input, R(s) = 1/s.

16 B 16
s2+45+16 s(s°+4s+16)

L O =1

By partial fraction expansion we can write,

ce) 16 A, _Bs<C

T S(s2+4s+16) s s2+4s+16

The residue A is obtained by multiplying C{s) by s and letting s = 0.

16 16
— = :—-—:1
A=Cls)x S'L”D s?+4s+16|,, 16

The residues B and C are evaluated by cross multiplying the following equation and equating the coefficients of like
powers of s. ‘
16 _ A BsiC
S(5°+4s+16) s s2+4s+16

On cross multiplicationwe get, 16=A(s?+4s+16)+(Bs+C)s
' 16= As?+4As+16A+Bs?+Cs
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On equating the coefficients of s2we get,0=A+B .. B= —A'= -1
On equating the coefficients of swe get, 0=4A+C . C=-4A=-4

1 -s—~4 1 s+4
L Cle)=c+ =52
s s°+4s+16 s s +4s+4+12
] s+2+2 _1 s+2 2 Jﬁ

s (s+27+12 s (s+2%+12 Ji2 (s+27°+12

The time domain response is obtamed by taking inverse Lapiace transform of C(s).
The response in time domain,

; s+é 2 J12
cft)= L-{C(S}} L_{S {S+2) +12 J_ (s+2} +12}

=1~e‘2‘oosJﬁt—— e2siny12 t
2J3

=1-eg2 [%sin(ﬂ 1)+ cos(v12 t)}

The result can be converted to another standard form by constructing rightangle triangle with Cand 1- g2,

On constructing right angle triangle with £and [1-72 weget, _
' iie J1-C2

sind=0866=4y3/2 : cos8=05 =1/2"; tand=1732

_ =0866 |
~ 6 =tan"'1732 = 60°= 1047 rad £=0.5 :
. The response in ime domain,
1 ) 12 V3
=1-e 2| —x2xsiiyI2tx—+——=x00sSy12 tx—
<0 [JE 27 2
o 27 . ' , —
=1-e —J—_é-[sm 12 t cos0 +cosy12 tsme] Note : 0 is expressed in radians.
—1-2 e-”[sin('.hz t+0)]=1- ie-z'[sin{\hz 1+1047)]
J3 J3
Damped frequency 7 5
= y1-C - 41-05° =3.464 rad / se
of oscillation 4= On ' : ¢
n-06 =n-1047
. Rise time, t, = —— = ———=0.6046 sec
: oy 3464
T
Peaktime, t, =—= =0.907
eak time, t, . 34 07 sec
% M —
axim
°0ver5hﬂ$}%mp % 4 100=eT-05 100=0163x100=16.3%
1 1

Time constant, T= =05 sec

Q n T 05x4

For 5% error, Settling time, {, = 3T = 3x05=15sec
For 2% error, Settling time, t, =4T=4x0.5=2sec

RESULT

The time domain response, cft)=1- e‘”{%sin(\/ﬁ 1)+ cos(v12 t)}

(or) c(t) - 1- %e‘z‘[sin(\/ﬁ t+ 1.047)]
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Rise time, t, = 0.6046 sec

Peak time, : 1,=0.907 sec

% Maximum overshoot, %M, = 16.3%

Settling time, t;=1.5sec, for5% error

=2sec, for2%error

EXAMPLE 2.7

A unity feedback control system is characterized by the following open loop transfer function G(s) = (0.4 s +1)/s(s +0.6).
Determine its transient response for unit step input and sketch the response. Evaluate the maximum overshoot and the
carresponding peak time. : :

SOLUTION

| The closed loop transfer function, —% = ”—C:Sl%
~ Giventhat, G(s)= (0.4 5 +1)/s(s +0.6)

For unity feedback system, H(s) = 1.

04s+1
B(s) . Gls)._ s(s+06) 04s+1
UR(s) 1+G(s) 4, 045+T " 5(s+06)+04s+1
s(s+0.6)
_ 04s+1 _ 04s+1
s%+06s+04s+1 s2is+1

The s-domain response, C(s)=R(s) x 02‘4 s+1

. s“+s+1
For step input, R(s) = 1/s.

eyl 04s*1__ 04se+
o s s?+s+1 s(s?+s+1)

By partial fraction expansion C(s) can be expressed as,

04s+1 A  Bs+C
C{S) = z ==+ -
s(s“+s+7 s s°+s5+1
The residue A is solved by multiplying C(s) by sand lettings = 0.
' ' 04s+1
S A=CS) x 8= =1
s°+s5+1 5=0
The residues B and C are solved by cross multiplying the following equation and equating the coefficients of like powers of 5.

04s+1 A Bs+C
s(s?+s+7) s s%+s+1

On cross multiplication we get,
04s+1=A(s?+s+1)+(Bs+C)s
0.4s+1=As?+As+A+Bs?+Cs

On equating coefficients of s?we get, 0=A+B L B=-A=-1
On equating coefficientsofswe get, 04=A+C - C=04-A=-06
' -5—0. : 1 :
C)= 1, 5708 1 s+08 5+0.6

s s?+s+1 S $2+5+025+0.75 =;_(32+2x0,5$+0.52)+0.75.

s+0.5 0.1 J0.75

(6+0.52+0.75 +0.75 (s+0.5)°+0.75

s+0.5+0.1
(s+0.5)% +0.75

-] 1
_S s



The time domain response is obtained by taking inverse Laplace transform of C(s).
.. The response in time domain,
1 05 01 J0.75
o) = LYCls) = L= :
s (s+05%+075 075 (s+05)°+0.75
=1-e % cos075t- 01 gom siny/0.75 t

J075
=1- 94-5‘[0.1 155 sin(+/0.75 t) +cos(+0.75 t)]
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The transient response is the part of the output which vanishes as ttends to infinity. Here as t tends to infinity the
exponential component &2 tends to zero. Hence the transient response is given by the damped sinusoidal component.

The transient response of c(t) = e >~ [0.1 155 sin(+/0.75 t) + cos(v0.75 t}]

The value of ¢ and o, can be estimated by comparing the characteristic equation of the system with standard form of
second order characteristic equation.

o) a
.S+ Ao sto =gt s 1.163
On comparing we get, 1t _-
© w2=1 | 2%o,=1
1 1
=1rad/sec LC= =—=058
@ ¢ 20, 2
tx o5 0 1,=3.628 sec .i
Maximum overshoot, M, = e?™? =gV-05" _ (163 Fig 1 : Response of under damped system.

% Maximum overshoot, %M, = M, x100= 0163 x100=16.3%

Peak time, t, = I

.z _
04 o 1-2  1x41-08?

T

= 3.628 sec

The response of the system is underdamped and itis shown in fig 1.

RESULT

Transient response of the system, c{f) 9‘0'5‘[0.1 155sin(v/0.75 t)+cos(v0.75 1)]

% Maximum peak overshoot, %M, = 16.3%
Peak time, t = 3.628sec
EXAMPLE 2.8 f

A unity feedback control system has an amplifier with gain K, = 10 and gain ratio, G(s) = 1/s(s +2) in the feed forward
path. A derivative feedback, H(s) =sK isintroduced as a minor loop around G(s). Determine the derivative feedback constant,
K, so that the system damping factoris 0.6. '

SOLUTION

The given systém can be represented by the block diagram shown infig 1.

R(s)

' 1 C(s)
Here, K, =10; G(8)= _——=7 and H(s)=sK, ' >

s(s+2)

The closed loop transfer function of the system can be obizined
‘by block diagram reduction techniques.
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G(s) Cts)
1+ G(s) H(s) .
1
G(s) __ s(s*+2) 1 _ 1 - 1
1+G) HES) 151 &k Ts(s+2)+sK, s*+2s+sK, 57 +(2+K))s
s(s+2) " °
R(s) o 1 C(s)

9‘ s +(2+K,)s

Step 2 : Combining blocks in cascade

R(s) 10 C(s)
s +(2+K,)s "

Step 3: Reducing the unity feedback path -

10
AT EN C C(s)
. . 10 s+ (2+K,)s+10 :
s2+(2+K,)s
The closed loop transfer function, 9ﬁ=——1£——- AAAA (1)
R(s) +{2+K;)s+10

The given system is a second order system. The value of K canbe determined by oompanng the sys’(em transfer
function with standard form of second order transfer function given below.

Standard form of o) _ 0?2 : @ -
Second order transfer function R(s) s2+ 2o s+mn o

On comparing equation (1) & (2) we get,
02=10
- ©,=+10=3.162rad/sec

2+K, =2Lo,
" K, = 2w, -2
1 =2x0.6x3.162-2=1.7944

RESULT
The value of constant, K, = 1.7944

EXAMPLE 2.9

Aunity feedback control system has an open loop transfer function, G(s) = 10/s(s+2). Find the rise tlme percentage
overshoot, peak time and settling time for a step input of 12 units.

SOLUTION

% Noie - The formulae for rise time, percentage overshoot and peak time rernains same for unit step and step input.
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The unity feedback system is shown infig 1.

The closed I§op transfer function, -g(% = ‘{%S{}s)
The closed loop transfer function,
Given that, G(s) = 10/s (s+2) Fig 1 : Unity feedback system:
10
Cls) __s(s+2) __ 10 10 | e (]
" R(s) 4. 10 s(s+2)+10  s2+25+10 '
sm+$

The values of damping ratio £ and natural frequency of oscillation o, are obtained by comparing the system transfe
function wrth standard form of seoond order transfer function.

Standard form of } C(s) o?

} S @
Second order transfer function| R(s) s+ 200,5 +0? _ . :

On comparing équaﬁon (1) & (2) we get,

02=10 2Lo,=2
— 2
" @,=+10=3.162 rad/ ng=—taa_1 0316
@n = . see “ e, " 3162
| _11}1—:2 a1 V1-03167
b=ta =1249 rad
0316
05=0, ,j1 q” =3162V1-0316% = 3 rad/ sec
Rise time, , =*—0 —F71249 _e3cec
oy 3
£ —0.316%

eV % 100=eV0316 100
0.3512x100=35.12%

Percentage overshoot, %M,

]

Peak overshoot = 3?632 x 12 units = 4.2144 units
Peak time, 1t = -E- =1 -1047 sec
By 3
. 1 _ 1
Time constant, T=——=-————=1sec

: Lo, 0316x31862
~. For5% error, Settling time, {, =37 =3 sec
For 2% error, Settling time, L= AT =4sec

RESULT
Rise time, t = 0.63sec
Percentage overshoot, %M, = ' 35.12%
Peak overshoot =  4.2144 units, (forainputof 12 unm-;)
Peak time, t = 1.047sec
Settling time, 1, = 3secfor5% error

= 4secfor2% eror
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EXAMPLE 2.10

2
A closed loop servo is represented by the differential equation %?E + 8% =64 e
Where c is the displacement of the output shaft, ris the displacement of the input shaft and e =1 - ¢. Determine

undamped natural frequency, damping ratio and percentage maximum overshoot for unit step input.

SOLUTION

The mathematical equations goveming the system are,

d’c _dc o
L8 —Bde 1
pro i | : (1)
e=r-¢ 2
Pute=r-c inequation (1), '
d’c _dc '
-, FHBE:G‘K“C) o (3)

Let L{c}=C(s)and L{r} =R(s)
On taking Laplace transform of equation (3) we get,
2 C(s) + 8s C(s) = 64 [R(s) - C(s)]
- 82C(s) +8s C(s) + 64 C(s) =64 R(s)
(s?+8s +64) C(s) =64 R(s)
) s 64
% o : _ SR 4)

The ratio C(s)/R(s) is the closed loop transfer function of the system. On comparing the system transfer function with
standard form of second order transfer function, we can estimate the values of and o, '

Standard form of - C(s) _ w2 .
Second order transfer function| R(s) s+ 2a.8+02 e (5)
On corhparing equation (1) & (2) we get,

02=64 2o, =8
. o,=8rad/sec ¢=2zﬁ=238=0.5
&= . 5x
Percentage peak cvers'hoot, %M, = e‘{"‘;—z_x 100 =em x 100 =16.3%
RESULT '

Undamped ﬁatural frequency of oscillation,, = 8rad/sec’
Damping ratio, & =05
Percentage peak overshoot, %M = 16.3%
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29 TYPE NUMBER OF CONTROL SYSTEMS
The type number is specified for loop transfer function G(s) H(s). The number of poles of the loop

transfer function lying at the origin decides the type number of the system. In general, if N is the numbez
of poles at the origin then the type number is N.

The 100p transfer function can be expressed as a ratio of two polynomlals ins.

P(s) K(5+Zl) (s+2) (s+25) v -____(.2_49
Q) S (5+y) (5+Py) (5+Ps) o |

where, z,, Z,, Z;, ..-ceroere.. AT ZETOS of transfer function

G(s) H(s)=K

D> Py Pas ooveeenenn ar€ poles of transfer function
K = Constant
N = Number of poles at the origin
~ The value of N in the denominator polynomial of loop transfer function shown in equation (2.49)
decides the type number of the system. ’
If N = 0, then the system is type — 0 system
If N = 1, then the system is type — 1 system
If N = 2, then the system is fype — 2 system
If N = 3, then the system is type — 3 system and so on.

2.10 STEADY STATE ERROR

The steady state error is the value of error signal e(t), when t tends to infinity. The steady state
error is a measure of system accuracy. These errors arise from the nature of inputs, type of system and
from non linearity of system components. The steady state performance of a stable control system is
generally judged by its steady state error to step, ramp and parabolic inputs.

Consider a closed loop system shown in fig 2.15.

Let, R(s) = Input signal R(s) < E(8) ,C_{ﬁf
E(s) = Error signal | |
C(s) H(s) = Feedback signal C(s)H(s)
C(s) = Qutput signal or response : Fig2.15.
The error signal, E(s) = R(s) — C(s) H(s) _ T e (2.50
The output signal, C(s) = E(s) G(s) : e (2.51}

On substituting for C(s) from equation (2.51) in equatlon (2.50) we get,
E(s) = R(s) — [E(s) G(s)] H(s) '
E(s) + E(s) G(s) H(s) = R(s) -
E(s) [1 + G(s) H(s)] = R(s)

E(g)=——0O | - (2.5
1+ G(s) H(s)

Let, e(t) = error signal in time domain.



. e ' 1 R(s) '
ne®)= CHE@}=L {———1 s H(S)} .(2.53)

Let, e = steady state error.

The steady state error is defined as the value of e(t) when t tends to infinity.

neg= Lt et) - . .(2.54)

=0

The final value theorem of Laplace transform states that, _
If, F(s)=L{f(®}} then, Lt f(t) = Lt s F(s) T e (2.55)
=30 33 Rk

Using final value theorem,

The steady state error, e, = Lt e(f)= Lt0 sE(s)=_Lt RSO (2.56)
t—ot 5>

=0 1+ G(s) H(s)

2.11 STATIC ERROR CONSTANTS

When a control system is excited with standard input signal, the steady state error may be zero,
constant or infinity. The value of steady state error depends on the type number and the input signal.
Type-0 system will have a constant steady state error when the input is step signal. Type-1 system will
have a constant steady state error when the input is ramp signal or velocity signal. Type-2 system will
have a constant steady state error when the input is parabolic signal or acceleration signal. For the three
cases mentioned above the steady state error is associated with one of the constants defined as follows,

Positional error constant, K, = Lt G(s) H(s) o e (2.57)
: s :
Velocity error constant, K, = Lt':I s G(s) H(s) S (2.58)
5= .
Acceleration error constant, K, = Lt s?G(s) H(s) e (2.59)

The K , K and K are in general called static error constants.

2.12 STEADY STATE ERRORWHENTHE INPUT IS UNIT STEP SIGNAL

Steady state error, e, = Lto' ITS%(_)
R 5—» 5 S

When the input is unit step, R(s)=1/s
1 : ' :
S_ . Te
: 1
=Lt : § =Lt ! = ! =
s>0 1+G(s)H(s) s»0 1+G(s)H(s) 1+ Lt0 G(s)H(s) 1+K,
i d

reg=Lt S = Lf = —— (2.60)

where, K, = Lt G(s) H(s)
530 -
The constant K_ is called positional error constant.

Type-0 system

K, = LtOG(s)H(s)= Lt K (s+z)(st2z) (5+2Z3)..... - K Zy. 2. Zgeuenes
5> 5

- =constant
~0 (s Ppy) (5+p2) (5+P5)ewee Pi-P2-P3esees :

S € = constant

T1+K
P .
Hence in type-0 systems when the input is unit step there will be a constant steady state error.
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Type-1 system

Kp - Lt G(s)H(s)= Lt K (+z) (st+2,) (st235).n.. o
50 20 s(s+tp)(s +.p2) (S+D3)eeee

11

B T =
¥ 1+K, 14w

In systems with type number 1 and above, for unit step input the value of K is infinity and so the
steady state error is zero.

2.13 STEADY STATE ERROR W-HENTHE INPUT IS UNIT RAMP SIGNAL

sR(s)

Steady state error, e S =Lt m
. 50 ‘sYH(s

When the input is unit ramp, R(s) =Sl2
s 1
: - :
vey= Lt € 1 _ 1 L (2.61)
-0 1+G(s) H(s) s=0 s+s5G(s) H(s) Lt sG(s)H{(s) K
. 50 oY

where, K = Lt s G(s) H(s)
©os=>0
The constant K is called velocity error constant.

Type-0 system

K, = Lt sG(s) H(s) = Lt Kk 5+2) 677) (5+23)....
0 (s+pp) (s+py) (5+P3)ennen.

neg=1/K,=1/0=0
Hence in type-0 systems when the input is unit ramp, the steady state error is infinity.
Type-1 system

(s+2)) (s+2,) (S+7Z3)...... = kA2 B _ constant
S(5+P1) (5+Py) (5+Ps)ens P1-P2-P3eoer

K, = Lt sG(s) H(s) = Lt sK
50 530
. e = 1/ K, = constant
Hence in type-1 systems when the input is unit ramp there will be a constant steady state error.
Type-2 system

K, = Lt sG(s) H(s) = Lt sk ) (7 2) 672 _
50 =0 5" (s+py) (s+py) 5+ P3)eee.

nee=1/K;,=1/0=0

In systems with type number 2 and above, for unit ramp input, the value of K_ is infinity so the
steady state error is zero.
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214 STEADY STATE ERRORWHENTHE INPUT IS UNIT PARABOLIC SIGNAL

Stead} state error, e, = Lt __Rly
s»0 1+ G(s) H(s) -

When the input is unit parabola, R(s)=—

1

S— )
veg=Lt — S -1 1 ___1 (262)
>0 1+G(s) H(s) =0 s°+s" G(s) H(s) Lt0 s"G(s) H(s) K,

“where, K, = Lt s*G(s) H(s)
. 5+

The constant K_ is called acceleration error constant.

Type-0 system

K, = Lt szG(S) H(s)= Lt 2K 872 (6+2) 6+ 7)o
(s+py) (5+py) (5+P3)enne

e b1
TTRTR, 0

Hence ‘in type-0 systems for unit parabolic input, the steady state error is infinity.
Type-1-system

- K, = Lt £G(s) H(s) = Lt $K-SFa)6+2%) 6+2)....
oo 50 5(5+py) (5+py) (st Pyl

1
= =—=00

el =
UK, 0
Hence in type-1 systems for unit parabolic input, the steady state error is infinity.
Type-2 system '

(s+2) (5+2,) (8+Z5)mun. K z].zz.z&....;.

5 - = constant
s (s+py) (s+py) (S+P3)eens” Pi-P2-P3eerer

K, = Lt s’G(s) H(s) = Lt s’K
s=0 s—0 .

1
S € = —— = constant
a

Hence in type-2 system when the input is unit parabolic signal there will be a constant steady
state error. :
Type-3 system

Lo He = 1y kSR 6 e
K, = Lt s’G(s) H(s)= Lt s ey —— ©

In systems with type number 3 and above for unit parabolic input the value of K_is infinity and so
the steady state error is zero.
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TABLE-2.2 : Static Esror Constant for TABLE-2.3 : Steady State Error for
Various Type Number of Systems Vatious Types of Inputs
Error Type number of system Input Type number of system
Constant 0 1 2 3 Signal 0] 1 2 3
K, constant @ @ 0 _ 1
Unit Step 1+ K 0 0 0
K, 0 constant @© w© R 1
Unit R: ) . 0 0
K, 0 0 constant | co ot amp K,
1
Unit Parabolic] o ® Z 1 0
Ka h

2.15 GENERALIZED ERROR COEFFICIENT

‘The drawback in static error coefficients is that it does not show the variation of error with time
and input should be a standard input. The generalized error coefficients gives the steady state error as a
function of time. Also using the generahzed error coefficients, the steady state error can be found for any

type of input.

The error signal in s-domain, E(s) can be expressed as a product of two s-domain functions.
R(s)  _ 1

E(9)=—— TR AT R(s) = F(s) R(s) | n(2.63) |
where, F(s)=——
. 1+ G(s) H(s)
Let, e(t) = L'{E(s)} (error signal in time domain)
S = LUFE)
r(t) = LY{R(s)} (input signal in time domain)

_ The convolution theorem of Laplace transform states that the Laplace transform of the convolution
of two time domain signals is equal to the product of their individual Laplace transform.

ie., L{f(t) * ()} = F(s) R(s)
where * is the symbol for.convolution operation

fl{F(S) R(s)}=f{t) » r(t) : (264

From equation (2.63) & (2.64) we can write,
e(t) = f{t) * () _
Mathematically the convolution of f{t) and r(t) is defined as,
£(t) * n(t) = j f(T)rt-T)dT ; where T is a dummy variable
. 4

—0

. e(t)= If(T) r(t—T)dT

It is assumed that the input signal starts only at t = 0 and does not exist before t = 0. Also we are
interested in finding error signal at any time t after t = 0 (i.e., for t > 0). Hence in the above equation the
limit of integral can be changed as 0 to t.

se(t)= j £(T) rt—T) dT

0



pier 2 - Time Response Analysis _ 2.8

Using Taylor's series expansion the signal r(t-T) can be expressed as,
3 n fa
r(t=T)=r(t)-T r(t)+-—-— z'(t)~T— FO e H=1)" — T (¢)...

where, it)=1" derlvatwe of r(t)
i(ty=2" derivative of r(t)

r1'-'(t) = o™ derivative of ()

On substituting the Taylor's series expansion of r(t — T), the error e(t) can be written as,

T2 T3

e(t) = Jf(T) [r(i) Tf(t)+—r(t)—— (... +(-1)"“ r(1). ]

. n!
t t

e(t) = _{ £(T) £(t) dT - _[ £(T) Ti(t) dT+_[ f(T);- #(t) T
0 0 ’

1]

_ _[ 'f(T); "r'(t)+..'..+j £(T) (—1)‘*% £(0) dT...0
! ) !

1]

_ Since r(t), i(t), &1),..... r'(t) are constants when the integration is done with respect to T, the error
signal can be written as, '

t t - t .
e()=r() [ £T) dT—(t) | THD) dt+%j TH(T) dt
0 0 o

F(1) | D IO o
— ! TH(T) dt+...+H~1) —nl—l' T" (1) dt..
t t
Let, Co =+ J’ £(T) dT C3=—J T*RT) dT
Q0 - 0
C, == TE(T) dT
' ot ’ t
C2=+_[ T26(T) dT cn=(—1)"j TOf(T) dT

e(t) = r(t) Cy+1(1) C; + r(t) + T(t) -—~+ .+ r(i) —-—+ .....

=Co 1(t)+C, r(t)+—2 'r(t)+ L) ok (O (265

The equation (2.65) is the general equation for error 51gnal, e(t).

The coefficients C, C1= C, ,.....C_are called the generalized error coefficients or dynamic error
coefficients. '

The steady state error ¢ is obtained by taking limit t — w on e(f).

.. Steady state error, e = I..t I:r(t) C, +1(t) C, +1(t) —+ r(t) 3 — ..t r(t) %+ ]

= Cor()+C, r(t)+— r(t)+ r(t) ey G r(t) .......... (2.66)
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2.16 EVALUATION OF GENERALIZED ERROR COEFFICIENTS

The generalized error coefficient is given by,

C, =(—1}“j T*f(T) dT; where F(s)= !

We know that L{f(T)} = F(s), hence by the definition of Laplace transform,

F(s) =j £(T) e=TdT
On takmg t on both sides of equation (2. 67) we get,

t
Lt F(s)=Lt | f(T)e™"dT
50 50 "

530

t £
= _[ £(T) Lt e"TdT=j £(T) dT=C,
0 =0 0

+[Cy= LLFG)

On diﬁ'erentlatmg equatlon (2.68) with respect to s we get,
< F(s) ——m_[ £f(T) &7 dT
ot .
= j (0 & @ =] 10 D ear
0 0

=*j TF(T) eTdT

On taking 9]:}0 on both sides of equation (2.69) we get,

Lt _F(s) Lt - J TH(T) e—”d"r

t _ t
TH(T) Lt ¢*1dT= -J' TE(T) dT=C,
0

0

LG = Lt—-—Fs
1= L (s)

On differentiating equation (2.68) on both sides with respect to s we get,

s {—( ())]—{ [ me(n) e'“dll

dz F(s)—[-_{ TET) - ( 'ST)dT] =~j TE(T) (=T) =TdT
Q

d2 ;FZ(S))z I_Tz ATy eTdT
5

1+G(s) H(s)

..... (2.67)

..... (2.68)

v 2.69)

(2,70

w2.71)
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Applying the limit s — 0 on both sides of the equation (2.71) we get,

Lt —F(s) Lt J'T2 fT) e dT

s=0 d

=IT2 fT) Lt & dT:_[T2 fT)dT=C,
0 ]

2

Cy= Lt —F D 2.72)
2 0 dsz (S) .

Sirmfarly 1t can be shown that,

C,=Lt—F@s) | (2.73)

2177 CORRELATION BETWEEN STATIC AND DYNAMIC ERROR COEFFICIENTS

The values of dynamic error coefficients can be used to calculate static error coefficients. The
following expressions shows the relationship between them.

| .
C =
0= T3 K, R (2.74)
0 =— _ (275
K, . .
: i ' T (2.76)
“7%;
a
Proof
: 1 1
CU - Lt ( ) = =
s—+01+(}{s) His) 1+ Lt GO HE) 1+K,
5

2.18 ALTERNATE METHOD FOR GENERALIZED ERROR COEFFICIENTS

The error signal in s-domain, E(s) RO __
1+G(s) H(s)
L EO) ! : A277)

R(s) 1+G(s) H(s)

The equation (2.77) can be expressed as a power series of s as shown in equation (2.78).

B ____1 —cy+Cp+ 22 Sgy S (2.78)
R(s) 1+G(s) H(s) 2! 31 _
~E(s)=C, R(s)+c]sR(s)+C—fs2 R(s}+c—fs3 R(S)+..... S (2.79)

On taking inverse Laplace transform of equatlon (2.79) we get,
e(t) Cﬂl‘(t)-l'C]SI'(t)-!-—S r(t}“l‘ I‘(t)+ ..... . L (2-80)

The equation (2.80) is same as that of equation (2.65) in section 2.14.This method will be useful
to find the generalized error coefficients without using differentiation, but using laplace transform.
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EXAMPLE 2.11

10(s+2)
S(s+0)

For a unity feedback contro! system the open loop transfer function, G(s) = .Find
a) the position, velocity and acceleration error constants,
b) the steady state error when the input is R(s), where R(s) = :'si— —52? + %
SOLUTION

a) To find static error constants

For a unity feedback system, H(s)="I

Position error constant, K, = 'L:OG(s)H(s) Lt G(s) = (p 10(+2) _
S

= s(s+1)

. i _ _ 10(s + 2) _
Velocity error constant, K, = sI;tOs G{s)H(s) = a‘I:)tﬂs'. G{s) = sli}o sm =
Acceleration error constant, K, = Lt s?G(s)H(s) = Lt szG(s)

2 10(s+2) _10x2

=20
s%(s+1) 1

b) To find steady state error
Method-I

Steady state error for non-standard input is obtained using generalized error series, given below.
. _ . I n C,
The error signal, e(t) =r(t)C, +K{t)C, + r(t)§+ ...... +r{t)—=+....

Given that, R(s)=>— 3 L

s?  3¢°

Input signal in time domain, r(t)= 1{R(s)} =L T{%& s% + %}

12 t2
=3- 2t+-—~—3 2t +—
32! 6

f(t)=—r(t)=-2+§2t=-2+5

r(t)h tz r(t}_ r(t}_§

T(t)=—5r(t) = f =0
t)= dt3 t)=—1() =
The derivatives of r{t) is zero after second derivative. Hence we have to evaluate only three constants C,, C, and C,.

The generalized emor constants are given by,

. culdre
Co= LLF(s); C1_SI:EDEF{5), | C,= Od 2F(s)
Fs) - 1 1 1 S(s+1) s’ +s?
17 GE)HE) 1+G(s) 14 10(s+2) s%(s+1)+10(s+2) s*+s°+10s+20
(s+1)

Co= LtF(s)= Lza[—iis—]

s +s2+10s+20
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Ci= Lt—-—F(S)— d _-S S
b 30ds| 5515771057 20

(s:‘ +82+10s+ 20](352 +23)—(53 + sz}[Ssz + 2s+10)
(s +s?+10s+20) " '

- Lp| 380+ 25" +3s% + 267+ 305° +20s? + 60s” + 40s - 3s° — 25* —10s° - 3s* - 25° — 10s°

-0 (s +8 +105+20)

3 2
LUt 20s® +70s +_4052 -0
= (53+52+10's+20)
d? d d| 20s®+70s%+40
Cp= Lt~ F(s)= [ Fi )} bl 2
008! (s +s +10s+20
[s3+52+105+20) (60s? + 1405 + 40)
it —(2053+7032+405)2x(53+sz+105+20 3s +2s+10 X40 1
= {53 +s%+10s+ 2(.'!)‘1 10
Error si _ . . Co _ t2 LI IO
rror signal, e(t)-—r(t)CU+r(t)C1+r(t)E— 3- 21+E x0+ 3 x *3%107°31" 80

1 1
Steady state efror, .. = Lt eft)= Lt —— = —
eady error, e l_me(} L5550
Method - li
The error signal in s -domain, E(s)= 1_:%
' ' 3 2 1 10(s +2)
G th t, Ri ——— G = - H =
ven that, R(s) s o2 38 (<) s(s+1) (=1
| R DI I W D
~E(s)=S 3° ___ s s 35
10{5+2) s(s+1)+10(s +2)
s%(s+1) s’(s+1)

_3 s¥(s+1) 2 s¥(s+1) R s%(s+1) |
s2(s+1)+10(s+2) | &2|s%(s+1)+10(s+2)| 3s°|s*(s+1)+10(s+2)
The steady state error e_ can be obtained from final value theorem.

Steady state error, €, = lLt e(t)= sLtos E(s)

e o lts 3 s¥(s+1) L2 s?(s+1) R si(s+1) -

"0 T 00 8| 25+ )+ 10(s+2) |- 87| s¥s+N)+10(s+2)| 38°|s*(s+1)+10(s+2)
[ e e ] e
50 |s2(s+1)+10(s +2) s2(s+1)+10(s+2) 3s*(s+7)+30(s+2) 60

1

60
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Method - [l
o R(s)
Errof s;gnal in s - domain, E{s) 1_+-(3_{S)T(S)‘
. E5) 1
T R(s) 1+ G(s)H(s) 2 &
; .5 ...
Given that, G(s)='?[s—+2) 1 H@g) =1 20 40
' s'(s+1) : 20+10s+s%+8% s?+g°
_El®) 1 s°(s+1) 2,5 .8 &
- = =32 0 02 6200 20
R(s) 1+]_2_(s+2) s*(s+1)+10(s +2) Lofofo s
s¥(s+1) _ 5_85 s
~ sd+s? ~ s2+s? _§? . 3 . 253 2054 2055 o
TSt a2 = 7.3 o an A R
$ +s2 : 103s+20 2;0+103+s1+s 20 40 3 J:_]4“ 40{2 20
S ) 2 . 3 3s 3s s
E(s)= —_—t——t..] =T +—5"R(s)+... St
_Els) R(S)[20+40+ } 20° R(s) 0° (sh+... 0 70 0
~ On taking inverse Laplace transform of the above equation we get,
o{t) = (1) + —F()+ - '
20 4 7T Dividing numerator polynomial |
S . by denominator polynomial, |
Given that, R(s) = -2 4" :
’ s s? 3s°
3.2 1 1t S
sty = 1 = LN S b =3 2t - -2t
rft) = L7{R(s)} :{s 52+333} 3 2t+32! 3 *3

. d 1 t
By=—r{t)=2+=-2t=-2+—
(t) dtr() 2+ﬁ +3

. d? d. 1
)= —r() = — i) = —
()= () = i) =5
d d.
r(t) = Fr(t) = ar{t} =0
. Error signal in time domain, e(t) = —]—'r'(t} = i[-l\ -
" ' 20 2013 J 60
Stead stét mor, e, = Lt e(t) = Lt 1.1
y ¢ e ! eﬁ_t—rm —1—)m%_6_0
RESULT
(@) Position error constant, Kp=oo_
Velocity error constant, K=
Acceleration error constant, K,=20
' 3 2 1 ' 1
(b)  When, R(s)= P ?Jr 355" Steady state error, e, = 0

EXAMPLE 2.12

For servomechanisms with open loop transfer function given below explain what type of input signal giverise toa,

constant steady state error and calculate their values.

20(s +2)

a) G{S)=m; .

b) G(s)=

- 10 ,
(s+2)(s+3)

10

KRR )
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20(s +2)

a) Gis)= s{(s+N{s+3)
Letus assume unity feedback system, .~ H(s)=1

The open loop system hasa pole atorigin. Hence itis a type-1 system. In systems with type number-1, the velocity (ramp)
inputwill give a constant steady state error. :

The steady state error with unit velocity input, €y = L

Velocity error constant, K, = RES s G(s) H(s) = st s Gls)

20(s+2) _20x2 40
=Ll s = ==

S0 s(s+1)(s+3) 1x3 3
1 3

o Steady state error, egg = K—v T 0.075
10
b} G(s)=———
) Gis) (s+2)(s+3)

Letus assume unity feedback system, .-, H(s)=1.

The apen loop system has no pole at origin. Hence itis a type-0 syéiem. In systems with type number-0, the step input
will give a constant steady state error. : :

The steady state error with unit step input, By =1 1K
. 4] K
.. - 10 10 5
Position error constant, K, = Lt G(s)H(s)= Lt G(s) = Lt = =—
P 530 (SH(S) 5§30 () s>0(8+2)(s+3) 2x3 3
1 1 3 3_
Steady state error, e, = = = =—=0.375
Y “ 14K, 1,5 3+5 8
- 3
10
c) Gs)=——
te) si(s+1)(s+2) .

Letus assume unity feedback system, - H(s)=1.

The open loop system has two poles atorigin. Hence itis a type-2 system. in systems with type number-2, the
acceleration (parabolic) input will give a constant steady state error.

The steady state error with unit acceleration input, g, = 1

a

-Acceleration error constant, K, = L s% G(s)H(s) = Lt s G(s) = L s2 sz—(s~%(5+—2}=%=5
. 5 = e

Steady state emmor, e, = Ki': %z 0.2

RESULT

1. In system (&) with unit velocity input, Steady state error =0.075
2. In system (b) with unit step input, Steady state error = 0.375

3.In system (c) with unit acceleration input, Steady state error =0.2
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EXAMPLE 2.13

The open loop transfer function of a servo system with unity feedback s G(s) = 10/5(0.1s+1). Evaluate the static error
constants of the system. Obtain the sieady state error of the system, when subjected to an input given by the polynominal,

a
rt)=ag+at+ -2§12 :

SOLUTION
To find static error constant
For unity feedback system, H(s) = 1.
. Loop transfer function, G(s) H(s) = G(s)
The static error constants are K, K and K.

10

Position error constant, K, = Lt G(S)_sl'tom—
Velocity error constant, K, = Lt sG(s} s%usg{&%:ﬁﬂo

Acceleration error constant, K, = Lt s*G(s) = Ltaszs{{)%ﬁ )
P 53 iS5 +

To find steady state error

Method - | - .
Steady state error for non-standard input is obtained using generalized error series, given below.

. - N - CQ . e Cﬂ
The error signal, e(t) =r()C, +{t)C; + r{t)?h..f r(t)ﬁh.. :
Given that, r{t)=a, +at+ %tz

) = ir(t) = i(ao +at+ a—;tz] =a;+at
i(t) = r(t} —[ir(ﬂ] = £(51 +85t) =2,

)= r(t) [ 3 ()]——(az) =0

Derivatives of r(t) is zero after 2nd derivative. Hence, letus evaluate three constants C,C, & C,.

The generalized error constants are given by,
2

. d B d
CO = sl:ytD F(S) ' C1 sl:EU;j_'s_- F( ) C2 = sl:)tﬁ? F{S)
F(s)—. 1 R 1 __s(01s+1) 0.1s%+s
1 GHs) 1+G(s) 4,10 s(0+10+10 01%+s+10
s(0is+1)
0.1s% +s
C, = Lt F = bt ——
(s) L00152+5+10
d 01s+s
Ci= Lt —F = == 7=
)= D ds1:0152+s+10]
"{0.1sz+s+10] (0.25+1)~{0.1sz+s) (0.25+1) L 25410 10 e

“°L (0367 + 5+ 10)° 9 (015% + 5.+ 10)° 107
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a2 did_ 7_
C,= Lt —F(s)= Lt ——[EF(S) =& 5%

d 25+10
50 dg? s»0ds 50 (s (0.182 +S+10J2

. d (0.132+s+10)2><2-(2s+10)><2(0.152+s—:10)(0.2s+1)]
s>0 ds (0.152+s+10]4 : ' |

_10 x2-10x2x10x1
10*

e 02 =0
Error signal, e(t) =r(t)C, +1{(t)C, + ?(t)% = {)C,+0+0 =(a,+a,t) 0.1

- Steady state error, e = Lt e(t)= Lt [(a,+a,t) 01] =0
—Sa t—am

Method - 11
The error signal in s -domain, E(s) = : +§((55)L(S)
. - 83,0, R o=
Giventhat, r)=a, +at+5t% G s(0.1s+1)’ H(s)=1

On taking Laplace transform of r(t) we get R(s),
. R(s)= %o, 3 +-a—2—2-!—— %, 81,2

PSR Y I .
8 El a 8 8 8
E(s)= RE) s 255 s £
1+G(s)H(s) 4o 10 s(0f+1)+10
s (01s +1) " s(01s+1)

s (0.1s+1)+10 0.1s+1+10| " s°|s(0.1s+1)+10

=§2{ ({01s+1) ] a{ ((01s+1} J +-'az{ s (0.1s+1) }

The steady state error e can be obtained from final value theorem.

Steady state error, g, = tLt e(t)= Lfo s E(s)
S 5

e sms+) T oaf s+ ] s, s+ ]
Sy = Lt {2 +—1 +=2
s=0 15 s(01s+7)+10| s?[s(01s+1)+10] s s(0.1s+1)+10 |
| as(ots+ 1) ,_a(01s+1) a0t | _oa
— — _— o0 =
0/ 5015 +1)+10  s(01s+1)+10 * s[s(01s +1)+10] 10
Method - 1
B : R(s E(s 1
Error signal in s - domain, E(s)= ?é%; (—5; = TG(;%
10
i G(s)=———— and H(s)=1.
Given that, G(s) s(0.1s+7) and H(s) .
. Els) _ 1 . __s(01s+) _ 01s%+s _ s+0.1s _s s .
TR 4,10 s(01s+7)+10 01?+s+10 10+s+01s? 10 1000
9(0.1s+1) ,
. Dividing numerator polynomial |
~E(s)= —R{s}— ———R(s)+. . | by denominator pofynomial. |

10 1000
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" Ontaking inverse Laplace transform, s &3
1. _ 10 1000
t =—r—— +..... : T
=15 "7000 10+s+01?| s+0.1¢?
' 2 3
i = .a_2 2 ‘ | S_ S_
Giventhat, r{t)=a,+at+ > t ? _ f_? -{:10 ;'_-} 100
i s3
. od _=
r:ar(t}:aﬁ’.az‘ E ) 100
-9 | S st ¢
i(t) = Hf(t} =8, . _ «100 (*)1000 10000 |
e d ' _g__ 5
)= F)=0 1000 * 70000
. Error signal in time domain, e{t)——r{t}——( 1 +ast)
Steady state error, e = Lt e(t)= Lt %(31 +at)= o
RESULT
{a) Position error constant, Kp=oc
(b) Velocity error constant, K,=10
(c} Acceleration error constant, K,=0
2.
(d). Wheninput, rify=a, +at+ EZZL, Steady state error, g, =
EXAMPLE 2.14
. - : N . C{ ) Ks+b -
Consider a unity feedback system with a closed loop transfer function =-————— Determine open loop
: R(s) s?+as+b
transfer function G(s). Show that steady state errorwith unit ramp input is given by (a- 5 K) .
SOLUTION
For unity feedback system, H(s)=1
The closed loop transfer function, M(s) = C(S) ) = G(s)
R(s) 1+G{s)Hs) 1+G(s)
_Gs)
1+ G(s) = M)
On cross multiplication of the above equationwe get, -
G(s)=M(s)[1+G(s)]= M(s) + M(s) G(s)
Ks+b
., - 8= - = M{s)=———
G(s)-M(s)G(s)=M(s) =  G(s)[1-M(s)]=M(s) = (s) Z2a54b

. Openloop transfer function,

Ks+b
Gis) = Mis) _ s?ias+b _ Ks+b
1-M(s) 1_;(57“’ (52+as+b)—(Ks+b}
s°+as+b _
Ks+b _ Ks+b Ks+b

_sz+as+b—l<s—_b s?+(a-k)s s[s+(aK}]
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\ Ks+b b
Velocity error constant, K, = Lt s G(s)H(s)= Lt s G(s) = Lt s =

ty 0= LS GOHE = Lsce) = L TGk oK

. L - . 1 a-K
With velocity input, Steady state'error, e, = oo 5
v
RESULT
Open loop transfer function, _ G(s)= _Ks¥b
s[s+(a-K)]
_a-K

With veloctiy input, Steady state error, €, = b

EXAMPLE 2.15

A unity feedback system has the forward transfer function G(s) = Ki2s+1

=stermine the minimum value of K, so thatthe steady erroris less than 0.1.

SOLUTION
_Given that, input r(t)=1+6t
On taking laplace transform of r(t) we get R(s).

~R(s)= L{r(t)} = L{1+ 61} = §+s—62

The errorsignal in s-domain E(s) is given by, .

s (5s+ (1+s)?

. When the input r{t) = 1+6t,

' 1.6 1,6
: {5) - R(S) - ] 52 - g 322
1+GsHE) o, K25+ - 5(Bs+1) (1+5)° +K,(25+1)
s(Bs+11+s)” s(5s+1) (1+s)

_1 s (5s+1) (1+5)° .6 s(5s+1) (1+s)
Sis(5s+1) (1+s)2+K1{2s+1) 87

The steady state error e_ can be obtained from final value theorem.

B = ll—-l- e(t)= sI:>tU s E(s)

s (5s+1) (1+s)2+K1(2s+1)}

=lts {l[ s(5s+7(1+s)” }.i{ s(5s +)(1+s)’
50

S| s(5s+1(1+5)" +K,(2s+1)| s°

B s(Gs+f(i+s)”  6Es+1(1+s)’ _
50 s(5s+N)(1+5)° +Ki(25+1)  s(Bs+1)(1+5)° +K,(25+1)

6 6
i . =~ 0=— Kiy=—-=
Given that, e, <01 M or 1= 51 60
RESULT

For steady state error, e < 0.1, the value of K, should be greatér than 60.

s(5s+1)(1+5) +K(2s +1)

6
+

|

K K

iHere H(s)= ‘Il
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2.19 COMPONENTS OF AUTOMATIC CONTROL SYSTEM

The basic components of an automatic control system are Error detector, Amplifier and Controller,
Actuator (Power actuator), Plant and Sensor or Feedback system. The block diagram of an automatic
control system is shown in fig 2.16.

Automatic controller

. ‘-\a\
Heference : Error detector Ao

input . i ot : . Output
p =® > Amplifier and | iC s Actuator Plant >
(input | & . Controlier

, & Error signal
signal)

Sensor or
Feedback signal Feedback system

Fig 2.16: Block diagram of automatic control system.

The plant is the open loop system whose oﬁtput is automatically controlled by closed loop system.
The combined unit of error detector, amplifier and controller is called automatic controlier, because
without this unit the system becomes open loop system.

In automatic control systems the reference input will be an input signal proportional to desired
output. The feedback signal is a signal proportional to current output of the system. The error detector
compares the reference input and feedback signal and if there is a difference it produces an error signal.
An amplifier can be used to amplify the error signal and the controller modlﬁes the error signal for better
control action.

The actuator amplifies the controller output and converts to- the required form of energy that is
acceptable for the plant. Depending on the input to the plant, the output will change.
This process continues as long as there is a difference between reference input and feedback signal. If the
difference is zero, then there is no error signal and the output settles at the desired value.

Generally, the error signal will be a weak signal and so it has to be amplified and then modified for
better control action. In most of the system the controller itself amplifies the error signal and integrates
or differentiates to produce a control signal (i.e.; modified error signal). The different types of controllers
are P, PI, PD and PID controllers.

220 CONTROLLERS

A controller is a device introduced in the system to modify the error signal and to produce a control
signal. The manner in which the controller produces the control signal is called the control action. The
controller modifies the transient response of the system. The electronic controllers using operational
amplifiers are presented in this section,

The following six basic control actions are very common among industrial analog controllers.

Two-position or ON-OFF control action.

Proportional control action.

Integral control action.

Proportional- plus- integral control action.
Proportional-plus-derivative control action.
Proportional-plus-integral-plus-derivative control action.

VPR S
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Depending on the control actions provided the controllers can be classified as follows.

‘Two position or ON-OFF controllers.
Proportional controllers.

Integral controllers.
Proportional-plus-integral controllers.

LR W

Proportional-plus-derivative controllers.
6. Proportional-plus-integral-plus-derivative controllers.

ON-OFF (OR) TWO POSITION CONTROLLER

The ON-OFF or two position controller has only two fixed positions. They are either on or off.
The on-off control system is very simple in construction and hence less expensive. For this reason, it is
very widely used in both industrial and domestic control systems.

The ON-OFF control action may be provided by a relay. There are different types of relay. The most
popular one is electromagnetic relay. It is a device which has NO (Normally Open) and NC
{Normally Closed) contacts, whose opening and closing are controlled by the relay coil. When the relay
coil is excited, the relay operates and the contacts change their positions (i.e., NO — NC and NC — NO).

Let the output signal from the controller be u(t) and the actuating error signal be e(t). In this
controller, u(t) remains at either a maximum or minimum value. .

u(t) = uy; fore(t) <0 R(s) E(s) U, UGs)
P » EE——

=u,; fore(t) >0 U,

Feedback signal .
Fig 2.17 : Block diagram of on-off controller.

E()=Lle®}; U =Liu®)} |

PROPORTIONAL CONTROLLER ( P - CONTROLLER )

The proportional controller is a device that produces a control signal, u(t) proportional to the input
error signal, e(t). '

In P-controller, u(t) < e(t) _
ut) = K e(t) | .(281)

where, K_ = Proportional gain or constant

On taking Laplace transform of equation (2.81) we get,
UE =KEE) (2.82)

UG _
EGs)

*. . Transfer function of P - controllér, K, ...(2.83)

~The equation (2.82) gives the output of the P-controller for the input E(s) and equation (2.83) is the
transfer function of the P-controller. The block diagram of the P-controller is shown in fig 2.18.

RO o EO o %] us)

d P
Feedback signal
Fig 2.18 : Block diagram of proportional controller.
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From the equation (2.82), we can conclude that ‘the proportional controller amplifies the error
signal by an amount K. Also the introduction of the controller on the system increases the loop gain by an
amount K,,. The increase in loop gain improves the steady state tracking accuracy, disturbance signal
rejection and the relative stability and also makes the system less sensitive to parameter variations. But
increasing the gain to very large values may lead to instability of the system. The drawback in P-controller
is that it leads to a constant steady state error. '

EXAMPLE OF ELECTRONIC P-CONTROLLER

The proportional controller can be realized by an amplifier with adjustable gain. Either the non-
inverting operational amplifier or the inverting operational amplifier followed by sign changer will work
as a proportional controller. The op-amp proportional controiler is shown in fig 2.19 and 2.20.

R,
R R AMA—
o & - |
. \ F R
: I
: + u|(t) W\,
’ Inverting amplifier
= ' Sign changer
- T
Fig 2.19 : Op-amp P-controller using Fig 2.20 : Op-amp P-controller using
non-inverting amplifier. inverting amplifier.

By deriving the transfer function of the controllers shown in fig2.11 and 2.12 and comparing with
the transfer function of P-controller defined by equation (2.83), it can be shown that they work as
P-controllers.

ANALYSIS OF P-CONTROLLER SHOWN IN FIG 2.19

~In fig 2.19, the input e(t) is applied to positive input. By symmeiry of op-amp the voliage of -
negative input is also e(t). Also we assume an ideal op-amp so that input current is zero. Based on the

above assumptions the equivalent circuit of the controller is shown in fi g 2.21.

By voltage division rule, _
R . R, +R, '
t) = 1 t) - sty =——= et : -
“O=x g, 'O R, 0 .89 * T
On taking Laplace transform of equation (2.84) we get, . e(t)
R;+R, - _L
U(s) = R Es) (2.85)
1 . E
Fig 2.21 : Equivalent circuit
L UE) _RitR, 0 36 of P-controller
E(s) R, (2-86) shown in fig 2.19.

The equation (2.86) is the transfer function of op-amp P-controller. On comparing equation (2.86)
with equation (2.83) we get, :

“ Proportional gain, K, =E';—RA | (287)
1 : - .
Therefore by adjusting the values of R, and R, the value of gain, K  can be varied.
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ANALYSIS OF P-CONTROLLER SHOWN IN FIG 2.20

The assumption made in op-amp circuit analysis are,
1. The voltages at both inputs are equal
2. The input current is zero.

Based on the above assumptions, the equivalent circuit of op-amp amplifier and sign changer are

shown in fig 2.22 and 2.23.

F li=0

il—b: R, LfRz ib
AV j f
iR, T *iR,”
e(t) _ u(t)  u D)

R
AV
+iR —

Fig 2.22 : Equivalent circuit of amplifier. Fig 2.23 ; Equivalent circuil of sign changer,

&0

From fig 2.22, e(t) =iR, ; -~ | =
1

ur(t) = _'itRz ) :
Substitute for i, from equation (2.88) in equation (2.89).

e(t)
L) =-—2 R,
u®=-F

_uy

From fig 2.23, u(t) = —i;R sy = 3

u(®=iR .
Substitute for i, from equation (2.91) in equation (2.92).

S )= -% R =-u(t)
On equating the equations (2.90) and (2.93) we get,

£ R
_—u(;)aeé_j Ry; =g e

On taking Laplace transform of equation (2.94) we get,

U(s) = E—T E(s)

Us) _Ry
E(s) R,

. {2.94)

....'A(z‘95}

.... (2.96)

The equation (2.96) is the transfer function of op-amp P-controllef. On comparing equation (2.96)

with equation (2.83) we get,

. . R
Proportional gain, K, =-I—{-_3— :
. L

Therefore by adjusting the values of R, and R, the value of gain K can be varied.

297)
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INTEGRAL CONTROLLER (I-CONTROLLER)

The integral controller is a device that produces a control signal u(t) which is proportional to
integral of the input error signal, e(t).

In I-controller, u(f) _[e(t) dt: sut)=K, j e(t)dt l2.98)
where, K, = Integral gain or constant. '
On taking Laplace transform of equation (2.98) with zero initial conditions we get,

E(s
U(s) = Ki_ﬁ;l e 2.99)
K.
.. Transfer function of I - controller, g((si == (2.100)
: ) 5 :

The equation (2.99) gives the. oﬁtput of the I-controller for the input E(s) and equation (2.101) is
the transfer function of the I-controller. The block diagram of I-controller is shown in fig 2.24.

R(s) E(s) K. U(s)

Feedback signal

Fig 2.24 : Block diagram of an integral controller.

The integral controller removes or reduces the steady error without the need for manual reset.
Hence the I-controller is sometimes called automatic reset. The drawback in integral controller is that it
may lead to oscillatory response of increasing or decreasing amplitude which is undesirable and the
system may become unstable. '

EXAMPLE OF ELECTRONIC I-CONTROLLER

1L
. ] R

The integral controller can be realized C,
by an integrator using op-amp followed by a
si h . e() R,

gn changer as shown in fig 2.25. —AAA, > R
By deriving the transfer function of the a0 NN—1 =
. . + 1 L @
controller shown in fig 2.25 and comparing + u(t)
with the transfer function of I-controller Integrator )
. ; = Sign changer

defined by equation(2.101), it can be shown ¥ _ =
that it work as I-controller. Fig 2.25 : I-controller using op-amp.

ANALYSIS OF I-CONTROLLER SHOWN IN FIG 2.25

The assumptions made in op-amp circuit analysis are,
1. The voltages of both inputs are equal.
2. The input current is zero.
Based on the above assumptions the equivalent circuit of op-amp integrator and sign changer are
shown in fig 2.26 and 2.27.

From fig 2.26, e(t)=iR, ; L= R ...'..(2.101}.
1

u(t)= --é— J fdt (2.102)
1



Substitute for i from equation (2.101) in equation (2.102).

e(t) :
Lu(t) = —— dt_——— dt
n .CII R, je{l} ..... (2.103)
.il_). R, i’. C, | 11_... R _.]_?; R
— VW ———— NV AN\
TIRT O T o ' +iR - +iR -~
-C_.[lldt .
c(t)c_j ! u,(t) u|(t}C_> _ CD u(t)
li =0 li =0 .
Fig 2.26 : Equivalent circuit of integrator.  Fig 2.27 : Equivalent circuit of sign changer.
. : ) _ 1‘
From fig2.27, u(t) = iR, 1y =—}—;{—) en(2.104)
w@®=LR (2.105)
Substitute for i, from equaﬁon'(z. 106) in equation (2.107),
uy(f) = ——(—)R =—u® (2.106)
On equating the equations (2.103) and (2.106) we get, -
—u{t) = ——n t) dt
u =g [ e
' R _ _
- ou(h) = RC, feit)_dt . e(2.107)
On téking Laplace transform of equation (2.107) with zero initial conditions we get,
_I E(s)
) =—e— .
(s)= RC s (2.108)
U 11
Es) RCs (2.109)

The equation (2.109) is the transfer function of op-amp I-controlier. On comparing equation
(2.109) with equation (2.100) we get,
Integral gain I(-=—-—L | (2.110)
gral gam, K R, L e .

Therefore by adjusting the values of R, and C, the value of gain K, can be varied.

PROPORTIONAL PLUS INTEGRAL CONTROLLER (PI-CONTROLLER)

The proportional plus integral controller (PI-controller) produces an oﬁtput signal consisting of
two terms : one proportional to error signal and the other proportional to the integral of error signal,

In PI- controller, u(t) o [e(t)+_[e(;} dt]; Lu®=K, e(t)+%je(t)dt_ ol

where, KP = Proportional gain

T, = Integral time.
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On taking Laplace transform of equation (2.111) with zero initial conditions we 'get',
U(s) =K, B(s) +—2 % B | .
(s)= (s) T s n(2.112)
Transfer function of PI - controller, - EE’:; = Kp(] + -_1—_11-8-] L (2.113)

The equation (2.112) gives the output of the PI-controller for the input E(s) and equation (2.113) is
" the transfer function of the PI controller. The block diagram of Pl-controller is shown in fig 2.28.

‘l' (S) U(s)

R(S) > E(s) 1 R(S) o E(s) 1
——v@—{_ﬁ] > Tis | —»@—b Kp 1+-ﬁ —
I Feedback signal

Fig 2.28 : Block diagram of Pl-controller.

Feedback signal

The advantages of both P-controller and I-controller are combined in PI-controller. The proportional
action increases the loop gain and makes the system less sensitive to variations of system parameters. The
integral action eliminates or reduces the steady state error.

The integral control action is adjusted by varying the integral time. The change in value of Kp '
. affects both the proportional and mtegral parts of control action. The inverse of the integral time T, is
called the reset rate.

EXAMPLE OF ELECTRONIC PI-CONTROLLER — o

‘The Pl-controller can be realized by an o ¢ '
op-amp integrator with gain followed by a sign &0 ,

R

changer as shown in fig 2.29. _ o) ANN— -

By deriving the transfer function of the p 1 +
controller shown in fig (2.29) and comparing with I Integrator with gain L
the transfer function of Pl-controller defined by = . = Sign changer
equation (2.114), it can be proved that the circuit _ Fig 2.29 : PI-controller using op-amp.

shown in fig 2.29, work as Pl-controller.

ANALYSIS OF PI-CONTROLLER SHOWN IN FIG 2.29

The assumptions made in op-amp circuit analysis are,
1. The voltages at both inputs are equal.
2. The input current is zero.

Based on the above assumptions the equivalent Clrcmt of op-amp mtcgrator and sign changer are
shown in fig 2.30. and 2.31,

. . e ' .
From fig 2.30, e(t)=iR, ; -~ h= R, e (2.114)
1
: S _ .
u(ty=—iR, — —{idt ' w2115
©=-iR,~ i | @115)
Substitute for i, from equation (2.114) in equation (2.115).
_ et e(t)
mH=- R, Ry~ C, j R; ..... (2.116)
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L R L. R C LR i, R

— -} >

AN ANAN—H AN AN

PIR | IR T TR~ | FiR T
u®  u®

00 -

Fig 2.30 : Equ:valent circuit of integrator.  Fig 2.31 : Equivalent circuit of sign changer.

—u(t)
R
u(®=iR e (2.118)

From fig 2.31, u()=-iR, .. i, = (2.117)

Substitute for i, from equatxon (2.117)in equation 2. 118)

dﬂ——ﬂ R =—u(t) : - T (2.119)

On equating the equations (2.116) and (2.119) we get,

g, - L0 4

—u(t) =—
® R, - CJR

R 1 '
u(t)=—-2-c_=(t)+ R.C je(t) dt : l2.120)

2

On taking Laplace transform of equatzon 2. 120) with zero initial conditions we get,

1 E@s)
R, s

.U Ry 1 . ' L
CE() Ry {1+R2C25] ..... (2.121)

U(s) = -E;— E(s) +
1

The equation (2.121) is the transfer function of op-amp PI-controller. On comparing equation(2.12 1)
with equation (2.113) we get,

R, .
R’ Integral time, T, = R,C,
I

Proportional gain, K,

By varying the values of R, and R,, the value of gain K and T, can be adjusted.

'PROPORTIONAL PLUS DERTVATIVE CONTROLLER (PD-CONTROLLER)

The proportional plus derivative controller produces an output signal consisting of two terms : one
proportional to error signal and the other proportional to the derivative of error signal.

In PD - coniroller, u(t) o l:e(t) + % e(t)} ; ~ut) =K, et) +K T %E(t) ..... (2.122) .

where, KP = Proportional gain
T, = Derivative time
On taking Laplace transform of equation (2. 123) with zero initial conditions we get,
U(s) =K, E(s) +K TysBGS) (2.123)
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.. Transfer function of PD - controller. =K (1+T;s
C R el ) . l(2.124)

The equation (2.123) gives the output of the PD-controller for the input E(s) and equation (2.124)
is the transfer function of PD-controller, : ' _

The block diagram of PD-controtler is shown in fig 2.32.

i U(s)

RG) o EG) ue
—E—> = K (1+1s) —>
Feedback signal - _ Foedback signal

Fig 2.32 : Block diagram of PD- controller.

The derivative control acts on rate of change of error and not on the actual error signal. The
derivative control action is effective only during transient periods and so it does not produce corrective
measures for any constant error. Hence the derivative controller is never used alone, but it is employed in
association with proportional and integral controllers. The derivative controller does not affect the steady-
state error directly but anticipates the error, initiates an early corrective action and tends to increase the
stability of the system. While derivative control action has an advantage of being anticipatory it has the’
disadvantage that it amplifies noise signals and may cause a saturation effect in the actuator.

The derivative control action is adjusted by varying the derivative time. The change in the value of
K, affects both the proportional and derivative parts of control action. The derivative control is also called
rate control.

EXAMPLE OF ELECTRONIC PD-CONTROLLER

The PD-controller can be realized by an
op-amp differentiator with gain followed by a sign R
changer as shown in fig 2.33. O] AN

By deriving the transfer function of the

controller shown in fig 2.33 and comparing with '
the transfer function of PD-controller defined by Differentiator . _
with gain Sign changer

equation (2.124) it can be proved that the circuit =
shown in fig 2.33 will work as PD-controller. Fig 2.33 : PD controller using op-amp.

ANALYSIS OF PD-CONTROLLER SHOWN IN FIG 2.33

The assumptions made in op-amp circuit analysis are,
1. The voltages at both inputs are equal.
2. The input current js zero.

Based on the above assumptions the equivalent circuit of op-amp differentiator and sign changer.
are shown in fig 2.34 and 2.35. :

et . deft) o
From fig 2.34, -, 11=R—1+Ci % (2.125)
. -yt _
iR =-u(t), O e (2.126)
IR‘Z 1 R2

On equating the equations (2.125) and (2.126) we get,

_m=§ﬁ+clic(t)
t

R d |
R, R, y ; Sy = —[R—je(t) +R,C, Ee(t)] (2.127)
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e de(t)
—»dt !
Tet)
L R, i R, L R I, R
—» —»
—A'%\ ANN— VWA N
iR~ *iR, + iR ~ TR~

() f}%)- O ww _ O

Fig 2.34 : Equivalent circuit of differentiator. ~ Fig 2.35 : ch;uf;m'ent circuit of sign changer.

—u(t)

From fig 2.35, u®=-iR ; = i2= i (2.128)
w®=LR (2.129)
Substitute for i, from equation (2.128) in equation (2.129).
t
)= —“—1(le ——u® (2.130)
On equating the equations (2.127) and (2.130) we get,
R d
—u(t) = _[R_j e(t) +R,C, Ee(t)]
R d
soult) = R—je(t) + RzClae(t} : —(2.131)
On taking Laplace transform of equation (2.13 1) with zero initial conditions we get,
. R '
U=2ZEO+RCSES) @132)
1 ) .
Uis) R
229 Ry (1+RC;5) - T (2.133)

E(s) R,
The equation (2.133) is the transfer function of op-amp PD-controller. On comparing equation
(2.133) with equation (2.124) we get, '

. - R
Proportional gain, K, = ?2

1 -
Derivative time, T, =R,C;

~ By varying the values of R, and R,, the value of gain K_and T, can be adjusted.

PROPORTIONAL PLUS INTEGRAL PLUS DERIVATIVE CONTROLLER (PID-CONTROLLER)

The PID-controller produces an output signal consisting of three terms : one proportional to error
signal, another one proportional to integral of error signal and the third one proportional to derivative of
error signal.
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In PID - controller, u(t) o {e(t)-k-[e(t) dt+%e(t):|

e o K d . (2.1341
sut) = K, e(t)+?ip-"-e(t}dt+KpTd S0 =5
where, K = Proportional gain
T, = Integral time
T, = Derivative time
On taking Laplace transform of equation (2.134) with zero initial conditions we get,
' : K, E(s
UO-KEO+=E SR, TsE RED
*. Transfer function of PID - controller U _ K |1+ ! +;1" s
- _ B PUTs Y (2.136)

The equation (2.135) gives the output of the PID-controller for the input E(s) and equation (2.136)
is the transfer function of the PID-controller. The block diagram of PID-contoller is shown in fig 2.36.

R R(s E(s U(s
(s) S E(s) K, (s) (s KP(H:FI—HAS} (s)
5
Feedback !
signal

Feedback signal
 Fig 2.36: Block diagram of PID- controller.

- The combination of proportional control action, integral control action and derivative control action
is called PID-control action. This combined action has the advantages of the each of the three individual
control actions.

The proportional controller stabilizes the gain but produces a steady state error. The integral controller
reduces or eliminates the steady state error. The derivative controller reduces the rate of change of error.

EXAMPLE OF ELECTRONIC PID-CONTROLLER

The PID-controller can be realized by
op-amp amplifier with integral and derivative
action followed by sign changer as shown in e(t)

CI R’x Cz ) R

fig 2.37. \ A\I/{\/\, A 4>
. : | At
By deriving the transfer function of the ) at ¥ uT}'
controller shown in fig(2.37) and comparing with Amplifier ‘ .
the transfer function of PID-controller defined ¥ ' = Sign changer

by equation (2.136) it can be proved that the  Fig 2.37 : PID- controller using op-amp.
circuit shown in fig 2.37 work as PID-controller.

ANALYSIS OF PID-CONTROLLER SHOWN IN FIG 2.37

The assumptions made in op-amp circuit analysis are.
1. The voltages of both inputs are equal.
2. The input current is zero.
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Based on the above assumptions the equivalent circuit of op-amp amplifier and sign changer are
shown in fig 2.38 and 2.39.

Cidc(t)
a, G
o) o
1 R 1, R iz 1y
A 1 25 R =» R -5 R
VW VW—I- ANV AN
+iR, iR, — Jigdt . + iR - + i,R -
C
t 2 +
RUGEY u@® O A uo
1 ii =0 li =0
= -

Fig 2.38 : Equivalent circuit of amplifier. Fig 2.39 : Equivalent circuit of sign changer.

. . e(t) de(t)
From fig 2.38, uL=5—+ ldt

On taking Laplace transform of equation (2.137) with zero initial conditions we get,
Ii(s)= —1;:—— E(s) +C, sE(s)

Li(s)= [—+Cls] E(s)

From fig 2.38, iR, + C_Iildt =—uy(t)
2 i

On taking Lapla'ce transform of equation (2.138) with zero initial conditions we get,
LER, + - 1Oy
C, s

(s 1
..Ii(s)[R3+CSJ— U, (s)

2

Substitute for I (s) from equation (2.138) in equation (2.140).

(~1—~+ C-ISJ E(s) (Rz + L} =-U,(s}
Ry -

R, C
{KT + C; RC ot RQCIS) E(s) = U(s)
. Lo u®
From fig 2.39, u(t)=-iR.; - b= R
u(t)=iR

Substitute for i, from equatlon (2.142) in equatlon (2.143).
t
w0 =-22R=u()
On taking Laplace transform of equation (2.144) we get,
Uy(s)=-U(s)

..... (2.137)

(2.138)

..... (2.139)

-ea(2.140)

(2.141)

..... (2.142)
..... (2.143)

..... (2.144)

(2.145)



From equations (2.142) and (2.146) we get,

C -
U(s 2Ly +R,Cys
()= [R: C, TRCs T ]E(S)
U6 _[RGHRG I +R,Cs
E(s) R,C, R,C,s
=R [RG+RG 1 FRCys .....(2.146)
R, R,C, R,Cys :

‘The equation (2.146) is the transfer function of op-amp PID-controller. On comparing equatlon
(2.146) with equation (2.136) we get,

Proportional gain, K —R—
1

Derivative time, T,=R,C,; Integral time, T =R,C,
Also, BGHRG
ZCZ

By varying the values of R, and R, the values of K, T, and T, are adjusted.

221 RESPONSEWITHP,PI,PD ANDPID CONTROLLEHS

In feedback control systems a controller may be introduced to modify the error signal and to
achieve better control action. The introduction of controllérs will modify the transient response and the
steady state error of the system. The effects due to introduction of P, PI, PD and PID controllers are

discussed in this section. .
EFFECT OF PROPORTIONAL CONTROLLER (P-CONTROLLER)

The proportional controller produces an output signal which is proportional to error signal. The
transfer- function of proportional controller is given below. (Refer equation 2.83).

. U(s)
Transfer function of P-controller, ) = K,

The term K | in the transfer function of proportional controller is called the gain of the controller.
- Hence the proportional controller amplifies the error signal and increases the loop gain of the system. The
following aspects of system behaviour are improved by increasing loop gain.

# Steady state tracking accuracy.

# Disturbance signal rejection.

% Relative stability.

In addition to increase in loop gain it decreases the sensitivity of the system to parameter variations.
The drawback in proportional control action is that it produces a constant steady state error.

EFFECT OF PI-CONTROLLER

The proportional plus integral controller (PI-controller) produces an output signﬁl consisting of
two terms : one proportional to error signal and the other proportional to the integral of error signal.

 [Tst+1) :
] pL s )l (Refer equation 2.113)

where, K is proportional gain and, T,is integral time.

Transfer function of Pi-controller, G (s) = {
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The block diagfam of unity feedback system with PI-controller is shown in fig 2.40.

s T C
R _, % G.(5)= Kp(}r +Ts) o) (s)_
i3

Fig 2.40 : Block diagram of feedback system with Pl-controller.

Let the open loop transfer function G(s) be a second order system with transfer function, as
shown in equation (2.148).

mz

Open loop transfer function, G(s)= ——— (2.147)
. s(s+2Cwy) '
No.w, loop transfer function = G_(s) G(s) H(s) = G.(s) G(s) | H(s)=1]
' 1+Ts) w2 K,o2 (1+Ts)
= Sl e (2.148)
Ts | s(@+2%e,) STs+2ALw,) '
Now the closed loop transfer function is given by, '
- K,0i(1+Ts)
Cs) _ G.(9G() ST (+Xo,)  _ Kol (1+Ts)
RE) 1+G.()6() | Kea(1+Ts)  $T(s+200,)+Ko; (1+Ts)
: ST, (s+2L0,) :
, K07, (1+Ts)
Ts' + 250, T + K0l T, s+ K 0
(K, /T) 0g(1+Ts)
= = :
53+2Cm-nsz+Kp0)i s+—2mk - K. 5
- Kiog (1+Ts) | (2.149)

T3 2, 2 2
s +20m,s" + K jois+ Kiop

From the closed loop transfer function (equation (3.149)) it is observed that the Pl-controller
infroduces a zero in the system and increases the order by one. The increase in the order of the system
results in a less stable system than the original one because higher order systems are less stable than lower
order systems.

From the loop transfer function (equation (3.148)) it is observed that the PI-controller increase the
type number by one. The increase in type number results in reducing the steady state error. For example
if. the steady state error of the original system is constant, then the integral controller will reduce the error
to zero. ' '

EFFECT OF PD-CONTROLLER

- The proportional plus derivative controlier produces an output signal consisting of two terms : one
proportional to error signal and the other proportional to the derivarive of error signal.

The transfer function of PD - controller, G (s) =K (14T, d's) (Refer equation 2.124)

. Where Kp. is Proportional gain, T P is Derivative time.
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The block diagram of unity f_eedback system with PD-controller is shown in fig 2.41.

R C(s)
L{%—'Gc(s)=i(p(l+'[}s) — >

Fig 2.41 : Block diagram of feedback system with PD-controller.

Let the open loop transfer function G(s) be a second order system with transfer function as shown
in equation (2.150).

2

loop transfer function, G(s)= —n . CL(3.150)
Open loop transfer function, G(s) S+ 2000
Now, loop transfer function = G.(s) G(s) H(s) = G.(s) G(s) : H(s)=1
' 2 Kol (1+T,
= Kp(1+Ty(s)) x —2—= 20 ¥ (2.151)
: s(s+20w,)  s(s+20a,)
Now the closed loop transfer function is given by,
K o(1+T,s)
Cle) __G(®G) _  s(s+2w,)
R(s) 1+G(s)G,(s) e Kol (1+Tys)
s (s+200,)
_ Ko (1+Ts) '
s (s T2Cw,) +K,0] (1+Tys)
~ K0l (1+T;s)
& +2Lw,s+K 02 +K olTs
 Kel(+Ty | o
& + (2o, +K0iT;) s+Kol
_ 0K, +Kes) N (@2.152)

& +(26o, +K07) s+K 0}

From the closed loop transfer function (equation (2.152)) it is observed that the PD-controller
introduces a zero in the system and increases the damping ratio. The addition of the zero may increase the
peak overshoot and reduce the rise time. But the effect of increased damping ultimately reduces the peak
overshoot.

From the ioop transfer function (equation (2.151)) it is observed that the PD-controller does not
modify the type number of the system. Hence PD-controller will not act modify steady state error.

EFFECT OF PID-CONTROLLER

A suitable combination of the three basic modes : proportional, integral and derivative (PID) can
improve all aspects of the system performance.

The proportional controller stabilizes the gain but produces a steady state error. The integral controller
reduces or eliminates the steady state error. The derivative controller reduces the rate of change of error.
The combined effect of all the three cannot be judged from the parameters K, K, and K,
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222 TIME RESPONSE ANALYSIS USING MATLAB

In general, the closed loop transfer function of a system is denoted as M(s).

Let, M(s) be a rational function of "s", as shown below.

M(s) = bos™ + by 4 b,sM 2t by S5+ by
ags™ +as T a,sN 2a L Ay s+ ay

For time response analysis, the coefficients of the numerator and denominator polynomials are

declared as two arrays as shown below.

num_cof = [b0 bl b2 ........ bM] ;
den_cof = [a0 al a2 ........ an];
UNIT STEP RESPONSE

To compute step response

The unit step response can be computed and displayed using following commands.

syms s complex;
JR = 1/s;- _
M = (b0*sAM+b1l*sA(M-1)+...+bM)/(a0*sAN+al*sA(N-1)+...+aN)}
S = R*M;
disp(‘Unit step response of the system 1is,’');
step_res = ijlaplace(s)
To plot step response
" Method 1 :

The unit step response can be plotted using the following command.

step(num_cof,' den_cof);

Method 2 :

The unit step response of the system can be plotted using the following commands.

t = t_start : t_step : t_end
¢ = step(num_cof, den_cof,t);
plot(t,c,'k');

.
¥

where, ¢ is an array where the values of response are stored.

The unit step response can be computed "n" times by varying some parameter of the system

(coefficient / damping ratio / natural frequency of oscillatien) using the following commands.

t = t_start : t_step : t_end
for i =1 :n

c(l:k., i) = step(num_cof, den_cof,t);

end .
plot(t,c,'k");

- where, ¢ is an array where the values of response are stored.
k is the number of samples of response to be computed.
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Method 3 :

The unit step response of the system can be plotted using the following commands.

s = tf('s*);

M = (bO*sAM+b1*sA(M-1)+...+bM)/(a0%sAN+al*sA(N-1)+...+aN):
t = t_start : t_step : t_end :

sr = step(M,t);

plot{t,sr, k");

TMPULSE RESPONSE

~ To compute impulse response

The impulse response can be computed and displayed using following commands.

syms s complex;

M. = (bO*sAM+b1*sA(M-1)+...+bM)/(a0*sAN+al*sA(N-1)+...+aN);
disp(‘Unit step response of the system is,’);

imp_res = 1ilaplace(s)

To plot impulse response
' Method 1 :

The impulse fesponse can be plotted using the following command.

impul se(nurﬁ_cof, den_cof);

Method 2 :

The impulse response of the system can be plotted using the following commands.

t t_start : t_step : t_end ;
m impulse(num_cof, den_cof,t);
plot(t,m,'k');
where, m is an array where the values of impulse response are stored.

- Method 3 :

The impuise response of the system can be plotied using the following commands.

s = tf('s");
M = (b0*sAM+bl¥*sA(M-1)+...+bM)/(a0*sAN+al*sA(N-1)+...+aN);
t = t.start : t_step : t_end 5

1mp_== impulse(M,t);
plot(t,imp, *k');

RESPONSE FOR ARBITRARY INPUT

The response of a system for an arbitrary input, r(t) can be plotted using the following commands.

Tt = t_start : t_step : t_end ;
¢ = Lsim(num_cof, den_cof, r, t);
plot(t,c,'k"); .
where, ¢ 1is an array where the values of response are 'st_cred.
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"ROGRAM 2.1

Consider the standard closed loop transfer function of the second order system
given below.

M(s)=0,2/(s*+2{n s+a ?)

Write a MATLAB program. to find the unit step response for various values of
damping ratio,{. Take, natural frequency of oscillation, o=1 rad/sec.

%unit step response for various values of damping ratio, zeta.
%The natural frequency of oscillation, wn=1.

clc
t=0:0.2:12; ) - %specify a time vector
c=zeros(61,6); %¥initialize -response array. as zero
zeta=[0 0.2 0.4 0.6 0.8 1]; ¥store zeta as an array )
for n=1:6; - %for loop to compute c(t) 6 times
num_cof=[0 0 1]; i
den_cof=[1 2%*zeta(n) 1];:
c(1:61,n)=step(num_cof,den_cof,t);
end

plot(t,c,’k’); grid
xlabel(“time,t in sec’); ylabel(‘unit step response,c(t)’);

text(2.8,1.86, ' \zeta=0")
text(2.8,1.58,'\zeta=0.2
text(2.8,1.30, '\zeta=0.4
text(2.8,1.12, '\zeta=0.6
text(2.8,0.95,’\zeta=0.8

(1]

")
)
")
")
text(2.8,0.72,"\zeta=1.0")

SUTPUT

The output waveforms are shown in fig p2.1.
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Fig P2.1 : Unit step response of second order system for various values of damping ratio.



The output waveforms are shown 7in fig p2.2.
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PROGRAM 2.2
Consider the standard closed loop transfer funct1on of the second order system
given below.
M(s)=0,%/(s%+2fo s+0 )
Write a MATLAB program to find the unit step response for various values of
natural frequency of oscillation, o, . Take, damping ratio,Z=0.4.
%unit step response for various natural frequency of oscillation,wn.
¥The dampmg ratio, zeta=0.4.
clc
t=0:0.1:8; %specify a time vector
wn=[1l 2 4 6]; ¥store wn as an array
zeta=0.4;
c=zeros(81,4); ¥initialize the response array as zeros
for i=1:4; %for Toop to compute c(t) 4 times
b2=wn(i)*wn(i);
al=2*%*zeta*wn(i);
num_cof=[0 0 b2];
den_cof=[1 al bB2];
c(1l:81,i)=step(num_cof,den cof t);
end
Ip1°t(trc(:ll)l,__k”t,c(:lz)s,Xk,ltrc(:r3)l'_k,:t c(‘l4)! - k’);
grid; xlabel(‘time,t in sec’); ylabel(‘uUnit step response, c(t)');
text(4.25,1.25,wn=1")
text(1.5,1.30,’wn=2")
text(0.7,1.30, ’wn=3")
text(0.1,1.25, wn=4")"
OUTPUT

Fig P2.2 : Unit step response of second order system for various values of natural frequency of oscillation.
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PROGRAM 2.3
write a MATLAB program to find impulse response of the following systems.
a) M,(s)=(2s+1)/(s+1)? b) M,(s)=s/(s+1) c) m(s)=1/(s%+1)

%¥Program to find 1impulse response

clc ’

syms s complex;

M1=(2%s+1)/((s+1)A2):;

disp(‘Impulse response of the systeml is,');
ml=iTaplace(Ml)

M2=s/(s+1);
disp(‘Impulse response of the system2 is,’');
m2=ilaplace(M2)

M3=1/(sA2+1);
disp(‘Impulse response of the system3 is,”);
m3=ilaplace(M3)

s=tf(‘s’);
M1=(2*s+1)/((s+1)A2);
M2=s/(s+1);
M3=1/(s5A2+1);

t=0:.005:10;

ml=impulse(Ml,t);
m2=impulse(M2,t);
m3=impulse(M3,t);

plot(t,ml, " --k”,t,m2,’-.k*,t,m3,’-k");grid
xlabel(*time,t in sec’);

ylabel(‘Impulse responses,mli(t),m2(t),.m3(t)’);

text(0.4,1.30,'m1(t)?)
text(0.3,-0.30,’'m2(t)")
text(2.2,0.90,'m3(t)")

-
Ll

—_
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Impulse responses, m1 (), maft), m3(t)
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timet in sec

Fig P2.3 : Impulse response of systems given in program 2.3.
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OUTPUT

Impulse response of the systeml 7s,
’ ml =
2-t)*exp(-t)

Impulse response of the sysrem.? is,
m2 =
dirac(t)-exp(-t)

Impulse response of the system3 7s,
m3 =
sTn(t)

The outpur waveforms are shown in fig p2.3.

PROGRAM 2.4

write a MATLAB program to find unit step response of -the following systems.
a) M (s)=4/(s*+55+4) b) M,(s)=100/(s2+125+100) : c) M,(s)=600/(s*+70s+600)
%¥program te find unit step response

clc

-syms s complex;

R=1/s; . %Laplace of unit step input
Ml=4/(sA2+5%s+4); i

S1=R*M1; %s-domain unit step response of systeml
disp(“Unit step response of the systeml 1is,’);

sl=1tapiace(sl) %¥time domain unit step response of systeml
M2=100/(sA2+12%s+100);

- S2=R*M2; ' ¥s-domain- unit step response of systemz
disp(‘unit step .response of the system2 1is,');

s2=ilaplace(s2) %¥time domain unit step response of system2
M3=600/(sA2+70*s+600);

S3=R*M3; %¥s-domain unit step response of system3
disp(‘unit step response of the system3 is,”);

s3=ilaplace(s3) %¥time domain unit step response o‘F system3
s=tf(‘s’)';

Ml=4/(sA2+5%s+4);

M2=100/(sA2+12%s+100);
M3=600/(sA2+70%5+600);

t=0:.005:10;

Sl=step(Ml,t);
"s2=step(M2,t);

s3=step(M3,t);

p'lot(t,sl.’~—k',t,52,'-.k',t,sB,’—k’):gr"id
xlabei(‘time,t in sec’');

ylabel(*unit. step responses s1(t), sZ(t) s3(t)?’);
text(2.2,0.85,’s1{t)")

text(0.2,1.15,"s2(t) ")

text(0.5,0.95,7s3(t)’")
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OUTPUT

Unit step response of the systeml 7s
sl = i

1/3%exp(-4%t)+1 -4/3%exp(-t)

r

unit step response of the System? is,
52 =

I-exp(-6*t)*cos(8*t)-3/4*exp(-6*t) *sin(8*r)
Unit step response éf the system3 7s,
: 1+1/5%exp(-60%t)-6/5%exp(-10*t)

The output waveform is shown in fig p2.4.
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Fig F2.4 : Unit step response of systems given in program 2. 4.

PROGRAM 2.5 _
Consider the closed loop transfer function of the following second order system
 M(s)=16/(s2+45+16)

Write a MATLAB program to find the rise time, peak time, maximum:peak overshoot,
and settling time from the unit step response of the system.

1

cle : .

t=0:0.005:5; %set time vector

num_cof=[0 0 16]; - %store the numerator coefficients as an array

den_cof=[1 4 16]; %¥store denominator coefficients as an array

[c,x,tl=step(num_cof,den_cof,t); y

n=1; ' _ %initialize count as 1

while c(n)<1.0001; %count the time index as along as c(t)<l
n=n+1;

end:
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rise_time=(n-1)*0.005 ¥rise t-ime=(count--l)*t-i me interval

[cmax,tpl=max(c); %determine maximum value of c(t) &
%corresponding time .
peak_time=(tp-1)*0.005 Xpeak time=(tp-1)*time 1interval

max_overshoot=cmax-1 %compute peak overshoot

n=1001: ) %¥initialize count as (5/.-005)+1=1001

while. ¢(n)>0.95&c(n)<1.05;

n=n-1; ¥count time index between c(t)>0.95&c(t)<1.05

end;

settling_time_Sper_err=(n-1)*0.005

n=1001; ¥initialize count as (5/.005)¥1=1001

while c(n)>0.98 & c(n)<1.02; '

' n=n-1; %count time index between c(t)>0.98&c(t)<1.02
- end’;

settling_time_2per_err=(n-1)*0.005

OUTPUT
rise time =
0. 6050
peak_time =
0.9050
max_overshoor =
0.1630
settling_time_Sper_err = .
1.3200
settling_time_Zper_err =
2.0150

PROGRAM 2.6
Consider the closed loop transfer function of the following second order system,
M(s)=64/(s2+85+64)

Write a MATLAB program to find the response for unit step, unit ramp and unit
parabolic dinput signals.

%unit step/ramp/parabolic response

clc
num_cof=[0 0 64];
den_cof=[1 8 64];

t=0:0.005:2;

ri=t; ¥unit ramp input signal
r2=0.5%t.A2; %unit parabolic input signal

cl=step(num_cof, den_cof,t);
c2=Lsim(num_cof, den_cof,rl,t);
¢3=Lsim(num_cof, den_cof,r2,t);
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p'lot(t.cl,’——k’,t,cZ,’—.k’,t,cB,'—k’): grid
xlabel(*‘time,t in sec’):

ylabel(* Responses cl(t) c2(t),c3(L)’ ),
text(0.25,1.15, cl(t) )
text(1.45,1.5,'c2(t)”)
text(l.35.0.7,'c3(t)’) :

OUTPUT

The output waveform is shown in fig p2.6.

Responses, ¢1ft), c2(t), ca{t)

. ; . : .
0 0.2 0.4 0.8 0.8 1 1.2 1.4 1.8 1.6 2
time,t in 320

Fig P2 6 : Step, ramp and parabolic response of system given in program 2.6.
PROGRAM 2.7

Consider the closed loop transfer function of the following second order system,
M(s)=5/(52+5+5)
wWrite a MATLAEB program to find the response for the input signal, r(t)=2-2t+t%.

¥program. to find response for given input
clc :

num_cof=[0 O 5];

den_cof=[1 1 5];

t=0:0.005:3; ' | %specify a time vector

r=2-2%t+t.A2; %input signal
c=Lsim(num_cof,den_cof,r,t); %compute response using LS.‘il'Il function
plot(t,r,’--k’,t,c,’-.k"); grid

xlabel(*time,t in sec’);
ylabel(‘Input,r(t) and output, c(t) )

text(0.25,1.65,'r(L) ")
text(0.25,0.6,7c(t)’)
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OUTPUT

The output waveform 7s shown in fig p2.7.
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Fig P2.7 : Input and Output of the system given in program 2.7.

2.23 SHORT QUESTIONS AND ANSWERS

Q2.1 What is time response? _
The time response is the output of the closed loop system as a function of time. It is denoted by c(t).
It is given by inverse Laplace of the product of input and transfer function of the system.

Cs)__ Gls)
R(s) 1+G(s} H(s)
R(s) G(s)
1+G(s) H(s)

Response in time domain, c(t)= LC(s)} = If‘{

The ciosed Ioop transfer function,

Response in s-doma‘in, C(s)=

R(s) G(s)
1+G(s) H(s)

02.2 What is transient and steady state response? :
' The transient response is the response of the system when the input changes from one state to
. another. The response of the system as t — « is called steady state response.

Q2.3 What is the importance of test signals?
The test signals can be easily generated in test laboratories and the characteristics of test signals
resembles, the characteristics of actual input signals. The test signals are used to predetermine the
performance of the system. If the response of a system is satisfactory for a test signal, then the system
will be suitable for practical applications. '

Q2.4 Name the test signals used in control system.
The commonly used test input signals in control system are Impulse, Step, Ramp, Acceleranon and

Sinusoidal signals.
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02.6

02.7

02.8

02.9

02.10
Q2.11

02.12

02.13

02.14

Define step signal. 104
The step signal is a signal whose value changes from O to A and remains
constant at A for t > 0. The mathematical representation of step signal is,
rfy=A,t=20

=0,t<0

Ll

Define ramp signal. ' ' o >
A ramp signal is a signal whose value increases linearly with time from Fig Q2.5 : Step signal.
an initial value of zero at t = 0. Mathematical representation of ramp :
signal is, o) 4
r(t} = At ,t=20 : _

, 1<0 ' 2AL-mmmm e
Define pambokc s:gnal _
it is a signal in which the instantaneous value varies as square of the Afeeeg :
time from an initial value of zero at t=0.The mathematical representation
of parabolic signal is, ] ?
Fig Q2.6 : Ramp signal.

2
r(t)=ATt',t20

=0, t<0 . ) ' {t) A
What is weighing funcfion?

The impulse response of system is called weighing functson it is given 45Afe-emennnn- :

-by inverse Laplace transform of system transfer function. AL '
What is an impulse signal? ' C

0.5AF- -5 N N

A signal which is available for very short duration is called impulse
signal. Ideal impulse signal is a unit impulse signal which is defined as 0 1 2 3 ;"
asignal having zero values at all time except att = 0. Att=0the magnitude .Fig Q2.4 : Parabolic signal.

" becomes infinite. It is denoted by 3(t) and mathematlcaliy expressed as,

and _[ a(t) dt=1

-

8(t) = ; 1=0
=0 ; t=0
Define pole.

The pole of a function, F(s} is the value at which the function, F(s) becomes infinite, where F(s) is a
function of complex variable s.

Define zero.

The zero of a function, F(s) is the-value at which the function, F(s) becomes zero, where F(s) is'a
function of complex variable s.

‘What is the order of a system?

The order of the system is given by the order of the differential equation governing the system. Itis
also given by the maximum power of s in the denominator polynomial of transfer function. The
maximum power of s also gives the number of poles of the system and so the order of the system is
also given by number of poles of the transfer function.

Define damping ratio.
The damping ratio is defined as the ratio of actual damping to critical damping.

Give the expression for damping ratio of mechanical and electrical system.

B
The damping ratio of second order mechanical transiational system, £=
ping y ¢ 2JMK

The damping ratio of second order mechanical rotational system, ¢= _B_

2JIK
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The damping ratio of second order elecirical system, ¢ =

R
24LiIC

02.15 How the system is classified depending on the value of damping?
: Depending on the value of damping, the system can be classified into the following four cases.
Case 1: Undamped system, £ =0 ' '
Case 2 : Underdamped system, 0 < < 1
Case 3 : Critically damped system, £ = 1
Case 4 ;: Over damped system, £ > 1 -
02.16.  Sketch the response of a second order under damped system.
c(Da
Clt)r - -

Allowable error

L.Of- 2% or 5%

0.5F 4

LW
,

ot, t T 1,
Fig Q2.16 : Response of under damped second order system.

Q2.17 - What will be the nature of response of a second order system with different types of damping?

For undamped system the response is oscillatory.

For underdamped system the response is damped oscillatory.

For critically damped system the response is exponentially rising.

For overdamped system the response is exponentially rising but the rise time will be very large.
Q2.18.  What is damped frequency of oscillation?

In underdamped system the response is damped oscillatory. The frequency of damped oscillation is
given by, o, =0,y1-22 .

Q2.19.  Give the expression for natural frequency of oscillations of electrical and mechanical system.
The natural frequency of oscillation of K
.second order mechanical translational sysmm} n Jg
The natural frequency of oscillation of 1 _
second order mechanical rotatlonal system| S )

The natural frequency of oscillation of _ 1
second order electrical system "Je

Q2.20.  The closed loop transfer function of second order system is

1]

S

s 10
R(s) s'+65+10

. What is the type of
damping in the system?.
Let us compare the given transfer function with the standard form of second order transfer function

Cls) w2 10
RS s+ 2Ao,s+0l  s2+65+10
0%:10 zgo)ﬂz
6
. =410 =3.1622 rad/ sec =———-——‘—'095
On Jw. 2x g 2><J_

Since ¢ < 1, the system is underdamped.
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g2.21

02.22

02.23

02.24

02.25

02.26

02.27

D2.28

200

The closed loop transfer function of a second ord 'St by 57— i
p sfer fi f ond order sys em is given by 7 1 2051 200 Determine

the damping ratie and natural frequency of oscillation.
Let us compare the given transfer functien with the standard form of second order transfer function

s _ of __ 200
CR(s) s?+2Ao,s+02  s®+20s+200
s o2 =200 _ Ao, =20
©p = /200 =14.14 rad/ sec (=20 =20 _o707

2xo, 2 x14.14
Damping ratio, £ = 0.707
Natural frequency of oscillation, o, = 14.14 radlsec

A second order system has a dampmg ratio of 0.6 and n&tum_l frequency of oscillation is 10 rad/sec.
Determine the damped frequency of oscillation.

‘Damped frequency of oscillation, o4 = ani—‘;z = 1{),/1—((}.6)2 ='10x0.8=8 rad/sec

The open loop transfer function of a unity feedback system is G(s) = _(_?%'E’; Whalt is the nature of
s(s+
response of closed lpop system for unit step input.
The closed loop transfer function, '
C(s) __Gls) _20/s(s+10) _ 20 20
Rs) 1+G(s) 4,20  s(s+10)+20 s%+10s+20
s(s+10)
The standard form of second order transfer function is, s _ op

RiS) s?+2o s+0?2
On comparing system transfer function with standard form of second order transfer function we get,
02=20 Lo, =10
. _ _ -_10 10
- @ =v20 =447 rad/sec Z Fxor " Ix a4 ‘
Since damping ratio, £ >1, the system is overdamped and the response will be exponentially rising.

=112

List the time domain specifications.

The time domain specifications are,

(i) Delay time (if) - Rise time (i) Peak time

(iv) Maximum overshoot = {(v) Settling time.

Deﬁne delay time.

It is the time taken for response to reach 50% of the final value the very first time.

Define rise time.

Itis the time taken for response to raise from 0 to 100% , the very first time. For underdamped system,

the rise time is calculated from 0 to 100%. But for overdamped system it is the time taken by the

response to raise from 10% to 90%. For critically damped system, it is the time taken for response to

" raise from 5% to 95%.

Define peak time.

Itis the time taken for the response to reach the peak value, the very first time (or) It is the time taken
for the response to reach peak overshoot, M -

Define peak overshoot.
it is defined as the ratio of the maximum peak value to final value, where maximum peak value is
measured from final value.

clty)—c()

Let final value = c(), ~ Maximum value = cft) - Peak overshoot, M, = )
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02.30

02.31

02.32

02.33

02.34

02.35

02.36

Define settling time. _
Itis defined as the time taken by the response to reach and stay within a specified error and the error
is usually specified as % of final value. The usual tolerable error is 2% or 5% of the final value.
The damping ratio of a system is 0.75 and the natural frequency of oscillation is 12 rad/sec,
Determine the peak overshoot and the peak time.

—In 0.75x=n

- [ 2 2
Peak overshoot, M, =&V —e Vw07 _qg2g - %M, =0.028 x 100 =2.8%

Damped frequency of oscillation, o = w,y1-¢2 =12y1-(0.75)% =7.94 rad/sec

Peak time, t, = Z T _0396sec
P og 794

The damping ratio of system is 0.6 and the natural frequency of oscillation is 8 rad/sec. Determine
the rise time.

Rise time, tr = -“—:-?—
Dy

p=tan V=8 = a1 100" (06)2 =5313° =
og=opy1- —31/1 (06)2 =64 rad/sec

=-0827
=034 sec
6.4

What is type number of a system? What is its significance?

Oax-:rad = 0.927 rad

- Risetime, t, =

The type number is given by number of poles of loop transfer function at the origin. The type number
of the system decides the steady state error.

- Distinguish between type and order of a system.

(i) Type number is specified for loop transfer function but order can be specified for any transfer
function. (open loop or closed locp transfer function).’

(if) The type number is given by number of poles of loop transfer function lying at origin of s-plane but
the order is given by the number of poles of transfer function.
For the system with following transfer function, determine type and order of the system.
_ : 20(5+2) '
s(s+1) (s’ +6s+8) @ G5 HES) = s°(s+3) (s +0.5)
(iii) G(s) H(s) = S ik {iv) G(s) H(s) = L
(s—2) (s+0.25) s*2+ 25+ 1)
Ans: (i} = Type-1,order-4 (ii) Type - 2, order - 4
(i) - Type-0,order-2 (iv) Type - 3, order - 5.

(9 G(s) H(s)=

What is steady state error?

The steady state error is the value of error signal e(t), when t tends to infinity . The steady state error

is a measure of system accuracy. These errors arise from the nature of |nputs type of system and

from non-linearity of system components.

What are static error constants?

The K, K, and K, are called static error constants. These constants are associated W|th steady state

error |n a partrcular type of system and for a standard input.

Define positional error constant.

The positional error constant K, = l_tD G(s) H(s) . The steady state error in type-0 system when the
5-3

input is unit step is given by1f1+Kp.
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Define velocity error constant.

The velocity error constant K, = Lt sG(s) H(s). The steady state error in type-1 system for unit ramp
input is given by 1/K,.

Define acceleration error constant.

The acceleration error constant K, = l_t0 s G(s) H(s). The steady state error in type-2 system for unit
5>

parabolic input is given by 1/K .
10

A unity feedback system has a open loop transfer function of G(s)= m Determine the
) s+ s+
steady state error for unit step input.
The steady state error for unit step input, ey =L, where, K,= Lt G(s) H(s) .
. 1+Kp : s0 ;
For unity feedback system H(s) = _
10 1 1
~ K, = Lt = —_— ——_——
p = G.(s) o T Er2 =5 and =8 &

25(s+4)

-~ - Determine
5(s+0.5) (s+2)

1
1+K, 145
A unity feedback system has a open loop iransfer function of G(s)=

the steady state error for unit ramp input.
. _ ]
The steady state error for unit ramp input is, &g T where, K, = SLt0 s G(s) H(s). For unity feedback
v —3
system H(s) = 1.
—=0.01

 25(s+4) 25x4 11
= =1 = —

|is(s+0.5)(s+2)j| 0.2 00 ¢ SsTRo=ig
20(s+5)

ss+0.1) (s+3)

Ky = Lt sG(s) = Ltos
55—

A umly feedback system has a open loop transfer funcﬂon of G(s)= Determine

the steady state error for parabolic input.

The steady state error for unit ramp input is ey =Ki, where, K, = I.t{J s?G(s) H(s) . For -unity
& . 5+

feedback system H(s) = 1.

SKg= Lt 52[ (20 (s+5) ]'=2°"5=@:333.33 and ey =—-=—1 0003

s-0 | s¥(s+0.1) (s+3)| 0.1x3 03 Ky 33333

What are generalized error coefficients?
They are the coefficients of genera!ized error series.The generalized error series is given by,

e(t)= Cor{t)+C1r{t)+——r(t) r(t) Fonit i—r(t)

~ The coefficients C,, C,, C,......C, are called generalized error coefficients or dynamic error coefficients.

d _F(s), where, F(s)= m

The n" coefficient, C, = Lt

Give the relation between generalized and static error coefficients.

The following expression shows the relation between generalized and static error coefficient.
LA o =l; C, __.._1._

1+Ky Ky Ka

Mention two advantages of generalized error constants over static error constants.

(i) Generalized error series gives error signal as a function of time.

(iiy Using generalized error constants the steady state error can be determined for any type of input
but static error constants are used to determine steady state error when the mput is anyone of the
standard input.

Co=
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What are the basic components of an automatic control system ?
The basic components of an automatic control system are,
1.  Error detector 4. Plant
2. Amplifier and controller 5. Sensor or feedback system
3. Actuator (Power actuator)
What is automatic controller ?
The combined unit of error detector, amplifier and controller is called automatic controller.

What is the need for a controller?
The controlier is provided to modify the error signal for better control action.

What are the different types of controllers?
The different types of coniroller used in control system are P, Pl, PD and PID controilers

What is Pmportmnai controller and what are its advantages?

The Proportional controller is a device that produces a control 5|gnal which is proportional to ths
input error signal.

The advantages in the proportional controlier are improvement-in steady—state tracking accuracy
disturbance signal rejection and the relative stabmty it also makes a system less sensitive to paramete
variations.

What is the drawback in P-controller?

The drawback in P-controlier is that it develop a constant steady-state error.

What is integral conirol action? . :

In integral control action, the controi signal is proportional to ihtegral of error signal.

What is the advantage and disadvantage in integral controller?

The advantage in Integral controller is that it eliminates or reduces the steady-state error. The
disadvantage is that it can - make a system unstable.

Write the transferfuncu’on of B, PI, PD and PID controilers.

U(s - ' '
The transfer function of P-controlier, E'({'S'g“ = Kp : where, Ku = Proportional gain.

' U(s 1
The transfer function of Pi-controller, %%Kp[ﬂﬁ) ;where, T, = Integral time constant.

U(

The transfer function of PD-controller, % =K (1+ Tdsj : where, T, = Derivative time constant.
S

The transfer function of PID-controller, @zK (1 1 —+T,s
- E(s) " Ts

What is Reset rate? \

The Reset rate is the reciprocal of integral time or reset time. The reset rate is the number of times
per minute that the proportional part of the control action is duplicated and it is measured in terms
of repeats/minute. :

Why derivative control is not employed in isolation?

A derivative control mode in isolation produces no corrective efforts for any constant errors. Because
it acts only on rate of change of error.

What is Pl-controller?

The Pl-controller is a device which produces a control signal consisting of two terms : one proportionz
fo error signal and the other proportional to the integral of error signal.
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What is PD-controller? o
The PD-controller is a device which produces a control signal consisting of two terms : one proportional
to error signal and the other proportional to the derivative of error signal.

What is PID-Controller?
The PID-controller is a device which produces a control signaI censisting of three terms : one
proportional to error signal, another one proportional to integral of error signal and the third one

' pmpomona{ to derivative of error signal.

Give an example of electronic PID-controlier

The electronic PID-controller can be realized by an op-amp amplifier with mtegral and derwatwe
action followed by sign changer, as shown in figure Q2.60.

Amplifier=

=

Sign changer

Fig 02.60

Sketch the step response of a P and Pl-controller ?
Let e(t) be the input signal to the controlier and u(t) be the output signal to the controller. The input’

" and output signals are shown in the figure Q2.61.

e()a : Unit step ult)a

1 . 2K, / Pi‘%omro} action
K

¥
P control action

0 » t 0 T - ‘r‘t
Fig 02.61

Sketch the ramp response of F, PD and PID-controller?

Let e(t) be the input signal to the controller and u(t) be the output signal to the controller. The input
and output signals are shown in the figure Q2.62.

PID control action

. e(t)dk u(t}jk c‘:o
ol & 3
o ®pD cont
{36\ -~
& <
) "~ “¥_Proportional
P control action
_
0 - > 0= ”

Fig 02.62
What is the effect on system performance when a proportional controller is introduced in a system?
The proportional controller improves the steady-state tracking accuracy, disturbance signal rejection
and relative stability of the system. It also increases the loop gain of the system which results in
reducing the sensitivity of the system to parameter variations.

What is the disadvantage in proportional controller?
The disadvantage in proportional controller is that it produces a constant steady state error.
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What is the effect of PI-controller on the system performance?

The PI - controller increases the order of the system by one, which results in reducing, the steady
state error. But the system becomes less stable than the original system.

What is the effect of PD-controller on the system performance?

The effect of PD - controller is to increase the damping ratio of the system and so the peak overshoot
is reduced.

Why derivative controller is not used in control systems?

The derivative controller produces a control action based on rate of change of error signal and it does
not produce corrective measures for any constant error. Hence derivative controlier is not used in
control systems.

Determine the impulse response of the feedback system governed by the closed loop fransfer
25 +1

(s+1)*° _
By partial fraction expansion the given closed loop transfer function can be expressed as,

Sunction, M(s) =

_-28+1 _ A B

x(s+1)2

= 2s+1) _ = 2A-N+1=-1

- 2
ME) = e e

The impulse response is given by inverse Laplace transform of closed loop transfer function.

1 2 }:—te“+2 g™

~.Impulse response, m{t) = £ +=
P P ® {(S+1)2 s+1

Determine the impulse response of the feedback systems governed by the following closed loop
transfer functions,

1
2) M(s)=—s—£—1; b) M(9)= 5~

a) The impulse response is given by inverse Laplace transform of closed loop transfer function.

~.Impulse response, m(t) = £ 1 {—>_1 = ¢ {1——1— = 3(t) — e
s+1 s+1 )

b) The impulse response is given by inverse Laplace transform of closed loop transfer function.

. Impulse response, m(t) =L“{ 21 } = sint
s +1

Determine the impulse response of the feedback system gavemed by the closed loop transfer
S 2s+3)
+3)P2+1

The impulse response is given by inverse Laplace transform of closed loop transfer function.

Sunction, M(s)=

= Impulse response, m{t) = £~ m = 2e* cost
(s+3)°+1}
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EXERCISES |
E2.1 What is the unit-step response of the system shown in figE2.1
R [10] Cs)
L —r{se1—n —T
" Fig E2.1.

E2.2

E2.3

E2.9

E2.10

"The open loop transfer function of an unity feedback control system is given by G(s)=

_settling time«

Obtain the unif—step response of a unity-feedback system
: G = 5(s+20)
whose open-loop transfer function is S(5+459) (s + 3415+ 1635) -

100
_ s(s+2)(s+5)
For unit step input,find the time response of the closed loop system and determine % over shoot and the
rise time.

A Servomechanism has its moment of inertia J = 10x10~* Kg-m?, retarding friction, B = 400x10~° N-m/
(rad/sec) and elasticity coefficient, K = 0.004 N-m/rad. Find the natural frequency and damping factor of
the system.

; 4 N o
For a second order system whose open loop transfer function G(s)= 5 determine the maximum
' +

)
over shoot, the time to reach the maximum overshoot when a step disp(lacement of 18° is given to the
system. Find the rise time, time constant and the settling time for an error of 7% .

3

Consider the unity feedback closed loop system where the forward transfer function is G(s) = ~( 5
s(s+

Obtain the rise time, Peak time, Maximum overshoot and the settling time when the system is subjected to
a unit-step input. '

Consider the system shown in fig E2.7, where { = 0.6 and @ = 0.5 rad/sec. Determine the rise time, peak
time, maximum overshoot and Settling time, when the system is subjected to a unit-step input.

C(s)

s(s+2La,)

lng E2.7.

For the system shown in fig E2.8, determine the values of K and K, so that the maximum overshoot in the
unit step response is 0.2 and the peak time is 1 sec. With these values of K and K, obtain rise time and

$

RG) ~ EG) [ K Cs)
e

s(s+1)
13+K|.5 Fig E2.8.

The system shown in fig E2.9 subjected to a unit-step input. Determine the values of K and T, where the
Maximum overshoot of the system is 25.4% corresponding to § = 0.4.

Determine the values of K and T of the closed-loop system shown in Fig E2.10, so that the maximum
overshoot in unit-step response is 25% and the peak time is 2 sec. Assume that J=1 Kg-m”.
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R(s) K T Cls)
s{Ts+1) "

Fig E2.9,

C(s)

Fig E2.10.

1
s(05s+1) (02s+1)
a) Determine the steady-state errors to unit-step, unit-ramp and unlt parabolic inputs.

E2.11 A unity-feedback system is characterized by the open-loop transfer function G(s)=

b) Determine rise time, peak time, peak overshoot and settling time of -the unit-step respone of the system.

E2.12 For a system whose G(s) :-——-—]0—,
s(s+1) (s+2)

find the steady state error when it is subjected to the input, r(t) = 1+2t +1.5 £,

E2.13 A unity feedback system has G(s)=

s(1+s : :
The input to the system is described by r(t ) = 4+6t+21%. Find the generalized error coefficients and steady
state error. :

10
(s+1)
Find the steady state error and the generalised error coefficient for r(t) = t.

E2.14 A unity feedback system has the forward path transfer function G(s) =

E2.15 Find out the position, velocity and acceleration error coefficients for the following unity feedback systems
havmg forward loop transfer function G(s) as,

(@) —— 100 ) . S—

@) (1+05s) (1+25) © s(1+0.1s) (1+5)
K K(1+s) (1+2s)

© (5% +8s+100) @ s?(s? +4s+20)

‘E2.16 The open loop transfer function of a unity feedback control system is G(s) = 9;’{5+1), using'the generalized
error series determine the error signal and steady state error of the system when the system is excited by,

(i) n(t)=2 (ii) r(t)=t
(iii) r(t)=3t42 (iv) r(t) = 1 +2t +31%/2
. ) ] K(s+2) - .
E2.17 For unity feedback system having open loop transfer function as G(s) 282_(542"-7_‘4-1?}_. Determine,
. o

(i) type of system,
(ii) error constants K , K and K,

(iii) steady state error for parabolic input.




ANSWER FOR EXERCISE PROBLEMS

E2.1

E2.2
E2.3

E2.4
E2.5

£2.7
£2.8

E2.9

E2.10

|E2.12

552.13
E2.14
£2.15

E2.16

c(ty=—11455 e~ 887 , 01455¢ 113 11

E2.6

3 =1 17 —t . 11 =3t 13 3t s
th=1+— P — — t—— f——
C{ ) +—e cosd e sin3 e " cos ) e sint

c(t)= [1 ~0.186 e 7% ~ 0.88 "% cos(3.65t — 22° )]

As ttends to infinity, c(t) tends to infinity and so the system is unstable. Therefore % over shoot and
rise‘time are not defined.

Natural frequency, @ = 20 rad/sec, Damiping factor, £=1.

Maximum overshoot = 0.16, when input is 18%; Mp= 2.88%

Peak time, t =1.81sec. Rise time, =1.21 sec -

Time constant, T=1 sec, Settling time for 7% error = 2.66 sec.

Rise time, t= 0.55sec, %Peak overshoot, M.=9.5%

Peak time, t = 0. 7853ec Settling time, t = 1 335ec {for 2% error); t, =1 sec( for 5% error)
Rise time, t =0.55sec, Maximum overshool, M_= 0.095

Peak time, t o= 0.785sec, Settling time, t, = 1 sec (for 5% criterion)

K=12.5, Risetime, t=0.65sec

K=0.178 ; ~ Settling time, t.=2.48 sec (for 2% error) ; t=1.86 sec (for 5% error)

K=1.42, T=1.09 E2.10  K=2.95N-m T=0.471sec
(@) esslney =0 () Risetime,  tr=191sec
Peak time, tp=2.79sec
sl =1 Peak overshoot; Mp = 01265
€55/ unt paravoia = © Settling time, tg=54sec

The total steady state error is .

C,=0; C,=1 C,=0; C,=-6; e, =«
C=1/11; C,=10/121; e, = w.
Question K, K, K,
(a) 100 0 0
(b) T K 0
() © @ KA100
(d) © o K/20
(i) e(y=0.2 o ose,=02 E2.17 (i) ltistype-2system
(i) e(t) = 0.1t+0.08 : ; 8, = . () K=w, K=wxo; K=KB6
(iii) () = 0.152+ 0.271-0.054 ;e = (i) e =6/K

(iv)e() =0.1582+0.77t+0.226 ;e_=




CHAPTER 3

FREQUENCY RESPONSE
ANALYSIS

3.1 SINUSOIDALTRANSFER FUNCTION AND FREGUENCY RESPONSE

The response of a system for the sinusoidal input is called sinusoidal response. The ratio of
sinusoidal response and sinusoidal input is called sinusoidal transfer function of the system and in
general, it is denoted by T(jo). The sinusoidal transfer function is the frequency domain representation of

the system, and so it is also called frequency domain transfer function.

The sinusoidal transfer, function T(jo) can be obtained as shown below.

1. Contruct a physical model of a system using basic elements/parameters.

2. Determine the differential equations gbverning the system from the physical model of the
system.

3. Take Laplace transform of differential equations in order to convert them to s-domain equation.
Determine s-domain transfer function, T(s), which is ratio of s-domain output and input.

5. Determine the frequency domain transfer function, T(jw) by replacing s by jo in the s-domain
transfer function, T(s).

Note : If the s-domain transfer function, T(s) is known, then frequency domain transfer
function, T(jw) can be obtained directly from T (S) by replacing s by jo.

ie, T(s) —= T(jo)

Consider a linear time invariant system with frequency domain transfer function, T(jo) shown in
fig 3.1. Let the system be excited by a sinusoidal signal frequency ®, amplitude A, and phase 6. Now the
response or output will also be a sinusoidal signal of same frequency ®, but the amplitude and phase of
response will be modified by amplitude and phase of the transfer function respectively.

Now, the amplitude of the response is given by the product of the amplitude of the input and
transfer function. The phase of the response is given by the sum of the phase of the input and transfer
function.

Let,  T(jo)=

where, ]T(_;m)| = Magnitude of T(jo), and, Z T(j@)= Phase of T{]LJ)
Let, Input, r(t) = A sin (ot +08)=A £
where, A = Amplitude of input, © = Frequency of input, and 6 = Phase of input.
Now, Response, c(t) =r(t)x T(jo) = A0 x [T(jo)| £ T(o) =Ax|T( jmj{ Z(8+£T(jw)) =B ZLo
where, B= Ax [T( ju})i = Magnitude of response, and, ¢ = 8+ 2T(jo ) = Phase of response.

- 2 —— o) o=BL
t(t) = A sin(ot +0)=A Z 0 HISUEIRORIL R, [ F ik -y +XE§](?.3;‘)

Fig 3.1 : System with sinusoidal transfer function T(jo).
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FREQUENCY RESPONSE '

The frequency domain transfer function T(jw) is a complex function of . Hence it can be seperated

into magnitude function and phase function. Now, the magnitude and phase functions will be real functions
of @, and they are called frequency response.

The frequency response can be evaluated for open loop system and closed loop system.

The frequency domain transfer function of open loop and closed loop systems can be obtained from the
s-domain transfer function by replacing s by jo shown below.

Open loop transfer function : G(s) —=2- G(jo) =|G(jo)| £G(o) en(3.0)

Loop transfer function 2 G(s)H(s) —=2 G(jo)H(jo) =|G(jo)H(jo)|£G(jo)H(jo) -~ (3-2)

Closed loop transfer function: M(s) — = 5 M(jo) =[M(jo)| MGo) e (3.3)
where, are Magnitude functions

ZG(jo), £LM(jo), Z£G(jo)H(jw) are Phase functions.

Note : For unity feedback system, H(s) = I and open loop and loop transfer functions are same.

The advantages of frequency response analysis are the following.

1. The absolute and relative stability of the closed loop system can be estimated from the knowledge
of their open loop frequency response.

2. The practical testing of systems can be easily carried with available sinusoidal signal generators
and precise measurement equipments .

3. The transfer function of complicated systems can be determined experimentally by frequency
- response tests.

4. The design and parameter adjustment of the open loop transfer function of a system for specified
closed loop performance is carried out more easily in frequency domain.

5. When the system is designed by use of the frequency response analysis, the effects of noise
disturbance and parameters variations are relatively easy to visualize and i mcorporate corrective
measures. .

6. The frequency response analysis and designs can be extended to certain nonlinear control
systems.

3.2

FREQUENCY DOMAIN SPECIFICATIONS

The performance and characteristics of a system in frequency domain are measured in terms of

frequency domain specifications. The requirements of a system to be clemgned are usually specified in
terms of these specifications.

The frequency domain specifications are,

1. Resonant peak , M_ - 4. Cut-off rate
2. Resonant Frequency , o 5. Gain margin, K,
3. Bandwidth, o, 6. Phase margin, y

Resonant Peak (M)

The maximum value of the magnitude of closed loop transfer function is called the resonant peak,

M,. A large resonant peak corresponds to a large overshoot in transient response.
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Resonant Frequency (o)

The frequency at which the resonant peak occurs is called resonant frequency, o This is related
to the frequency of oscillation in the step response and thus it is indicative of the speed of transient
response. |

Bandwidth (o, )

The Bandwidth is the range of frequencies for which normalized gain of the system is more than
-3 db. The frequency at which the gain is —3 db is called cut-off frequency. Bandwidth is usually defined
for closed loop system and it transmits the signals whose frequencies are less than the cut-off frequency.
The Bandwidth is a measure of the ability of a feedback system to reproduce the input signal, noise
~ rejection characteristics and rise time. A large bandwidth corresponds to a small rise time or fast response.

Cut-off Rate

The slope of the log-magnitude curve near the cut off frequency is called cut-off rate. The cut -off
rate indicates the ability of the system to distinguish the signal from noise.

Gain Margin K

The gain margin, K_ is defined as the value of gain, to be added to system, in order to bring the
system to the verge of instability.

The gain margin, K_is given by the reciprocal of the magnitude of open loop transfer function at
phase cross over frequency The frequency at which the phase of open loop transfer function is 180° is
called the phase cross-over frequency, ©

Gain Margin, K, = IE(_j%J_)‘ SELI (3.4)
5 e 1 2

The gain margin in db can be expressed as,

i - .
K indb=20 log K_=20 log ———— T (3.5)
¢ L R R TETET e

i Note : |G(jo )| is the magnitude of G(jo) at © = @

. The Gain margin in db is given by the negative of the db magnitude of G(jo) at phase cross-over
frequency. The gain margin indicates the additional gain that can be prowded to system without affecting
the stability of the system. .

Phase Margin ()

The phase margin v, is defined as the additional phase lag to be added at the gain cross over
frequency in order to bring the system to the verge of instability. The gain cross over frequency o, . is the
frequency at which the magnitude of the open loop transfer functlon is unity (or it is the frequency at
which the db magnitude is zero).

- The phase margin v, is obtained by adding 180° to the phase angle ¢ of the open loop transfer
function at the gain cross over frequency

- Phase margin, y=180°+¢_, e (3.6)

where, ¢ = £G(jo,)

Note : £G(jo ) is the phase angle of G(jo)ato =0
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The phase margin indicates the additional phase lag that can be provided to the system without
affecting stability.

3.3 FREQUENCY DOMAIN SPECIFICATIONS OF SECOND ORDER SYSTEM
RESONANT PEAK (M)

' Consider the closed loop transfer function of second order system,

2

9 _ gy = - WO ' | d37)

5} =
R(s) "+ 2%, s+o’

The sinusoidal transfer function M(jo) is obtained by letting s = jo.

i
We = o s e B, o®  Hom T w om (3.8)

L M(jo) =— - 3
(jo)* +25w,(jo) +o;
_ @, _ ©; _
- 2, 2 2 - 2
—0°+ j2Lo, 0+ 0] R ; oy
. mﬁ[—--—;—'ﬂﬁ’;——ﬂ} O D P
Wy @y W, n

3\
Let, Normalized frequency, u= {E—J
@ it

1

M(iom) =
.UQ) (1-u?)+j2Cu
Let, M = Magnitude of closed loop transfer function
oo = Phase of closed loop transfer function.
r - 1 2 2.2 o e “1 :
M =|M(joi= =l )y A2 o 7 el T e we 39
Ml | = s (A=) +47?] (39)
o=/M(jo) = —tan™ - ' eef(3.10)

1=
The resonant peak is the maximum value of M. The condition for maximum value of M can be
obtained by differentiating the equation of M with respect to u and letting dM/du = 0 whenu =u,

G .
where, u, = —F = Normalized resonant frequency.
o)

On differentiating equation (3.9) with respect to u we get,

%:...{?_11- [(1-u2)2+4§2112]—% ;‘% (1= + 4 ul]_g 201 (-20)+85%]
-[-41: (- u2}+8§2u] _ 4u(1-u)’ -8 :

= 3 , O 4 |
2 [“_ﬂ uz)z +4Q2u2]5 2 [(1_112)2 +4J_’J2u2]5 ( )

Replace u by u_in equation (3.11) and equate to zero.

2y _ g2
du, (1) -8 5o P et (3.12)
2 [(-ut)? -4l
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" The equation (3.12) will be zero if numerator is zero. Hence, on equating numerator to zero we get,

-4ur(1—1,zf)--&:;211I =0 = 4u -4uf —8%u_=0

LoAul=4u -8, = uwl=1-202 — T ceeenl(3.13)

‘Therefore, the resonant peak occurs when u, = {/1-2¢°

Put this condition in the equation for M and solve for M.

| 1 L 1
Mr = = ; T 1
a-wpsandfr|  [0-wreauf [o-a-2p s aa-20]
_ [ R 1 o
4 +4§2_&:4]jz' [%2_45_4]% [%2(1_5)}% W12
Resonant peak, M, = 1

A N ' . (3.14)
zg,h-f;?

RESONANT FREQUENCY (o)

Normalized res{mant frequency, u, = s HR J1=282 o (3.15)
o, !

The resonant frequency, , = @,y1-2¢

..... (3.16)
- BANDWIDTH (o)
Le"z, Normalized bandwidth, u, = -
(!:Pn
When u = u, the magnitude M, of the closed loop system is 1/4/2 (or =3db).
Hence in the equation for M (equation 3.9), put u = u, and equate to 1/ 3, =
1 1
" M = R (3.17)
242 2.2 - 'JE .
[(1-u})* + 4gu}

On squaring and cross multiplying we get,

(I-w)*+48%0; =2 = l+ul-20l+40%d=2 = uf —2u (1-¢%)~1 =0
Let, x=ul ;  ~x*-2(1-28%)x-1=0

20 ~20%) 240272 +4 _ 2(1-287) 121+ 45 -4 +1
- 2 7
Let us take only the positive sign,

Sx=1-207 2 - a5 + 4

Btl't,ub:\/;; - U =‘&:[1—2C2+\f2“4§2+4c_,4] ;. Also, ub:%

W=
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12
-.| Bandwidth, o, =0, u, = o, [1_ N T T
PHASE MARGIN (y)

..... (3.18)

The open loop transfer function of second order system,
2

G(s) = ..__L..

, s(s+2Cm )

®> o2
G(jw) = B 7

e BB s o (3.19)
The sinusoidal transfer function G(j®) is obtained by letting s = jo.

jo (jo +2Co,) - o [

_ = ke 2R (3.20)
ﬂ]m{zf;ﬂ K ) j-"’—(zmi} |
{Dn mn m'ﬂ m

o
Let normalized frequency, u = o/w,

On substituting u = o/w_in equation (3.20) we get, -
G(jo) = ———
U= et
Magnitude of G(jw)=|G(jo)| =

1 1
u\/éi-(;z +u? Ju4 +457?

Phase of G(jo)=-90° —tan™ %

At the gain cross-over frequency w_, the magnitude of G(jo) is unity.
Let normalized gain cross over frequency, u, =« /o,

On substituting u by u__ in the equation (3.22) and equating to unity, we get, -
. - . L B I _ . Q. . S 4 2.2 _
S Atu=uy, |G(jw)| m—] = _“gc 47 =1 = ugc+4§ u, ~1=0
£C gc
LxE+4x-1=0
—ag2 £ 16" +4
SX= - =202 £.04C* +1
Let us take only the positive sign, |
S ity

But, u,.=+vx;

B o
Let, K—ch -

1
AU =vx= {_zf +4/4E% + 1}2 e (3.24)
The phase margin, y =180+ ZG(jo)|, . A

 wy s (3.25)
Substituting for ZG(jo) from equation (3.23) in equation (3.25) we get,

ity (3.26)
20

Note : The gain margin of second order system is infinite.




3.4 CORRELATION BETWEENTIME AND FREQUENCY RESPONSE

The correlation between time and frequency response has an expllclt form only for first and second
order systems. The correlation for second-order system is discussed here.

Consider the magnitude and phase of a closed loop second order system as a function of normallzed
frequency, as given by equations (3.9) and (3.10).

i
Ja-u?y +(20u)

2Cu
2

Magnitude of closed loop system, M =IM(jo)i=

Phase of closed loop system, o = ZM(jo)=—tan"" I

I-u

The magnitude and phase angle characteristics for normalized frequency u, for certain values of {

are shown in fig 3.2 and 3.3. The frequency at which M has a peak value is known as the resonant

frequency. The peak value of the magnitude is the resonant peak M_ . At this frequency the slope of the

magnitude curve is zero. The frequency corresponding to M_is u, which is the normalized resonant
frequency. '

From equations (3.14) and (3.15) we get,

Resonant peak, M, = :

2 1-C
Resonant frequency, o, =,/ L
ne = : R 1 .
Whent=0, o,=01-20=0, (327)
1 .
Wheng=0, M =—0— = o om o owoow N F o (3.28)
! O 2A1-E
Ma o A
s for=2,<0.707 0°-

1.0 - for £ > 0.707 e R

0.8+ |

06 N 5 .

0.4 - : —180°+

027 : .

_ g ; >
0 U, u 0 ! .
Fig 3.2 : Magnitude, M as a function of u. Fig 3.3 : Phase, o as a function of u.

From equations (3.27) and (3.28), it is clear that as ( tends to zero, @, approaches w_, and M_
approaches infinity.

When 1-282=0, @_= 0, which means there is no resonant peak at this condition.

1 1
Let, 1-2%=0; ~.{’=— = -
g A - G N
For 0<<1/4/2 , the resonant frequency always has a value less than o, and the resonant peak
has a value greater than one.



For ¢ > 14/2 , the condition (dM/du) = 0, will not be satisfied for any real value of .
Hence when & > 1A/2 the magnitude M decreases monotonically from M = 1 at u = 0 with

| increasing u. It follows that for £ > 1/4/2 there is no resonant peak and the greatest value of M equals one.

The frequency at which M has a value of 1/+/2 is of special significance and is called the cut-off
frequency o . The signal frequencies above cut-off are greatly attenuated on passing through a system.

For feedback control system, the range of frequencies over which M > E/ V2 is defined as bandwidth
@,. Control system being low-pass filters (at zero frequency M = 1), the bandwidth o, is equal to cut-off
frequency ©,.

“In general the bandwrdth of a control systcm indicates the noise-filtering characteristics of the
system. Also, bandwidth gives a measure of the transient response.

The normahzed bandwidth, u, = —2= [1 ZC +4f2 487 +C4 ’

From the equation of'y, it is clear that ub is a function of £ alone. The graph between u, and Cis
shown in fig 3.4.
The expression for the damped frequency of oscillation ®, and peak overshoot M, of the step-

response, for 0<{<1are,
_;.Tt

Damped frequency, w;=w,y1-4* and  Peak overshoot, M, = N

Comparison of the equation of M' and M_ reveals that both are functions of only £.

The sketch of M_and Mp for various value okl g
are shown in fi ig 3.5. The sketches reveals that a system
with a given value of M_must exhibit a corresponding = 1.5
value of M_ if subjected to a step input. For ¢ Wz,
 the resonant peak M_ does not exist and the correlation 1.0-
breaks down. This is not a serious problem as for this
range of £, the step response oscillations are well damped ¢ 5-
and M is negligible.
The comparison of the equation of ®_and o,

: I
reveals that there exists a definite correlation between s 05 0707 1 L
. The /o, with respect to £ is shown in ] ’ ;
;_?;I;l 6 RRehipE ¢ eapectic ) Fig 3.4 : Normalised bandwidth as a function of €.
M. M, 4 - g
. o
3.0
2.0 M.,
1.0+
\MQ
— ] i ;f i | >
0 05 - 0707 1 £ 0 05 0707 ¢

Fig 3.5 : M.and M, as a function of .~ - Fig 3.6 : o /o, as a function of .
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3.5 FREQUENCY RESPONSE PLOTS

Frequency response analysis of confrol systems can be carried either analyﬁcally or graphlcally
The various graphical techniques available for frequency response analysis are,

1. Bodeplot 4. M and N circles
2. - Polar plot (or Nyquist plot) 5. Nichols chart
3. Nicholsplot

The Bode plot, Polar plot and Nichols plot are usually drawn for open loop systems. From the open
loop response plot, the performance and stability of closed loop system are estimated. The M and N
circles and Nichols chart are used to graphically determine the frequency response of unity feedback
closed loop system from the knowledge of open loop response.

The frequency response plots are used to determine the frequency domain specifications, to study
the stability of the systems and to adjust the gain of the system to satisfy the desired specifications.

3.6 BODEPLOT

The Bode plot is a frequency response plot of the sinusoidal transfer function of a system. A Bode
plot consists of two graphs. One is'a plot of the magnitude of a sinusoidal transfer function versus log ®.
The other is a plot of the phase angle of a sinusoidal transfer function versus log .

. The Bode plot can be drawn for both open loop and closed loop system. Usually the bode plot is
drawn for open loop system. The standard representation of the logarithmic magnitude of open loop
transfer function of G(jo) is 20 log |G(jo)| where the base of the logarithm is 10. The unit used in this
representation of the magnitude is the decibel.usually abbreviated as db. The curves are drawn on semilog
paper, using the log scale (abcissa) for frequency and the linear scale (ordinate) for either magnitude (in
decibels) or phase angle (in degrees). |

The main advantage of the bode plot is that multiplication of magnitudes can be converted into
addition. Also a simple method for sketching an approximate log-magnitude curve is available.

K (1+sTy)
s (1+sT;) (1+sT

Consider the open loop transfer function, G(s)=

s K(1+joT)
Gl S ).
jo (1+joT,) (1+ joTy)
£ K£0° y1+0’T] Ztan™ 0T,
©290° [1+0°T2 Ztan™ 0T,y/1+ 0?12 Ztan™ oT;
. K 41+
The magnitude of G(jo) = |G(jo)|= L

@ »\/I-anTzz .Jiﬂ:)zT;-
The phase angle of the G(jo) = ZG(jo) = tan™' T, — 90° — tan' 0T, ~tan™! 0T,
The magnitude of G(jo) can be expressed in decibels as shown below.
7 [G(jo)] in db =20 log |G(jo)

K 1+0’T
=20 log L

® .J]-F—szzz Jl-i-mET:f
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=20 log Ex1,‘1+m2’['2 % - L

- ' e lrelm

=20 log E—-I-EG log 1}1+m2T12 +20 log : +20 log ;
@ . ;,-‘I+m2T22 ;il-&szf |

=20 log Kin log 4/1+2T” —20 log /1 +o’T? -20 log J1+m2T§ ..... (3.29)
Y

From the equation (3.29) it is clear that, when the magnitude is expressed in db, the multiplication
is converted to addition. Hence in magnitude plot, the db magnitudes of individual factors of G(jm) can be
added. '

Therefore to sketch the magnitude plot, a knowledge of the magnitude variations of individual
factor is essential. The magnitude plot and phase plot of various factors of G(jo) are explained in the
following section. ' )

BASIC FACTORS OF G(jo)
- The basic factors that very frequently occur in a typical transfer function G(jo) are,
1. Constant gain, K |

2. Integral fsu:tor,_E or _K =
o (jo)

3. Derivative factor, K x jo orK x (jo)*

——— OF L
I+joT  (1+joT)™

4. First order factor in denominator,

5. First order factor in numerator, (1 +joT) or (1 + joT)

6. Quadratic factor in denominator, - : - 5
1+20 (jo /@,) +(jo [ ©y)

D, Oq

: . . a2
7. Quadratic factor in numerator, {Hzg [£)+(£J }

Constant Gain, K

& -
Let, G{s)=K 1+db K>1
- Go)=K=K £0°
A K=1
A=|G(jo)| indb=201logK in O
db
The magnitude plot for a constant gain K is a
horizontal straight line at the magnitude of 20 log K db. T
The phase plot is straight line at 0°, o o°
"WhenK > 1, 20 log K is positive.
>
When 0 <K <1, 20 logK is negative. | @(log scale)

WhenK=1, 20 log K is zero. . Fig 3.7 : Bode plot of constant gain, K.
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Integral Factor

Let, G(s)= LS
S
K

.:'G{jm)=,£=—4 -90°
jo o
A=G(jo) indb=20log (K/w)
o= /G(jo)=-90°"

Wheno=0.1K, ' A=20log(1/0.1)=20db

Wheno =K, A=201log1=04db

Wheno=10K, 'A=20log(1/10)=-20db o°

From the above analysis it is evident that the T _90°
magnitude plot of the integral factor is a straight line with ¢ : : :
a slope of —20 db/dec and passing through zero db, when ' - >
o =K. Since the £G(jw) is a constant and independent of ® Gelat S8 LS S?Ie)
the phase plot is a straight line at —90°. Fig 3.8 : Bode plot of integral facitor, o)

: : J
When an integral factor has multiplicity of n, then,
G(s) = K/s"

G(jo) = K/(jo)y =Kio* £-90n°

A= |G{jo) indb - = 20 log —KT
. i)

1" 1
n

T
= 20log 2 =20 n log

0 o
00
d=2G(jo)=-90n° T
g 5 —90n’
Now the magnitude plot of the integral factoris ¢ : :

a straight line with a slope of —20n db/dec and passing T i >
through zero db when o = K. The phase plot is a 01K™ K" 10K o(log scale)
straight fine at —90n®. Fig 3.9 : Bode plot of integral factor, K/(jo)".

Derivative Factor

Let, (i"i(s) =Ks _
- GGo)=K jo=Kao £90°
"~ A=1G(jm)| in db = 20 log (Ko)
¢ = /G(jo)=+90°
Wheno=0.1/K, A=201log(0.1)=-20db
When o = 1/K, A=20logi=04db +90°
Wheno=10/K, A=20log10=+20db T

From the above analysis it is evident that the
magnitude plot of the derivative factor is a straight line : 1 '
with a slope of +20 db/dec and passing through zero db o1 L 10 ulog scale)
when ® = 1/K. Since the ZG(jo) is a constant and
independent of o, the phase piot is a straight line at +90°.

-
|

Fig 3.10 : Bode plot of derivative factor, K x jo.
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When derivative factor has multiplicity of n then,

G(s)=Ks"
- G(jo)=K({o)y =Ko" £90n°
=|G(jo)| in db =20 log (Ka")
=20 log (K"* @)* =20 n log (K'" ®)
¢ = £G(jo) =90n°

Now the magnitude plot of the derivative factor
is a straight line with a slope of +20n db/dec and passing
through zero db when @ = /K'®. The phase plot is a
straight line at +90n°.

First order factor in denominator

I
1+ sT

G(jo)= Z—tan" T
1+.W-‘T q‘l+m

Let, A= IG{_]&})E in db.

G(s)=

A =|G(jo)|,, 4 =20 log——— m =

o7 110 —
= = 3 o(log scale)
Kn - Kmo KA
Fig 3.11 : Bode plot of derivative factor, K(joY'.

=-20 logV1+0’T?

At very low frequencies, oT << 1; -~ A=-20log y1+®°T* %20 logl=0
At very high frequencies, ©T >>1; - A=-20log y1+ 02T ~-20 log V&2 =-20 log oT

Atm=%, A==20log1=0

Ato _—,-%3{, A =-20 logl0=-20 db

The above analysis shows that the magnitude plot of the factor 1/(1+j@T) can be approximated by
two straight lines, one is a straight line at 0 db for the frequency range, 0 <@ < 1/ T, and the other is a
straight line with slope ~20 db/dec for the frequency range, I/'T <@ <. The two straight lines are

asympt{)tes of the exact curve.

The frequency at which the two asymptotes meet is called corner frequency or break frequency.
For the factor 1/(1+j@T) the frequency, o = UT is the corner frequency, ®_. It divides the frequency
response curve into two regions, a curve for low frequency region and a curve for high frequency region.

The actual magnitude at the corner frequency, o, =—

A =-20 logy/1+1=-3db.

is,
T

Hence by this approximation the loss in db at the corner frequency is -3 db.

The phase plot is obtained by calculating the phase angle of G(j®) for various values of ®

Phase angle, ¢ = £G(jo}=—tan™! oT

At th_e corner frequency, @ = o, = %, o= —tan"loT=—tan " 1= —45°

Aso—-0, &—>0°
As o —>w, ¢—-90°
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The phase angle of the factor,. 1/(1+ joT), varies from 0°to -90° as o is varied from zero to
infinity. The phase plot is a curve passing through —45° at ®..
When the first order factor in the denominator has a multiplicity of m, then,
G(s) = ——1—-——~ E S Gjo)= : = :

m H i m
(1+sT) (1+ joT) ( 'Ii+m2T2j /m tan~'oT

=|G(jo)|in db=201og : — =20 m logy1+w>T?
' [-\JI—HGZTZJ

$=2£G(jo)=-m tan"'0T |
A i ; : A

D' ..... i s D
T | D end, Appro:ﬂmate plot T —~3mF
& _
A _20 E’E%%‘.E?I-- "G,o N A _20m
in _ : ” in
db f 7 do
T+45° _\\_ Tﬂzasrn"
490 —= g-oom
: .: > L
et - D ® ‘ 11
@ =T T (log scale) o T (log scale)
Fig 3.12 : Bode plot of the factor ESa Fig 3.13 : Bode plot of the factor 1/(1+joT)".

Now the magnitude plot of the factor 1/(1+ joT)" can be approximated by two straight lines, one is
a straight line at zero db for the frequency range, 0 < < I/T, and the other is a straight line with slope
—20 m db/dec for the frequency range, 1/T <@ <. The corner frequency, @, = 1/T and the loss in db at the
corner frequency is —3m db.

The phase angle of the factor 1/(I+ joT) varies from 0° to —90m® as o is vaned from zero to
infinity. The phase plot is a curve passing through —45m° at o,

FIRST ORDER FACTOR IN THE NUMERATOR
G(s)=1+sT |
G(jo)=1+joT =y1+o’T Ztan 'eT

= [G(j)| in db=20log v1+0°T*
¢=£G(jw)=tan"' oT

By an analysis similar to that of previous section it can be shown that the magnitude plot of the
factor (1+joT) can be approximated by two straight lines, one is a straight line at zero db for the frequency
range 0< o < 1/ T and the other is a straight line with slope +20 db/dec for the frequency range
I/T <o <, The two straight lines are asymptotes of the exact curve.

The frequency at which the two asymptotes meet is called the corner frequency or break frequency.
For the factor (1+joT), the frequency, (w = 1/T) is the corner frequency, .. By this approximation the loss
in db at the corner frequency is +3 db. The phase angle of the factor (1+jwT) varies from zero to +90° as
o is varied from 0 to <. The phase plot is a curve passmg through +45° at o,
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When the first order factor in the numerator has a multiplicity of m, then,

G(s)=(1+sT)" _
G(jo)=(1+joT)" = («.h + sz?’*) Zmtan"'oT
A= |G(jm)| in db =20log («j 1+0°T? ) =20mlogy 1+ w?T?

b= 2G(jo)=mtan" 0T

T +20L ‘éﬁEtEr-c;%m"'aze" plot —» T +20m
a Ol
+3-—-—->-{- = -E""-:,m‘ +3m
0 e Ao
in ] n
db i

+90° /—~ P 90m— /-—
; . T +45m® !

T +45° _/ / :
¢ o= ¢ 0 ? E
) - I ; >
1 10 w i 10 @
Og = T & (log scale) - @ = T T (log scale)
Fig 3.14 : Bode plot of the factor (1+joT). Fig 3.15 : Bode plot of the factor (1+joT)".

Now the magnitude plot of the factor (1 + joT)” can be approximated by two straight lines, one is 2

straight line at zero db for the frequency range 0 <@ < I/T and the other is a straight line with a slope of

+20m db/dec for the frequency range 1/T < o < «. The corner frequency, o. = 1/T and the loss in db at this
corner frequency is +3m db.

The phase angle of the factor (1 + joT)" varies from zero to +90m° as o is varied from zero to
infinity. The phase plot is a curve passing through +45 m® at @..

QUADRATIC FACTOR IN THE DENOMINATOR

2
@} 1

G(s) = : = =
1+2§i+[i]
o @y \®; )

& + 20,5+ 02
1 1 ok 1

el G(j(!))= = = é_tan—l [ﬂ%

T2 2 2 o
2 2
1+_§m.9_+(ﬂ} 1_[3] +j2f;£ JEJ_Z +4€2(D _ l—-m2
o, (o, o, o, ) iy n
Let, A=|G(jo)| in db.

[r 2} 2
] L)
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At very low frequencies when ®» << ®_, the magnitude is,

l @2 2 "-D4
A=-20 log b= Zadl )+~T ~-20log 1=0
® : ®

n i1

At very high frequencies when o >> ©_, the magnitude is,

> 4 4 . z
A=-201og thﬂ—z @=42+2 a2 log o 20 log 0—2-=—2[}log[—9~}
@ i @, - @ :

=)

n 1 mﬂ

-~ A=—40 log—
€3]

Atm=mn,' A=-40legl=0db
Ato =100, A=-40logl0=-40db

From the above analysis it is evident that the magnitude plot of the quadratic factor in the denominator
can be approximated by two straight lines, one is a straight line at 0 db for the frequency range 0 < @ < o
and the other is a straight line with slope —40 db/dec for the frequency range @ <o <. The two straight
lines are asymptotes of the exact curve. The frequency at which the two asymptotes meet is called the
corner frequency. For the quadratic factor, the frequency @ is the corner frequency, o

The two asymptotes of the exact curve are independent of the damping ratio, C. In the exact
magnitude plot, resonant peak occurs near the corner frequency and the magnitude of resonant peak
depends on {. Lower the value of larger will be the resonant peak. Hence by this approximation the
- eror at the corner frequency depends on damping ratio £. The phase plot is obtained by calculating the
phase angle of G(jo) for various values of .

4
=01
+db
=03
T £=0.5
: 0 - -
A Approximate plot

Slope = - 40 db/dec

@ =, w(log scale)
Fig 3.16 : Bode plot of quadratic factor in denominator

¢ = £G(jo) =—tan™
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=—tan" oo = ~90°

Aso=0_, d::—tan"'%;

Aso—0, ¢=>0

As @ >, ¢-—>-180°

The phase angle of the quadratic factor varies from 0 to —~180° as @ is varied from 0 to . The
phase plot is a curve passing through ~90°at @ ., Atthe corner frequency phase angle is —90“ and independent '
of €, but at all other frequency it depends on Q

QUADRATIC FACTOR IN THE NUMERATOR

2 2
G(s}=s +2§mns+mn:1+zc(_s_J
m!l

2

: 2y 2 AL —
G(jo)=1+j2C —+["m} =‘M1—%—} +4¢° % Ltan™ 22

@y n @ , iy}
]—-—=
@p
4
+db
Approximate plot
~ Slope = +40 db/dec
£=05
=03
E=01
0 =, : o(log scale)

Fig 3.17 : Bode plot of quadratic factor in numerator.

Based on an analysis similar to that of denominator quadratic factor, the magnitude plot of the
quadratic factor in the numerator can be approximated by two straight lines, one is a straight line at 0 db
for the frequency range 0 < o <o and the other is a-straight line with slope +40 db/dec for the frequency
range o_<o <=, The corner frequency is ®_. Due to this approximation the error at the corner frequency
depends on {.

The phase angle varies from 0 to +180°, as @ is varied from 0 to <. At the comner frequency the
phase angle is +90° and independent of £, but at all other frequency it depends on .
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PROCEDURE FOR MAGNITUDE PLOT OF BODE PLOT

From the analysis of previous sections the following conclusions can be obtained.

1. The constant gain K, integral and derivative factors contribute gain (magnitude) at all frequencies.

2. In approximate plot the first, quadratic and higher order factors contribute gain (magnitude)
only when the frequency is greater than the corner frequency

Hence the low frequency response upto the lowest corner frequency is decided by K orK/ (jo) or
K(jo) term. Then at every corner frequency the slope of the magnitude plot is altered by the first, quadratic
and higher order terms. Therefore the magnitude plot can be started: with K or K/(jo) or K(jo) term and
then the db magnitude of every first and hlgher order terms are added one by one in the increasing order
of the comer frequency.

This is illustrated in the following example.
K (1+sT)?
s? (1+5T,) (1+sT;)
G(jo) =- K (1+joT)?
(o)’ (1+joT) (1+joTL)
Let, ,<T:<T.

Let, G(s) =

The corner frequencies are, o = . s Wy ==, Oy3=—.
T1 T T3
Let, o, <0, <0,
The magnitude plﬂt of the individual terms of G(je), and their combmed magmtude plot are shown -
in ﬁg 3.18.

The step by step procedure for plotting the magnitude plot is given below

Stepl : Convert the transfer function into Bode form or time constant form. The Bode form of
the transfer function is

K (1+sT, 5 . K (1+joT,

G(s)= ( 21} 25 G(jo)= 1+ 21)
s (1+sT,) [1+5—2+2qu jo (1+ joT,) [1—‘”—2+jzf; —“-L.]
ml‘l m'ﬂ m'n mn

Step 2 : List the corner frequencies in the in:::reasing order and prepare a table as shown below.

Term Corner frequency Slope | Change in slope
rad/sec db/dec db/dec

In tﬁe above table enter K or K / (jo)" or K(jo)' as the first term and the other terms in the
increasing order of corner frequencies. Then enter the corner frequency, slope contributed
by each term and change in slope at every corner frequency. .

Step 3: Choose an arbitrary frequency ®, which is lesser than the lowest corner frequency. Calculate
the db magnitude of K or K/(jo) or K(jo) at ®, and at the lowest corner frequency.
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Magnitudeindb ——»

+ctb_
0db
—db

+db
O db

odb

—~db

0db
-db
+db
0 db

—db

« Magnitude plotg of the term —K-?
: : : (o)

Magnitude blot of the term ——
5 o (1+ joTy)

: : ~ Qodb/dec
T | z : R
o%/ o : : Magnitude pilot of the term ,
C 3 . (14 joT,)

WX Q’ec
5 N
: %’eo

-

O R - W ' ' o(log scale)
K(1+ joT, )/

Fig 3.18 : Magnitude plot of bode plot of, G(jw )= : ;
= gtk St M e sy
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Step 4 : Then calculate the gain (db magnitude) at every corner frequency one by one by using
the formula,

Gain at © = change in gain from o, to o + Gain at o,

=]

= {Slﬁpﬁ fromw, to®, x ]og—y} + Gainat.o,

X

e

& A

ALl risinseccindunisrrnnse Y

Positive slope

Step 5 : Choose an arbitrary frequency ©, which is greater than the highest corner frequency:

Calculate the gain at @,_by using the formula in step 4.

Step 6 : In a semilog graph sheet mark the required range of frequency on x-axis (log scale) and
the range of db magnitude on y-axis (ordinary scale) after choosing proper units.

Step 7 : Mark all the points obtained in Steps 3, 4, and 5 on the graph and join the points by
straight lines. Mark the slope at every part of the graph.

Nate The magnitude plot obtained above is an approximate plot. If an exact plot zs
needed then appropriate corrections should be made at every corner frequencies.

PROCEDURE FOR PHASE PLOT OF BODE PLOT

The phase plot is an exact plot and no approximations are made while drawing the phase plot.
Hence the exact phase angles of G(jo) are computed for various values of ® and tabulated. The choice of
frequencies are preferably the frequencies chosen for magnitude plot. Usually the magnitude plot and
phase plot are drawn in a single semilog - sheet on a common frequency scale.

Take another y-axis in the graph where the magnitude plot is drawn and in this y-axis mark the
desired range of phase angles after choosing proper units. From the tabulated values of @ and phase
angles, mark all the points on the graph. Join the points by a smooth curve. :

DETERMINATION OF GAIN MARGIN AND PHASE MARGIN FROM BODE PLOT

The gain margin in db is given by the negative of db magnitude of G(jo) at the phase cross-over
frequency, @ . The o is the frequency at which phase of G(;m) is —180°. If the db magmtude of G(jo)
atois negatwe then'g gain margin is positive and vice versa.

_ Let ¢_ be the phase angle of G(jo) at gain cross over frequency . The @, is the frequency at
which the db magnitude of G(jo) is zero. Now the phase margin, v is given by, y = 180° + ¢gﬂ. If ¢, is less
negative than —180° then phase margin is positive and vice versa. ' :
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The positive and negative gain margins and phase margins are illustrated in fig 3.19.

+db +db
; : GM I
fﬂ‘ 0 i . & Positive A 0 . .
in : . : in : ;
db —db ; po Tl e db : :
: 2 —db £ .
: : ~90{ :

T ~180 \

T-130 PM ¥ - 3 =
_ : : : : Negative
¢ g 2\ ¢ FmprooT -“}K_ o

- 270 ; : - 270
: | 4 : ; Y
0y O, o(log scale) @pe Oy, olog scale)

-Fig 3.19 : Bode plot showing phase margin (PM) and gain margin (GM).

Positive

GAIN ADJUSTMENT IN BODE PLOT

In the open loop transfer function G(jo) the constant K contributes only magnitude. Hence by
*changing the value of K the system gain can be adjusted to meet the desired specifications. The desired
specifications are gain margin, phase margin, ®  and o _. In a system transfer function if the value of K
required to be estimated to safisfy a desired specification then draw the ‘bode plot of the system with
K = 1. The constant K can add 20 log K to every point of the magnitude plot and due to this addition the
magnitude plot will shift vertically up or down. Hence shift the magnitude plot vertically up or down to
meet the desired specification. Equate the vertical distance by which the magnitude plot is shifted to

20 log K and solve for K.
Let, x = change indb  (x is positive if the plot is shifted up and vice versa).

Now, 20 logK=x ; logK=x/20 ; K=1(}%°

Note : A point in complex plane can be represented by rectangular coordinates or by polar
| coordinates. Consider a point, z = a+jb in complex plane.

Now, |d=Vd’+b and. /z=tan ba.

If the point lies in first or féurrk quadrant then the argument as calculated by tan”' bla will be
the correct values. But if it lies either in second or third quadrant then a correction should be made in
the calculated values of argument, because the calculator will always give the values of
tan ' bla either from 0 to + 90° or from 0 to-90°. The corrections to be made while converting from
rectangular to polar coordinates is shown below. |

A point in I* quadrant,  a+ jb=4+a’+b* Ztan 'b/a

A point in IT™ quadrant, —a+ jb=+a’ +b* £(n~ tan 'bla)
A point in III" quadrant, —a— jb=4va®+b? Z(n+tan"'b/a)
A point in IV® quadrant, a-—jb =+va®+b* Z—tan"'bla)




3.21
EXAMPLE 3.1

Sketch Bode plot for the following transfer function and determine the system gain K for the gain cross over frequency
to be 5 rad/sec,

Gsl= (1+0.2s) (1+0.02s)

SOLUTION

The sinusoidal transfer function G(jo} is obtained by replacing s by jo in the given s-domain transfer function.
g K(jo)®
Glje) = (1+0.2jw)(1+ 0.02jo)
(jo)°
(1+j0.20)(1+ j0.020)

LetK=1, .. G(jo)=

MAGNITUDE PLOT

%:5:‘3{1!&30 and mc;_,=a:)—2=50rad!sec

The various terms of G{im) are listed in Table-1 in the increasing order of their comer frequency. Also the table shows
the slope contributed by each term and the change in slope at the comer frequency.

The corer frequencies are, ®, =

TABLE-1
Term Corner frequency Slope Change in slope
rad/sec db/dec db/dec
GoF = +40-.
1 1 1 & 'l-.b_.“‘:‘ 3
75020 =gz > & B
5 o ’ o » e riganns, et 2;_,.;;-0 L
-1+ j0.020 “ 002 7 -

Choose a low frequency o, such thate, < o, and choose a high frequency o, such thate,> o,
Let, o, = 0.5 rad/sec and o, =100 rad/sec.
Let, A=|G(jw) in db.

Letus calculate Aato,,0,_,,0_,and o,

Ato=a,, A=20 :og|(jm)"[ = 20 log (0)° = 20l0g(0.5)% = 12 db

Ato=ag A=20 Iugl( jm)z‘ =20 log (0)° = 20log(5)> =28 db

Ato =0, A=|slopefromwo, 0o, xlog :;“2}-1- A(mmmq} =20 x Ing5—50+28 =48 db

L ci

Atw =w, A=|slopefromao, toa, x Iog-gi]+A(mm%c2) =0x Iog%+_48= 48 db

cZ
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Letthe points a, b, c and d be the points corresponding to frequencies o,, ©_,,0_,and o, respectively on the magnitude
plot. In a semilog graph sheet choose a scale of Tunit=10db ony-axis. The ﬁequenmes are marked indecades from0.1t0 100
rad/sec on, logarithmic scales in x-axis. Fix the pointsa, b, ¢ and don the graph. Join.the points by straight lines and markthe
slope on the respective region.

PHASE PLOT

The phase anglé of G(jwo) as a function of » is given by,
6= ZG{jw) =180" - tan~'0.20 — tan 10.020

The phase angle of G(jw) are calculated for various values of o and listed in table-2.

LALLE:
) tan-' 0.20 tan-' 0.020 & = ZG(jo) Point in
rad/sec deg deg deg phase plot
0.5 9:7 06 173.7=174 e
1 11.3 1.1 167.6~168 f
5 45 ' 5.7 129.3~130 g
10" 63.4 113 105.3~106 h
50 84.3 45 50.7 = 50 ' i
100 87.1 634 295 ~30 i

On the same semilog graph sheet choose a scale of 1unit =20°, on the y-axis'on the right side of semilog graph sheet.
Mark the calculated phase angle on the graph sheet. Join the points by a smooth curve. .

CALCULATION OF K

Given that the gain crossover frequency is 5 rad/sec. At @ =5 rad/secthe gainis 28 db. If gain crossover frequency is
5 rad/sec then at that frequency the db gain should be zero. Hence to every point of magnitude plot a db gain of -28db should
be added. The addition of —28db shifts the plotdownwards. The corrected magnitude plotis obtained by shifting the plot with
"~ K =1 by —28db downwards. The magnitude correction is independent of frequency. Hence the magnitude of -28db is
contributed by the term K. The value of Kiis calculated by equating 20 logK t0 —28 db.

~.20log K =-28db

2
log I'{=_2—2ﬂ8 ; K=10 (2”] =0.0398

The magnitude plot with K = 1:and 0.0398 and the phase plot are shown in fig 3.1.1

Note : The frequency @ = 5 rad/sec is acorner frequency. Hence in the exact plot the db gain at o = 5 rad/sec
will be 3db less than the actual plot. Therefore for exact pilot the 20 Jog K will contribute a gain of -25db.

. 20log K=-25db

—25

= . Ka 10'[%) = 0.0562

log K=
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EXAMPLE 3.2

~ Sketch the bode plotfo; the following transfer function and determine phase margin and gain margin.

. 75(1+0.2s)
epe s (52 +16s + 100}
SOLUTION

On comparing the quadratic factor in the denominator of G(s) with standard form of quadratic factor we can estimate
Cando, .

~82+165+100 = s°+ 2o s+a?

On comparing we get,
0i=100 = @,=10
16 _ .16
' = i B —— e =
Ao, =16 = £ 20, 2x10 0.8
Letus convertthe given s-domain transfer function into bode form or time constant form.
_ © 75(1%#0.2s) 75(1+0.2s) 0.75 (1+0.2s)
= Gs) = = 7T = =
s(s +16s +100) 527 168 s (1+0.01s +0.16s)
5x100l—+—~+1
100 = 100
The sinusoidal transfer function G(jo) is obtained by replacing s by jo in G(s).
0. 2 Ja 0.75 (1+j0.2¢
- Gljo) = —— 20U 02k0) i)

jo (1+0.01(j6)” + 0.16je) jo (1-0.0107 +0.160)

‘MAGNITUDE PLOT

1
The comer frequencies are; oy T Srad/sec and oy=0,=10rad/sec

Note : For the quadratic factor the comer frequency is ® .

The various terms of G(jw) are listed in table-1 in the increasing order of their comner frequencies. Also the table shows
the slope contributed by each term and the change in siope at the comer frequency.

TABLE-1
Term ' Corner frequency Siope ' Change in slope
rad/sec db/dec db/dec
0.75 .
—j—(!-:!_ _ 20 -
1 T
1+ j0.20 Oy====5 20 20+20=0
1 e
1-0.0%"° + 0.16@ W=y =10 = 4 Seat=—a0

Choose a low frequency @ suchthate, <o  and choose a high frequency o, suchthate,> o,

Let, o,= 0.5 rad/sec and w,= 20 rad/sec.

Let, A =|G(je)| indb.
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Letuscalculate Aato, o_, e and o,

0551 _2010g -2 L3 50b
05

jo " 0.
AL o=o,, A=2mogl°j"z}5-t=20 l0g 22> =-16.5 b

At ®=o, A={5Iope fromo, 1005 x l0g m—ﬂ_J"'A{arﬁém)

A, o=o, A=20log

Doy

=0 x Ioglg-+{—-18.5)=-—16.5 db

At o =0y, A= {slc—pe fromo, towy, x logﬂ‘l‘J + A ga g5
Dez

= 40x1og 25 +(-16.5) =-28.5 db

Letthe points a, b, c and d be the points comesponding to frequencies o, o, ®, and o, respectively on the magnitude
plot. In a semilog graph sheet choose a scale of Tunit=5 db on y-axis. The frequencies are marked in decades from 0.1to 100
rad/sec on logarithmic scales in x-axis. Fix the points a,b,c and d on the graph. Join the points by straight lines and mark the slope
on the respective region. :

Note : In quadratic factors the
PHASE PLOT _ phase varies from 0° fo 180°. But
calculator calcuiates tarr’ onfy
! between 0° to 90°. Hence a
foro<m, | comection of 180°should be added
to phase aftera ,

The phase angle of G(jo) as a function of a is given by,

0.160
1-0.01?

6= £G(jo) =tan"'0.20 - 90" —tan™’

| . 0o o [ garct 0-160
¢ = ZG(jo) =tan"'0.20 - 90 —[tan TW-&BU"J foro >,

The phase angle of G(jo) are calculated for various values of w and listed in Table-2.

TABLE-2
® tan-10.2 tan'1£% ¢ = £G(jo) Points in
rad/sec deg deg deg phase piot
0.5 5.7 ' 46 -88.9~-88 e
1 11.3 9.2 -87.9~-88 f
5 45 ' 468 ~91.8~-92 g
10 63.4 90 -116.6 =—~116 h
20 75.9 —46.8+180=133.2 -147.3 =148 i
50 84.3 ~18.4+180=161.6 ~167.3 ~—168 i
100 871 ~ -92+180=170.8 —173.7=-174 k

On the same semilog graph sheet choose a scale of Tunit =20° on the y-axis on the right side of semilog graph sheet.
Mark the calculated phase angle on the graph sheet. Join the points by a smooth curve.

The magnitude piot and the phase plotare shownin fig 3.2.1.
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Let ¢, be the phase of G(jo) at géin cross-over frequency, Dy
Fromthe fig 3.2.1, we get, ¢ o 88°
. Phasemargin, g = 180° + ¢_=180° - 88° = 92°
The phase plot crosses —~180° only at infinity. The |G(J'm)| atinfinity is - o db.
Hence gain margin is + .
EXAMPLE 3.3
Ke 0%
Given, G(s)= s672) 679 . Find K's0 that the system is stable with,
(a) gain margin equalto 2db,  (b) phase margin equalto 45°.
SOLUTION
Let us take K = 1, and convert the given transfer function to fime constant form or bode form.
-0.25 —0.25 —-0.25 -
-.Gls)= e e - 0.0625 e

s(5+2)(s+8) 5x2(1+§]x8(1+%) " s (1+0.58)(1+ 0.125s)

The sinusoidal transfer function G(jo) is abtained by replacing s by jo in G(s).

~ 0.0625 e 2
jo (1+j0.50) (1+ j0.1250)

Gjo)

Note : |0. 0625 ¢7°| = 0.0625 and £(0.0625¢74° )= 0.2 radians.

MAGNITUDE PLOT

1 1
The corner frequencies are, ©qy = 55" Z2rad/sec and o X 8rad/sec

The various terms of G{jo) are listed in table-1 in the increasing order of their comer frequencies. Also the table shiows
the slope contributed by each term and the change in slope at the comer frequency.

TABLE-1
Term Corner frequency Sliope Change .in slope
rad/sec db/dec db/dec
0.0625 :
& == = 20""‘%-“ c
1 A W ~20 0 —20=—40
1+ j0.50 0.5 AN
1 1 e ‘“..--“
1+ 0.1250 ©2=5im 8 —2 S i

Choose a low frequency o, such thato,< o, and choose a high frequency o, such thate, > o,

Let, @, =0.5rad/sec and o, = 50 rad/sec.
Let, A=[G(jo)| in db,
Let us calculate A at v, 0,4, @ and o,
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Ato = m, A 20 lo g,ﬂ—| 20log e 3525 =-18db
Ato=a,, A=20l0 %%' 2010g2%% _ 3040
Ato=og, A [Slope fromay ooy x Iog ] (@tomo ) 40 x Iog—z- +(~30) =-54db
c

Ato =, A= [Slope from m, to o, xlog g—;} + A(at B -60 x log %D +(-54)= -102db

Letthe points a,b,c,d be the points coresponding to frequencies o,, o_,, ©_, and o, respectively on the magnitude plot
In a semilog graph sheet choose a scale of Tunit = 10db on y-axis. The frequencies are marked in decades from 0.01 to
100 rad/sec on logarithmic scale in x-axis. Fixthe points g, b, ¢, and d onthe graph. Join the points by straight line and mark the
slope onthe respective region.

PHASE PLOT

The phase angle of G{jeo) as a function of » is given by,

180 90" —tan~'0.5m - tan~10.1250

b =-0.20 x

The phase angle of G(jo ) are calculated for various values of @ and listed in table-2.

TABLE-2
@ -0.2 @ (180%x) tan"! 0.5 @ tan’ 0.125 o ¢ = ZG(iv) Point_ in
rad/sec deg deg ' deg deg phase piot
0.01 -0.1145 0.2864 0.0716 ~90:4~-90 e
0.1 -1.145 2.862 - 0.716 —94.7 = -84 f
0.5 -5.7 14 36 —113.3~-114 g
1 —11.4 26 7.12 —~1344~ 134 h
2 -22.9 45 14 -171.9=~-172 i
3 —-34.37 56.30 20.56 -201.2 202 i
4 -45.84 63.43 26.57 -225.8~—-226 k

Onthe same semilog graph sheetchoosea scaie of Tunit=20° onthe y-axis on the right side of the semilog graph sheet.

Mark the calculated phase angle on the graph sheet. Join the points by smooth curve.

-

The magnitude and phase piotare shown infig 3.3.1.

CALCULATION OF K

Phase margin, y = 180°+¢,,

Wheny=45°, ¢ =v—180°=45"-180° =-135".
With K=1, the dbgain at $=—-135"is 24 db. This gain should be made zerc to have to P of 45°. Hence to every point

of magnitude plota db gain of 24 db should be added. The corrected magnitude plot is obtained by shifting the plot with K =1
by 24 db upwards. The magnitude correction is independent of frequency. Hence the magnitude of 24 db is contributed by the

‘term K. The value of K is calculated by equating 20logK to 24 db.
~20logK=24 ; K=10220 K=15.84

With K = 1, the gain margin =—(-32) = 32 db. But the required gain margin is 2 db. Hence to every point of magnitude
plot a db gain of 30 db should be added. This addition of 30 db shifts the plot upwards. The magnitude correction is independent
of frequency. Hence the magnitude of 30 db is contributed by the term K. The value of K is calculated by equating 20logK

to 30 db.

where ¢_ is the phase of Gjo) ato = .
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» Response Analysis D 3. 30
~20logK=30 ; K=10%2 ;. K=31.62

The magnitude plot with K= 15.84 and 31 .62 are shown in fig3.3.1.
EXAMPLE 3.4
Plot the Bode diagram for the following transfer function and obtain the gain and phase cross over frequencies.

G(s) = 10

s (1+0.4s) (1+0.1s)
SOLUTION

The sinusoidal transfer function of G(jo) is obtained by replacing s by ju in the given transfer function.

Y 10
~ Gle) = 1 15 10 40) (1+10.10)

MAGNITUDE PLOT

The comer frequencies are,

mm:ajz: 25rad/sec and oy =ﬁ%=10 rad/ sec

The various terms of G(jo) are fisted intable-1in thei increasing order of their cormer frequencies. Also the table shows
the slope contributed by each term and the change in slope at the comer frequency.

TABLE-1
Term Corner frequency Slope Change in slope
rad/sec dbi/dec db/dec
F 10
7 - _ =20 l.
: LAY . A |
1+ j0.40 ol Y e & Frisceiie =4
L ® —i—m ~ 20 -------------- ~40‘f;0=;—60
1+ j0. %0 27017 S i

Choose a low frequency o, suchthat o, < @ , and choose a high frequency o, such thate, > o,
Let, o, =0.1 rad/sec, and o, = 50 rad/sec.
Let, A=[G{jo)|in db.

Letus calculate Aato,, 0., 0, and o,

:Lol 20 It:;gE = 40 db

Ato=o. A= 201ogH 2{Jlog-—-12db

Ato =an, A=20Ilog

: . 10
- = c2 =4 e =i
Atg)—{ﬂcg,A—]:Slﬂp&ﬁummmtﬂﬂjﬂxlﬁg‘m—ﬁ} +Al:atm=mc1)_ UXIDQ2‘5+12_ 12db

O 0 50
= =18l — + A = =60 xlog—+(-12)=-54.db .
Ato =@, A {Sopefromm&mwhx}ogmﬂ} (ato = ogp) x g10+{ )
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(__Chapter 3 - Frequency Response Analysis > _ . : 3.32 |

_ Letthe points a, b, ¢ and d be the points corresponding fo frequencies ®,, 0, 0, and o, respectively on the magnitude
plot. In a semilog graph sheet choose a scale of 1unit= 10 db on y-axis. The frequencies are marked in decades from 0.1 to
100 rad/sec on logarithmic scales in x-axis. Fixthe points a, b, cand d on the graph. Join the points by a straight line and mark
the slope in the respective region.

PHASE PLOT

The phase angle of G(jo) as a function of o is given by,
p=-90°~tan—"'0.40 -tan"' 0.1

The phase angle of G(jw) are caleulated for various values of o and listed in'table-z

TABLE-2

® tan~' 0.4 o tan' 01e | ¢ = £G(jo) Points in
rad/sec | deg : deg deg - phase plot

0.1 . 229 0.57 ~92.86~-92 e

1 21.80 -1 &7 ~117.5 ~-118 f

25 45.0 14.0 -149  »-150 g

4 57.99 21.8 ~169.79~-170 h

10 75.86 450 ~210.96 % -210 i

20 82.87 63.43 -236.3 ~236 j

Onthe same semilog graph sheet choose a scale of 1unit=20° on the y-axis on the right side of semilog graph sheet. '
Mark the calculated phase angle on the graph sheet. Join the points by a smooth curve.

The magnitude and phase piots are shown in fig 3.4.1.

From the graph, the gain and phase cross over frequéncies are found to be 5 rad/sec.
RESULT

Gain cross-over frequency = 5 rad/sec.

Phase cross-over frequency = 5 rad/sec.
EXAMPLE 3.5

For the following transfer function draw bode plot and obtain gain cross-over frequency.

20
&)= S as) (17 49)

SOLUTION

The sinusoidal transfer function of G(jo) is obtained by replacing s by jo in the given transfer function.

20

BO)= o i+ oo (1+ )

MAGNITUDE PLOT

1 :
The comnerfrequencies are, 0. = %= 0.25 rad/ sec, O = Che 0.333 rad/ sec.

The various terms of G(jo) are fistedintable-1 in the increasing order of their frequencies. Also the table shows the slope
contributed by each termand change inslope at the corner frequency.
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TABLE-1
Term Corner frequency Slope Change in slope
rad/sec db/dec db/dec
20
o - =
g Bdb o A e | .
o Samyg 2 ok el
1 & 1 v | R T S : ‘ e I
T o g =0 -2 ~40-g0=-60

Choose a frequency o, such that d], <w_, and choose a high frequency o, suchthato, > o,
Let, o, =0.15rad/secand o, =1 rad/sec.
Let, A=[G(jw)]indb.

Letus calculate Aatw,, o ,, 0 ,and o,

Ato=w, A=|G(jo) =20log ‘02105 _425db

20
At =0y, A=|G(je) =20log |925 38 db

Ato =0, A =[Sibpe fromo to o, xlog m‘i:! EN e

cl

+38=33db

0.33
=40 x|
*108 525

Ato =a,, A=|Slope from o to mhxlog&} + Agta wagp)
D2

1
=—60x10g ——+33=4 db
g T

Letthe points a, b, cand d be the points corresponding to frequencies o, 0. 0, and o, respectively on the magnitude
plot. In a semilog graph sheet choose a scale of 1unit = 10 db on y-axis. The frequencies are marked in decades from 0.01 to
10 rad/sec on logarithmic scales on x-axis. Fixthe points a, b, cand d on the graph sheet. Join the points by a SIIalght line and
mark the slope in the respective region.

PHASE PLOT

The phase angle of G(jo), ®=-90°-tan"'30 -tan"'4o
The phase angle of G(jo) are calculated for various values of o and listed in table-2.

JABLE:2

o, rad/sec tan”' 30, deg tan-!' 40, deg b = £G(jo), deg Points in
_ phase plot

0.15 24.22 30.96 -1 —145.18=~-146 e

02 30.96 38.66 —159.61=-160 . f

0.25 36.86 45.0 —171.86~-172 g

0.33 44.7 52.8 -187.5 ~-188 h

0.6 60.14 . 67.38 —218.32~-218 i

1 71.56 75.96 —237.56~—238 j
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3.35

Onthe same semilog graph sheet choose a scale of Tunit = 20° on the y-axis on the right side of semilog graph sheet.
Mark the calculated phase angie on the graph sheet. Join the points by a smooth curve. The magnitude and phase plots are

shown in fig 3.5.1. From the graph the gain cross-over frequency is found to be o . =1.1rad/sec.

EXAMPLE 3.6
: B 5(1+ 2s)
For the function, G(;} = T 4s) (17 0.259)° drawthg bode plot.
SOLUTION
The sinusoidal transfer function G(jo) is obtained by replacing s by jo in G(s).
5 (1+ j2m)

GU(D) = (1+j4(ﬂ') (1+jD.2SM}

MAGNITUDE PLOT

The corner frequencies are, o, = % =025rad/sec, ©,= % =05rad/sec,o4 = 0—;5 =4 rad/sec

The various terms of G(jo) are listed in table-1 in the increasing order of their corner frequencies. Also the table shows
the slope contributed by the each term and the change in slope atthe comer frequency. - :

Choose a low frequency o, such that < o_, and choose a high frequency o, such thate, > ,. Leto=0.1 rad/sec
and o, =10 rad/sec. '

LetA=|G(jo)|indb and letus calculate Aato, 0_,; 0, © ,and o,

TABLE-1
 Term : Corner frequency Slope Change in slope
radi/sec db/dec db/deg
5 s 0. =
1 A I T
The | Cemg® ) o
1 TN e P
1+20 @ ===05 20 ~-20+20=0
. 2 e
; . R
1+ j0.250 B =g =4 ~20 _9-20=-20

Ato =w, A =|G(jo)=20log5=+14db
Ato =ay, A=|Glje)|=20log 5=+14 db

Ato =0y, A=|Slopefromo 1o o, ><I<:igm‘:2 }—Afam':ucﬂ =—20><Iog—ﬂ-'§u+1&=+8db

Ocs 0.25

Ato =o 4, A=l Slopefromoetoe, xlﬂgz—‘f‘ ]+A[M=w, =Dxlt}g§§+8:+8{ib

My

At o =0, A={Slape from o 410 ®, xlog }fA(mmﬂ} =-20 log Ef—HEi: 0 db

W3
Letthe points a, b, ¢, d and e be the points correponding to frequencies o, w,, 0, ® 4 8nd ©, respectively onthe .
magnitude plot. In a semilog graph sheet choose a scale of Tunit =5 db on y axis. The frequencies are marked in decades from
0.11o 100 rad/sec on iogarithmic scales on x-axis. Fix the points a, b, ¢, d and e on the graph. Join the points by a straight fine
and mark the slope in the respective region. :
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PHASE PLOT

The phase angle c:-fGﬁmj, ¢ =tan '(20)-tan"(40)-tan

“(0.25w)

The phase angle of G(jo) are calculated for various values of o and listed in the table-2.

TABLE-2
) tan! 20 tan! 4o tan! 0.250 ? = £G(jo) Points in
deg deg deg phase plot
0.1 11.3 21.8 1.43 -11.93~-12 f
0.25 26.56 45.0 3.5 -21.94~-22 g
0.5 45.0 63.43 7.1 ~25.53~-26 h
2 75.96 82.87 26.56 -33.47=-33 i
4 82.87 86.42 45.0 -48.55~-49 i
10 8713 88.56 68.19 -869.62=-70 k.
50 85.42 89.71 85.42 -85.71=-86 |

Onthe same semilog graph sheet choose a scale of 1unit=10° on y-axis on the right side of the semilog graph sheet.
Mark the calculated phase angle on the graph sheet, Join the points by a smooth curve. The magnitude and phase plots are

shownin fig 3.6.1.

3.7 POLARPLOT

The polar plot of a sinusoidal transfer function G(jo) is a plot of the magnitude of G(jo) versus the
phase angle of G(jo) on polar coordinates as o is varied from zero to infinity. Thus the polar plot is the
locus of vectors |G(jo)| £G(w) as @ is varied from zero to infinity. The polar plot is also called Nyquist
plot.

The polar plot is usually plotted on a polar graph sheet. The fg?gf’ ~
polar graph sheet has concentric circles and radial lines. The circles C:r@\
represent the magnitude and the radial lines represent the phase angles. _ e;:‘\ Positive
Each point on the polar graph has a2 magnitude and phase angle. The \6““‘ _ ‘\angle
magnitude of a point is given by the value of the circle passing through+180° G} '0°
that point and the phase angle is given by the radial line passing through 180’ Reference
that point. In polar graph sheet a positive phase angle is measured in Negative
anticlockwise from the reference axis (0°) and a negative angle is angle
measured clockwise from the reference axis (0°). 570’

—90°

In order to plot the polar plot, magnitude and phase of G(jo) :
are computed for various values of ® and tabulated. Usually the cheice Fig 3.20: Polar graph. .
of frequencies are corner frequencies and frequencies around corner frequencies. Choose proper scale
for the magnitude circles. Fix all the points on polar graph sheet and join the points by smooth curve.
Write the frequency corresponding to each point of the plot.

Alternatively, if G(jw) can be expressed in rectangular coordinates as,
| G(jo) = Gyjo) + jG je)
where, G, (jo) = Real part of G(jo) ; G(jo) = Imaginary part of G(]m)
then the polar plot can be plotted in ordinary graph sheet between G (jo) and G(jo) by varying o from
" 0 to w.In order to plot the polar plot on ordinary graph sheet, the magnitude and phase of G(jo) are

computed for various values of @. Then convert the polar coordinates to rectangular coordinates using
P— R conversion (polar to rectangular conversion) in the calculator. Sketch the polar plot using rectangular

coordinates.
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For minimum phase transfer function with only poles, type number of the system determines the
quadrant at which the polar plot starts and the order of the system determines the quadrant at which the |
polar plot ends. The minimum phase systems are systems with all poles and zeros on left half of s-
plane. The start and end of polar plot of all pole minimum phase system are shown in fig 3.21 & 3.22
respectively. Some typical sketches of polar plot are shown in table-3.1.

The change in shape of polar plot can be predicted due to addition of a pole or zero.

1. When a pole is added to a system, the polar plot end point will shift by —90°.
2.  When a zero is added to a system the polar plot end point will shift by +90°.

Start of type-3 ' '
system ' End of 3" End of 4
order s',,urstlam\‘l order system
Start of type-2—» ' «+— Start of type-0 _ ;
system system End of 2™ End of 1*
order system order system
Start of type-1T
system
Fig 3.21 : Start of polar plot of all pole Fig 3.21 : Start of polar plot of all pole
minimum phase system. minimum phase system.
 TABLE-3.1 : Typical Sketches of Polar Plot -
1
Type : 0, Order : 1 G(s)= ,
: : 14sT -270°
G{_]G)] = 1 = ! = ] Z— tan_]mT 180° 1 o°
1+joT  fi+0?T ZtanoT {1+0°T ,,,w%o
Aso =0, G(jo) > 1£0 ~90° %% increasing

As @ —», G(jo) - 0£-90°

Type: 1, Order:2 G(s) = 2, |-270° .
G(jo) L - Z(-90° — tan} 0 T) £
9 ] =- - = 2 = = = ‘&
Jo(l+joT) 4 ,00° \ﬁ+m2T2£tan'lmT m\/1+m2T2 . ' ET
Q
As® =0, G(jo) = oL-90° §
As o =, .G(jo) - 0£L-180° o=01[-90"
Type : 0, Order : 2 G(s) = : B PRI e
-180 0
G(jo)= - - . (i_/:j
(14 joTy) (1+ joTy) Jl-:-mz'l}zé tan" 0T} 1+ 0°TF Ltan 0T, t@a‘é\o
1 ' —00°| ¥

- Z(~tan 0Ty~ tan” 0 Ty)

V(H mZTf)(Hszf)
Aso -0, G(jo) > 1£0°
As® >, G(jo) - 0£-180°
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- TABLE-3.1 ; Typical Sketches of Polar Plot
; 1
Type : 0, Order:3 G(s) = . -270° S
(s) (I+5T)(1+sT)(1+5T5) S£0) 2
A 1 ~180—3= - ;
G(jo)=— e : £ © 8
(1+ joTy) (1+ joTy) (1+ joT;) g
" 1 | *\t;’eae\ﬂ
J1+ szlzz_’tan_lmTI JH{&JZ”IfAtan_lmTz 1!1+m2’1“324tan_10)T3 _goom

] B B e
= J(l+m2T12)(1+(02T§) (1+m21§) £(—tan lmTl—tan I{DTQ . 1(])'{‘3}

Aso =0, G(jo) > 120°

As o - o, G(jo) - 0£-=270°

Type: 1, Order ;3 G(s)= ] . =270°
s(1+sT(1+sT;)
I L i ol o
| - o g - ; 180 =0
| Gljo)= = S - ' 2 >
jo(+joTy) (+joT) 4290 \1+0°T Ltan 0T, 1+0?T LanoT, £ ®
; 1 | 3
< £(=90° ~ tan" 0T, - tan"' 0 T;) %.(
mJ{i+m2Tf)(I+m2T22] =
g o=0 -90°

As® >0, G(jo) - 0L-90°
As o 2w, G(jo) » 0£-270°

Tvpe : 2. Order: 4 G(s)=~ : _
s? (1+sT,)(1+5sTy)

1 . 1
T 2 . z 7
(jo)” (1+joT) (1+joTy)  ¢2/-180° Jl+cﬂz'l‘12£tan'lm'1} J1+m2T§zm“mTQ

1 . .
= Z(~180° - tan 0T, - tan"'0T,)

o o)

Aso -0, G(jo)—> 0L£-180°
As o —-w, Gljo) - 0£L-360"

G(jo)=

| Type:2, Order:5 - Ge)= : feaf"‘“g- [—270°
4 . Z(1+5T)(1+5T,)(1+5Ty) R
. 1 i '
Gljo)=—— : - . ®=0 o
: (jo) (1+joT)(1+ joT)(1+ joT;) —180°
1 @
= ' , -90°
024~ 180° {1+ 02T2 Ltan 0T} 41+ 0212 Ltan 0T, 1+ 0212 Lian 0T,
= 2 Z(~180° - tan”'oT; - tan"'o T, ~ tanloTy)

0?1+’ 1)1 +071F ) (1+07T3)

Asw =0, G(jo) = 0L-180° _
As o —» o, G(jn) = 0£—450°"=02—-90°
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TABLE-3.1: Typical Sketches of Polar Plot

' 1 _270°
ivpe: 1, Order: 1 G(s)=—S~ _E?'O
|
~180° ~ 0°
. 1 o i 2
Gyt = 1 —= 790 e 1 £
Jo oZ9% o T ]
' & E
As® =0,  G(m) = woL-90° 12
As® -,  G(jo) > 0L-90° = Dg(f‘
| - —270°
G(s) = l1+s ;
R 1} ~180° = 0’
. 31 ] ' 2
G(jo) = I_JmTz _1 +1 =1 =L£—90°+I o 4 £
joT  joT oT £90° oT §
w | 1LT.E
Aso -0, G(jo)— «0/-90"+1 ol @
=
As® -0, G{jo) > 0£-90°+1 -90°
: -270°
G(s) =s _ w=wo] 5
- Gjo)= jo =0L90° ' $
: o
L cAse® =0, G(jo) > 0290° . MT.E
 Ase oo, Gljo) - ©/90° | _1g0_2=0] S
-90°
-270°
; G(s) =1+sT M=o o
i =
i Gjo)=1+joT=1+0TL90" ;
| - 40
! Asw =0, G(jo) - 1+0290° : '8
i As® — e,  G(jo) - 1+20/90° -180° @=0 S o
: : 1
{ —90°

DETERMINATION OF GAIN MARGIN AND PHASE MARGIN FROM POLAR PLOT

The gain margin is defined as the inverse of the magnitude of G(jo) at phase crossover frequency.
The phase crossover frequency is the frequency at which the phase of G(jw) is 180°.

Let the polar plot cut the 180° axis at point B and the magnitude circle passing through the point B
be G,. Now the Gain margin, K, = I/Gy. If the point B lies within unity circle, then the Gain margin is
positive otherwise negative. (If the polar plot is drawn in ordinary graph sheet using rectangular coordinates
then the point B is the cutting point of G(jo) locus with negative real axis and K, = 1/|G,| where G is the
magnitude corresponding to point B).

The phase margin is defined as, phase margin, y = 180° + ¢ where ¢, is the phase angle of
G{jo) at gain crossover frequency. The gain crossover frequency is the frequency at which the magnitude
of G(jo) is unity.
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Let the polar plot cut the unity circle at point A as shown in fig 3.23 and 3.24. Now the phase
margin, vis given by LAOP, i.e. if LZAOP is below —180° axis then the phase margin is positive and if it

is above —180° axis then the phase margin is negative.

-270°

Unity circle

: : 1
Gain margin, K, =—
. Gy

Phasemargin,.}r =180° + 4

Fig 3.23 : Polar plot showing positive gain
margin and phase margin.

GAIN ADJUSTMENT USING POLAR PLOT

To Determine K for Specified GM

Draw G(jo) locus with K =1. Let it cut the —~180° axis at
point B corresponding to a gain of G,. Let the specified gain
margin be x db. For this gain margin, the G(jo) locus will cut
~180° at point A whose magnitude is G,.

Now, ZDiog——l—-:x =y log,L tck = AL

GA G.‘\ 2{} e GA
1
101(1'29

- 101329
"G, =

Now the value of K is given by, K = —%"L.
- B

If, K>I,
If, K < 1, then the system gain should be reduced.
To Determine K for Specified PM

then the system gain should be increased.

Draw ua_}s.lu} locus with K = 1. Let it cut the unitvl circle at
point B. (The gain at point B is G and equal to unity). Let the
specified phase margin be x°

For a phase margin of x°,
G(jw) at gain crossover frequency.
SxT=1800+ 9, = d:-gcx
. Inthe polar plot, the radial line corresponding to ¢ will
cut the locus of G(jo) with K = 1 at point A and the magnitude
corresponding to that point be G,

let ¢w be the phase angle of

- 180°

: : 1
Gainmargin, K, =—
e
Phase margin, y =180" + .
Fig 3.24 : Polar plot showing negative gain

—270°
Unity circle
o C
0
A
0
-90°

margin and phase margin.

Fig 3.25 : Polar plot for different
values of K

-270°,

-180°

I=
v ¥

GLl

i
B T L

-90°

Fig 3.26 : Gain adjustment for
required phase margin.



Now, K=—%=—

EXAMPLE 3.7

The open loop transfer function of a unity feedback system is given by G(s) = 1/s(1+s) (1+2s). Sketch the polar plotand
determine the gain margin and phase margin. -

SOLUTION
Given that, G(s) = 1/s(1+s) (1 +2s)

Puts=jw,
1

) o T o) 1+ 2)

The corner frequencies are o, = 1/2=0.5rad/sec and w_, = 1 rad/sec. The magnitude and phase angle of G(jo) are
calculated for the comer frequencies and for frequencies around comer frequencies and tabulated in table-1. Using polarto
rectangular conversion, the polar coordinates listed in table-1 are converted to rectangular coordinates and tabulated in table-
2. The polar plot using polar coordinates is sketched on a polar graph sheet as shown in fig 3.7.1. The polar plot using
rectangular coordinates is sketched on an ordinary graph sheetas shown infig 3.7.2.

. 1 1
Gljo) =— - - =
(jo) (1+jo) (1+20) 4, 90° Ji+e2 an o Yi+40? Ltan 20
= L Z-90°~tan"'o -tan' 20
o (1+0?) (1+ 40?)
. 1 1 1
2|Gljo)l=

o J(1+0?) (1+402) "o 1+4o? 10 +40° o V1+502+ 40’
£G(jo)=-90°-tan ' —tgn“12m '

TABLE-1 : Magnitude and phase of G(j®) at vatious frequencies

Gain margin, K =1.4286

Phase margin,y =+12°

=
rad/sec 0.35 0.4 045 0.5 06 0.7 1.0
1G] 2.2 18 15 12 0.9 07 | 03
ZGjo) 144 -150 -156 162 471 | 1795 | 198
| deg | ~-180,
TABLE-Z : Real and imaginary part of G({jo) at various frequencies
— _
rad/sec 0.35 0.4 0.45 0.5 0.6 07 10
G, (o) 478 | 156 | 137 | 114 | -0.89 07 | 029
Go) 129 | 09 | 061 037 | 014 | o0 0.09
RESULT
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3-8
EXAMPLE 3.8

The open loop transfer function of a unity feedback system is given by G(s) = 1/ s*(1+s) (1+2s). Sketch the polar plot and
determine the gain margin and phase margin.

SOLUTION

Giventhat, G(s) =1/ s¥{1+s){1+2s)
1
(jo)? (1+ jo) (1+j20)

Irol Sysiems Engineering )

Puts=jo, - G(jo)=

The comer frequencies are @, = 0.5 rad/sec and o, = 1 rad/sec. The magnitude and phase angle of G{jo) are
calculated for the comer frequencies and frequencies around corner frequencies are tabulated in table-1. Using the polar to
rectangular conversion, the polar coordinates listed in table-1 are converted to rectangular coordinates and tabulated in table-
2. The polar plot using polar coordinates is sketched on a polar graph sheet as shown in fig 3.8.1. The polar plot using
rectangular coordinates is sketched on an ordinary graph sheet as shown in fig 3.8.2.

' 1

Gljo)=— . .
(j0)? (1+jo) (1+ 20)
ki 1
02£180° Y1+ 0? stan”o Y1+ 402 stan20
: 1 -1 -1
G(jo) = Z(-180—-tan" » —tan™ 2m)
021+ 02 Y1+ 402
1 1
1G(je)l= =
& 02 Y1+ 02 Y1+ 402 m2J(1+m2}{1+4m2}
N 1
o2 V1+50% + do®

ZG(jo)=-180°-tan o —ian"' 20.

TABLE-1 : Magnitude and phase plot of G(jo) at various frequencies

©
radisec | 0.45 0.5 0.55 0.6 0.65 0.7 0.75 1.0

i) 3.3 25 19 15 12 | 0.87=1 0.8 0.3

£G{jo)

deg | =246 | -251 | 256 | -261 | -265 | 269 | —273 | 288
TABLE-2 : Real and imaginary parts of G(jo) |

| @ |

: l
irad.’sec 0.45 0.5 0.55 0.6 0.655 0.7 0.75 1.0

éGﬂﬁm}l -1.34 + 081 -046 | 023 | -01 |-0.02 0.04 0.09

| Glle) 301 | 236 | 184 | 148 | 12 1.0 08 | 0.29

RESULT
Gainmargin, Kg =0
Phase margin, y=-90°
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. Ghapter 3 - Frequency Response Analysis O 3. 48
EXAMPLE 3.9

The open loop transfer function of a unity feedback system s given by,

(1+0.2s) (1+0.025s)

G(s) = —
s3(1+ 0.005s) (1+0.001s)

Sketch the polar plot and determine the phase margin.

SOLUTION |

(1+0.2s) (1+0.025s)

Given that G(s) = 7
5*(1+0.005s) (1+0.001s)

Sy A Ban) UF 0 5200)
(jo)® (1+]0.0050) (1+]0.00%)

§ J1+(0.20)2 2tan0.20 |/1+(0.0250)7 <tan"0.0250

@3 22700 \[1+(ﬂ.ﬂ05m)2 Ztan™0.005w J1+(0.0~91@}2 Ztan”'0.001e
J1+(0.20)2 J1+(0.0250)?

©° J1+(0.0050) 4/1+(0.00%)

2G(jo) =tan"'0.20 +tan~' 0.025w0 — 270°—tan"'0.0050 — tan""'0.00%

1G(jo)i=

The magnitude and phase angle of G(jo) are calculated for various frequencies and listed in
table-1. Using the polar to rectangular conversion, the polar coordinates listed in table-1 are converted to rectangular coordinates
and tabulated in table-2. The polar plot using polar coordinates is sketched on a polar graph sheet as shown in fig 3.9.1. The
- polar plot using rectangular coordinates is sketched on an erdinary graph sheet as shown in fig 3.9.2.

TABLE-1 : Maguitude and phase of G(jo)

o radfsec 09 | 095 | 10 11 12 14 1.7
IGio) 1.4 12 10 | 08 | 06 0.4 0.2
/Glio), deg 259 | 288 | -257| 256 | -25 253 | 249

TABLE-2 : Real and imaginary part of G(jo)

w, rad/sec 0.9 0.95 1.0 J 11 I 1__2______‘_1 "f;__.,, J_?,F

G, (o) 027 |-025 |-022 |-019 |-016 | 012 | -0.07

| Gio) 137 [ 117 | 087 | 078 | 058 | 038 | 019

 IORSTUNTATI SO 3 i !
RESULT

Phase margin,y=-77°
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3.51 < Conirol Systems Engincering)
EXAMPLE 3.10

The open loop transfer function of a unity feedback system is given by G(s) = 1/s(1+s)?. Sketch the polar plot and
determine the gain and phase margin.

SOLUTION

Giventhat, G(s) = 1/s(1+s)2.
Puts =ja,

2 H = 1 = 1
=~ G(jo) = jo (1+j0)  jo (1+jo) (1+jo)

The comer frequency is o.,= 1rad/sec. The magnitude and phase angle of G(jm) are calculated for comer frequency
and frequencies around cornér frequency and tabulated in table-1. Using polar torectangular conversion the polar coordinates
listed in table-1 are converted to rectangular coordinates and tabulated in table-2. The polar plot using polar coordinates is
sketched on a polar graph sheet as shown in fig 3.10.1. The polar plot using rectangular coordinaies are skeiched on an
ordinary graph sheet as shown infig 3.10.2. "

L. N 1

B o (v ier jo (%) (17]0)
_ 1
©290° 1+ 02 Aan o Y1+ o2 stan'o
sl (-80" - 2tan~T)
m(\.’1+u}2) :

. 1

[G{jo)l=

o(1+0?) o+’
£G(jo)=-90" - 2tan"'o )

TABLE-1: Magnitude and phase of G(j®) at various frequencies

® : |
| rad/sec 04 | 05 0.6 : 0.7-| 08 | 09 1.0
- 1G{) |22 16 | 12 J' 1 0.8 0.6 05 04
£G) |
deg _ i ~134 | -143 | 151 i'-159 [—16? 174 | -180 | -185
TABLE-2 : Real and imggjn; Iy partsl of G(j@) at various frequencies .
[ a5 . i| i ]
| rad/sec | 04 | 05 | 06 0.7 0.8 09 | 1.0 1.1
} G (o) | ~153 | -128 | 105 | 093 | 078 | 06 | 05 | 04
Lq&g) ‘ 158 | 096 | 058 | 036 | 0.18 | 006 | 0 0.03
RESULT

Gain margin, K =2
Phase margin, y=21°




40°
—320°

50°
=-310°

60°
-300°

T0°

—290° [+

80°

~280° HHH-

90°

100°

—260° [ 11}

1100
~250°

120°
—240°

130°
-230°

140°
-220°

A"
- 5
Y =70
1Y

rJ
If (7 2 NS
m‘m ”h '%:: - > N | III| Ililllil ' Ii'i .Ili
! T~ [7 QR T L i L
Libi by el {fﬁ S0 !HF!'Fllh@:Egﬁ 1 \E | !L }‘ ]il‘
bic E3 IRRRRRARAR R T T
' RS i
.‘ '_ -. | f-4 j i fl f _.' J I!; ,'l
I\“-_ \ \'\ / J.." ; rfll / .;"J ,u'lll :."l l,-'l _J'r.
i /111111
\ I/
e / /i
b
/
I 7
S ——— //
o e
e
-—-..._‘_‘__:_—_-__: Frr .___ ——
T— P e e S —'-'_-'-F'__r_'_,_‘_——' 2
\\\ 5 - ____‘_‘:::_—.___ ____,,_.ff"-—f
e st
; = “‘::.‘ &_h__::: T W ‘::___;— /
— . unl :
xfﬁ““aﬁ ) A
- =200° —190° —180° =170° -150°
160° 170° 180° 190° 210°

CHipter 3 = Frequenicy Response Analysis 522
l E ii;j:; — = - 3 X 2200
/ ﬁ — 11— N N\\ &
///éé ==\
e & -
'qaiiii?:;'ﬂqggiai1EEE§EEEEEEEE‘ :::::__ - t; \\

290°

280°
-3¢

270°

1
o
(==}

260°
~100°

250°
-110°

3.10.1: Polar plot of G(jo) = 1/[jo (1+jo)?] (using polar coordinates)

240°
-120°

230°
=~130°

220°
-14¢0°

Fig



( Gontrol Systems Engineering )

3453

-

r
o

AT
f B
L

=

e &

T .
! | 1. et LI il Pl A H
as TR R s eI

=== Ea i

T [eermmr——

.
=
R

[Ty P U —————

[ oA ke

1 1] 1 |
T 2 T T
S
L o
| ]

{ et

T e B

.

4 — =

t
Malagld RN HER ARF cAad f T ETL | b 1l ! e FHHH i
Al L e m iy LT Sl il
f I } b L) HAH LR ; SRl BASEL 168
il I | o __». Hp mﬂ o I
{1 AL 7 T HHE IR [ea
AEHEIER A IRt A i W [T Wt et T
i : L i L N | i
.— } m _p ' H q Y llm Ill,.. mEae m
A HIHHHHE v i EICRARIRe Mt M Jred (AL i | |
T m I g HARREEERERERE RSy TG FIEEIERET AR R A Hi
B 1 T gL HHH _,L__ : _u H i [+
._.w." b 14 1 L. | .ﬂ__. 1 | i |l
L i _ | HARIEH adRlAELE T !
TR I _ ikl =] Hiliifi | Hiklikl
| | “ i i (it A T
i A1 A H[E iH | | H AN WhdNEY] i)
IR LG ETE RH __ i L [HHE
i | ' EE __ PR Ll | HH Ll
i _ ANTIREN ] w LR i } .._a.. 1| | | o iEaEN ."_ H
AREiReaLsg i * it i it 11 I m T i
; o i KRR RERARELR .” T ! i koli T 1
iifat | | o)
it -+
i
H

!
]
Lk
EREE 4 h 4l ; A ;
FTHL _ __ i ! ¢ | m_ ] 1 _ 1 i
o || MEEH ! a1l IRt i 48 {1 i |
sfllEHRAIE | Tl UL e WL LI
R TR il AR ST T IR R
HiE | | Tl Hil A _
_ | ! 1 5 L P 1 ! m_. | [ 1
| T _ L T T
! it it Rl s | i
| 15 it U 1 L
| UL e 11 i i LI ._u M._, M L
] i | i L1 o | ] i T
iy i T : 1 ; L] i
L b 1 i ™ i I I _
1 TR I [ 1 ! ¥ Eo i B |
“ T m il . | L S
! v By AR~ A i ¥ L e HYE ]
! m 1. _._ﬁ._-___ | _m ! | 3 } il i ! Il

03)2] (using rectangular coordinates)

1

Polar plot of G(jw) = V/[jo (1

Fig 3.10.2



(__Chapter 3 = Frequency Response Analysis >

3.54

EXAMPLE 3.11

Consider a unity feedback system having an open loop transfer function G(s) =

SOLUTION

graph sheet as shown infig 3.11.2.

Given that, G(s) =

K

s (1+0.2s) (1+0.05s)

 .Putk=1ands=joinG(s). -.G(jo)=

1

jo (1+ j0.20) (1+j0.050)

K

s(1+ 0.2s) (14 0.05s)
Sketch the polar plotand determine the value of K so that (i) Gain margin is 18 db (ii) Phase margin is 60°.

. The polar plotis sketched by taking K= 1.

The corner frequencies are o , = 1/0.2 = 5 rad/sec and o , =1/0.05 = 20 rad/sec. The magnitude and phase angle of
G(jo) are calculated for various frequencies and tabulated in table-1. Using polar to rectangular conversion the polar coordinates
listed in table-1 are converted to rectangular coordinates and tabulated in table-2. The polar plot using polar coordinates is
sketched on a polar graph sheet as shown in fig 3.11.1. Polar plot using rectangular coordinates is sketched on an ordinary

1

Gljo) =

jo (1+j0.20) (1+ 0.050)

1

0£90° 1+(0.20)? £1an 020 1+(0.050)% £tan '0.050

1

© 1+(0.20)? {1+(0.050)

" |Gljw )=

1

£(~90° —tan~'0.26 — tan~' 0.050)

® ,fi%{o.zm'f J1+(0.050)2

and ZG{jo)=-90"—tan"'0.20 —tan"'0.050

TABLE-1: Magnitude and Phase of G(jo) at Various Frequerncies

!

@ &

| radisec | 06 0.8 112 3° | 4

E IGlio)| [ 165 1.23 10 | 05 03 | 02

| Le

| deg | -8 101 -104 | 1175 | 1204 | -140

o - l
rad/sec 3 6 7 g 10 1M | 14
Gl 0.14 0.1 0.07 0.05 0.04 003 | 002
£Gl) | | |
deg 149 157 =164 .| -176 ~180 -184 | 195

TABLE-2 : Real and Imaginary Parts of G(j®) at Various Frequencies

l

-1.21

§
I

o
rad/sec 0.6 08 1 2 3 4
GR@::) —0.23 -0.23 .24 023 .19 —0.15
Gjo) ~1.63 -0.97 -0.44 023 | -0.13
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i " | | = |
irad:’sec 5 ; 6 7 9 L 10 11 — }
i G | —0120 | -0092 | -0067 | 0050 | 004 | -0030 & -0019 |
‘ Gjo) l -0.072 | -0039 | -0.019 | -0.0034 0 0002 | 0.005

In the polar plotshown in fig 3.11.1 and 3.11. 2therearetwo;:alms marked as curve-l and curve-il. Thesehvolamare
sketched with different scales to clearly determine the gain margin and phase margin.

From the polar plot, with K=1,
Gain margin, K = 1/0.04 =25,
Gain margin in db= 20 log 25=28 db.
Phase margin, y=76°.
Case (1)

With K =1, let G(j) cut the —180° axis at point B and gain corresponding to that point be G,. From the polar plot
G, =0.04. The gain margin of 28 db with K= 1 has to be reduced to 18 db and so K has to be increased to a value greater than
one.

Let G, be the gain at-180° for a gain margin of 18 db.

: 1 1 18 1
Now, 20 log —=18 =X log — = — = =109
%G 96, " 20 G.
1
(o GA = W =0.125
The value of Kis given by, K:—%:%:S.‘EZS
Gy 004

Case (i) |
With K = 1, the phase margin is 76°. This has to be reduced to 60°. Hence gain has to be increased.
Let Py be the phase of G(jo) for a phase margin of 60°
- 60°=180°+¢_,
9, = 60° - 180° = -120°

in the polar plot the -120° line cutthe locus of G{jo) at point C and cut the unity circle at point D.
Let, G,=Magnitude of G(jo)atpointC.

G, = Magnitude of G(jo) at point D.
Fromthe polar plot, G, =0.425and G, = 1.

G 30

- 2353
Ge 0425

Now, K=

RESULT
@ WhenK=1, Gainmargin, K, = 25
Gainmarginindb = 28db
(b) When K =1, Phase margin,y = 76°
© Foragainmarginof 18db, K = 3.125
{d) For a phase margin of 60°, K = 2.353
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Fig 3.11.2: Polar plot of G(jo) = 1/jo (1+j0.20) (1+j0.050), (using rectangular coordinates)
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EXAMPLE 3.12

3.58

K

. Sketch the polar
s (1+0.55) (1+4s) Po

Consider a unity feedback system having an open loop transfer function, G(s) =

ploténd determine the value of K so that (i) Gain margin is 20 db and (ii) Phase margin is 30°.
SOLUTION

Given that, G(s) =K/s (1+0.5s) (1+4s)

The polar plotis sketched by taking K=1.

PutK=1ands =join G(s).

1

= Gljo)=- - .
- jo {1+ j0.50) (1+ [4e)

The corner frequencies are o, = 1/4 = 0.25 rad/sec and o_, = 1/0.5 = 2 rad/sec. The magnitude and phase angle of
G{jo) are calculated for various frequencies and tabulated in table-1. Using polar to rectangular conversion the polar coordinates
listed in table-1 are converted to rectangular coordinates and tabuiated in table-2. The polar plot using polar coordinates is
sketched on a polar graph sheet as shown in fig 3.12.1. The polar plotusing rectangular coordinates is sketched on an ordinary
graph sheet as shown in fig 3.12.2.

: 1
Gljo) =- _ s
jo (1+j0.5w) (1+ j4o)
= 1
©£90° 1+(0.50)? £tan™'050 {1+ (40)? Ltan~" 4o
1 . ,
= - Z(-90°—tan™'0.50 - tan™' 4m)
01+ 0.2502 41+1602
: 1
~Gjo)] =

© Y1+0.2502 /1+1602
£G(jo) =-90°—tan~'050 - tan 4o

TABLE-1 : Magnitude and Phase of G(j®) at Various Frequencies

m -.
rad/sec 0.3 04 0.5 06 0.8 1.0 1.2
IGlo)] 211 13 0.87 0.61 0.35 0.22 0.15
£G{jo)
deg -149 -159 -167 -174 -184 -193 -199
TABLE-2 : Real part and Imaginary parts of G(j®) at Various Frequencies
. |
| rad/sec 0.3 0.4 - 05: | 06 0.8 W 12 |
| G 18 | 121 | 085 | -081 | -035 | 021 | -0
| Go) 109 | 047 | —02 006 | 002 0.05 0.05
| . |

From the polar plot, with K=1,
Gain margin, Kg =1/0.44=227
Gainmarginindb=201og2.27=7.12db

Phase margin, y= 180°+ ¢'m = 180°-165°=15°
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®) (1Hjdw)], (using rectangular coordinates).

-
10.5
]

+

Polar plot of G(jo) = 1/[jw (1

]
-
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E‘sse {1}

With K =1, let G(jw) cut the ~180° axis at point B and gain corresponding to that point be G,,. From the polar plot,
G, =0.44. The gain margin of 7.12 db with K= 1 has to be increased to 20 db and so K has to be decreased to a value less than
one.

Let G, be the gain at—180° for a gain margin of 20 db.

Now, 20 log i=2li3
G

A
.2,
G, 20
I 10=10

log

G 0.1
The value of Kis givenby, K= —4& = ——=0.227
KeE e e

Case (.-'f)
With K = 1, the phase margin is 15°. This has to be increased to 30°, Hence the gain has to be decreased.
Letd,., be the phase of G(jw) for a phase margin of 30°,
- 30°=180"+¢_,
$,p =30° - 180° = -150° _
In the polar plot the —150° fine cuts the locus of G(jo) at point C and cut the unity circle at point D.
Let, G, = Magnitude of G{jo) at point C. |
G, =Magnitude of G{jo) at point D.
Fromthe polar plot, G, =2.04 and G,=1

Now, K=i= —:1—-= 0.49
G, 204 :

RESULT
(@  WhenK=1,Gainmargin, K =227
Gainmarginindb = 7.12db
(o) When I-(.= 1, Phase margin,y = 15°
(© For a gain margin of 20 db, K = 0.227
(d) Fura;'phase margin of 30°, K = 0.49
3.8 NICHOLS PLOT

The Nichols plot is a frequéncy response plot of the open loop transfer function of a-system. The
Nichols plot is a graph between magnitude of G(jo) in db and the phase of G(jo) in degree, plotted on a
ordinary graph sheet. :

In order to plot the Nichols plot, the magnitude of G(jw) in db and phase of G(jo) in deg are
computed for various values of ® and tabulated. Usually the choice of frequencies are corner frequencies.
Choose appropriate scales for magnitude on y—axis and phase on x-axis. Fix all the points on ordinary
graph sheet and join the points by smooth curve, and mark frequencies corresponding to each point.
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In another method, first the Bode plot of G(jo) is sketched. From the Bode plot the magnitude and
phase for various values of frequency, ® are noted and tabulated. Using these values the Nichols plot is
sketched as explained earlier.

DETERMINATION OF GAIN MARGIN AND PHASE MARGIN FROM NICHOLS PLOT

The gain margin in db is given by the negative of db magnitude of G(jo) at the phase crossover
frequency, mpc.The o, is the frequency at which phase of G(jw) is —180°. If the db magnitude of G(jw)
at ®_ is negative then gain margin is positive and vice versa.

Let ¢ be the phase angle of G(jo) at gain cross over frequency o_. The o_ is the frequency at
which the db magnitude of G(jo) is zero. Now the phase margin, v is gwen by v =1 $0°+¢Ec. If¢_is less
negative than —180° then phase margin is positive and vice versa. The positive and negative gain margins
are illustrated in fig 3.27.

+db | / o /_

T Positive GM

ii T / T gi}lgative

Glio) A IG(e) o v
in 0 ) I 5 in :
db: . . L | M /k‘x b

~-db /> |Positive —db > il
- |PM ] egative
: /T M

-360° -270° 180" ¢,-90° ©° -360° -270° ¢ —180° —90° 0°
Fig 3.27 : Nichols plot showing phase margin (PM) and gain margin (1 GM?
GAIN ADJUSTMENT IN NICHOLS PLOT

In the open loop transfer function, G(jo) the constant K contributes only magnitude. Hence by
changing the value of K the system gain can be adjusted to meet the desired specifications. The desired
specifications are gain margin and phase margin.

In a system transfer function, if the value of K required to be estimated, in order to satisfy a desired
specification, then draw the Nichols plot of the system with K=1. The constant K can add 20logK to
every point of the plot. Due to this addition, the Nichols plot will shift vertically up or down. Hence shift
the plot vertically up or down to meet the desired specification. Equate the vertical distance by which the
Nichols plot is shifted to 20logK and solve for K.

Let, x = change in db (x is positive if the plot is shifted up and vice versa).

Now, 20logK=x = logK= 20 = ~K=102

EXAMPLE 3.13

K(1+ 10s)
s? (1+s) (1+2s)

Consider a unity feedback system havingan open loop transfer function G(s) = Sketch the Nichols

plotand determine the value of K so that (i) Gain margin is 10db, (if) Phase margin is 10°.
SOLUTION |

K(1+10s)

Given that G(s) =
pegtiat () s?(1+s)(1+2s)
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GGl

ieitd

2 200°  —180°_q700 —160° _—140°  -120°  —100° ZG(
% ' 104 : in deg
Fig 3.13.1 : Nichols plot of G(jo ) = K(i+jl00)

(o ) (1+ jo )1+ j20)
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The sinusoidal transfer function G(jo) is obtained by lettingto s = jo. AlsoputK = 1.

) (1+ j100) 1+(100)’ stan"100
A = e . =
(lo) (1+jo)(1+120)  ©2,180°V1+0? stan o f1+(20)° Ltan 20
Gliof o Y1x1000> o Y1+ 10007
(Glio) = T fie? =i 2|Go),y, = 20100 | —2— -
o yi+e J1+4m @ ~f1+m -J1+4{!)

£G(jo) =tan 100 -180° —tan "o - tan"* 20

The magnitude of G(joo) in db and phase of G{jo) in deg are calculated for various values of » and listed in the following
table. The Nichals plot of G(jw) with K = 1 is sketched as shown infig 3.13.1

1
LE4] | ;
rad/sec ; 0.2 04 | 08 08 1.0 1.5 2.0 3.0 40
|
iGlio)l f ; _ '
db 341 254 19.3 14.3 1@ 14 =53 -152 | -225
£G(jo) |
deg -150 | -164 | 181 -194 | 204 | -222 | -232 i -244 | -250

From the Nichols plot the gain margin and phase margin of the system when K=1 are,

Gainmargin = -19.5db
Phase margin= —45°
Gain adjustment for required gain margin

For a gain margin of 10 db, the magnitude of G{jo) should be —10db, when the phase is —180°. When K =1, the
magnitude of G(jo) is +19.5db corresponding to phase angle of -180°. Hence if we add —29.5 db to every point of G{jo) .then
the plot shifts downwards and it will cross —180° axis at a magnitude of —10db. The magnitude correction isindependent of
frequency and so this gain can be contributed by the term K. Let this value of K be K. The value of K, is calculated by equating
20iogKto -29.5db.

B | 295 =5
» 20log K, =-295db =  logK,= = Ki=10 2@ =00335

Gain adjustment for required phase margin

Let = phase of G(jm) at gain crossover frequency for a phase margin of 10°

..Phase margin, y,= 180° +¢,_,
<= ¥,—180° = 10°-180° =—170° :
When K =1, the magnitude of G{jo) is +23 db commesponding to a phase of —170°. But fora phase margin of 10°, this gain
should be made zero. Hence if we add —23db to every point of G{jo) locus then the plot shifts downwards and it will cross -170°

axis at magnitude of 0 db. The magnitude correction is independent of frequency and so this gain can be contiibuted by the term
K. Let this value of K be K,. The value of K, is calculated by equating 20 logK, to —23db.

-23
~20logKy=-23 = logK,=-23/20 =  K,=102 =007

RESULT
(@  WhenK=1,
Gainmargin = -19.5db
Phase margin = —45°
D) For a gain margin of 10db, K=K, = 0.0335
{c) Foraphasemargin of 10°, K=K, = 0.07
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3.9 CLOSED LOOP RESPONSE FROM OPEN LOOP RESPONSE

The closed loop transfer function of the system is given by,

) G(s)
R(s) 1+G(s) H(s)

= M(s)

The sinusoidal transfer function is obtained by replacing s by jo.

G(jo)
1+ G(jo) H(jo)

M(jo) =

Let, M(jo)=M/a
where, M = Magnitude of closed loop transfer function
‘o = Phase of closed loop transfer function.

The magnitude and phase of closed loop system are functions of frequency, ®. The sketch of
magnitude and phase of closed loop system with respect to o is closed loop frequency response plot. The
magnitude and phase of closed loop system for various values of frequency can be evaluated analytically
or graphically. The analytical method of determining the frequency response involves tedious calculations.
Two graphical methods are available to determine the closed loop frequency response from open %oop
frequency response. They are,

1. M and N circles
2. Nichols chart.

3.100 M AND N CIRCLES

The magnitude of closed loop transfer function with unity feedback can be shown to be in the form
of circle for every value of M. These circles are called M-circles.

If the phase of closed loop transfer function with unity feedback is o, then it can be shown that
tan o will be in the form of circle for every value of a. These circles are called N-¢ireles.

‘The M and N circles are used to find the closed loop frequency response graphically from the open
loop frequency response G(jo) without calcuiatmg the magnitude and phase of the closed loop transfer
function at each frequency.

The M and N circles are available as standard chart. The chart consists of M and N circles
superimposed on ordinary graph sheet. Using ordinary graph the locus of G(jo) (Polar Plot) is sketched.
- The locus of G(jo) will cut the M-circles and N-circles at various points, The intersection of G(jo) locus
with M and N circles gives the magnitude and phase of the closed loop system at frequencies corresponding
to the cutting point of G(jo).

The M and a for various values of @ are tabulated. The magnitude and phase response of closed
loop system are skeiched on semilog graph sheet by taking ® on the logarithmic scale on x-axis. [The
closed loop frequency response has two plots. They are M Vs @ and a Vs @]
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M-CIRCLES

Consider the closed loop transfer function of unity feedback system, M(s) = -]f%
Puts = jo, . M(jo)= ]—E}%
Let, G(jo)=X+]jY
'v;»,fhere, X = Real part of G(jo).
Y = Imaginary part of G(jo).
| il X2 +Y? st~ 2
 M(jo)=—tdX_ X VX +Y? /_’[tan_lé—tan_]%J

+

Let, M = Magnitude of M(jo)

VX2 + Y?

SM= -
JI+ X7 + Y2

On squaring the above equation we get,

2 =-1{j-+2—Y2-T = M{1+XP+Y?H=X2 + Y? = M(1+X242X+Y?)=X? + v2
(1+X)"+Y
M2+ MPX2 + M2X + MPY2-X2-Y2=0
XM= +M2X + M2+ Y2 (M-1)=0 S S e rres (3.30)
When M = 1, the equation (3.30) represents a straight line.
When M = 1, the equation (3.30) is, )
X2 (1-1)+2X + 1+ Y2 (1-1)=0 = " P = =_112
Hence when M = 1, equation (3.30) represents a straight line passing through X =-1/2 &Y = 0.
When M # 1, the equation (3.30) represents a family of circles.
When M = 1, equation (3.30) can be rearranged in the form of equation of a circle as shown below.
X2 (MP—1) + M2X + M? + Y2 (MP=1) =0

Divide the above equation throughout by (M?— 1).

2 2
A D;l o i I;I +
M* -1 M* -1

Y2 =90
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2
Add (———?T on both sides of the above equation.
M™ -1

X+ I\;IQ 2X + h;{z 4 o 2+Yz=____1}42_2
M=l ML (2 ) (M*-1)
Xz-']- 2{2 2X+M2[M2_1):M2 e M2 2.
R T R
M2 M M’
X2+M2_]_2X+(M3_1)2 +Y2=m az+23b+b2=(a+‘b}2
2 : :
[x+ fﬁ J+Y2=_Jﬂi? _ (331
M -1 (MZ—I]

The equation of circle with centre at (X, Y,) and radius r is given by, _
(X=X )P+(Y-Y)p=r wel332)
On comparing equation (3.31) and equation (3.32), it can be concluded that the equation

(3.31) represents a family circles with centre at (-M*M?*-1), 0) and with radius, r = M/(M?-1) for
various values of M. The circles given by equation (3.31) are called M-circles.

When M =0 ' When M = o
Centre = (X,.Y;) Centre = (X,,Y;)
X, = =0 X, = = =1
ol R v
Y, =0 Y, =0
3 : M 11
Radius, r=—o—=0 Radius,r=—m w2 -1 1 g
M= -1 M*°=1 M M =
Hence when M = (), the magnitude Hence when M = <, the magnitude
circle becomes a point at (0,0). circle becomes a point at (—1,0).

From the above analysis it is clear that the mégnitude of closed loop transfer function will be -
in the form of circles when M =1 and when M = 1, the magnitude is a straight line passing through
-(—1/2,0). '

For values of M less than 1, the magnitude is a circle to the right of the straight line corresponding
to M = 1. It is observed that the circles for M<1 passes through (-1/2,0) and (0,0) on the negative real
axis. For decreasing values of M, the radius decreases and the circle, becomes a point at (0,0)
when M = 0,

For values of M greater than 1, the magnitude is a circle to the left of the straight line corresponding
to M = 1. It is observed that circle passes between the points (—1,0) and (~1/2,0) on the negative real
axis. For increasing values of M the radius decreases and the circle becomes a point at (-1,0) when
M = o . The family of M-circles are shown in fig 3.28.
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iv Complex plane
. Rectangular coordinates
M=1.2 Mal =¥ M=0.7
X
Fig 3.28 : The family of constant M-circles.
N-CIRCLES
~ Consider the closed loop transfer function of unity feedback system
C(s G(s
S ) = M(s)
R(s) 1+G(s)
Puts= jo, M(jo) = —do)_
1+G(jo)
~Let Gjo)= X +]Y, where, X = Real part of G(jo).
Y = Imaginary part of G(j®).
: -
. X+jY VT Y Ltar X2 +Y? LY LY
S M(jw)=- o= % —_— /| tan” ——tan ——
1+ X+35Y 'I(l-l-X} PR e, L \/(I-I-X)E +y?2 X I+X
1+X
Let, o =Phase of M(jo) : a= Ll p -Y—
X I+X
Lgt, N = tano
~N= tan(tan_lz—tan_li}
X 1+X .
tan[tand] I] - t’an[tan_l L] Y . Y ?_{(l el it S
DN = X 1+X x 1+x _X(1+X)
3 = ~
1+tan(tan_1 E—Jtan Ludd \ B 2l 00 ¢
X m:} X +X X(1+X)
% | tangh - gy A b
=. m : : 1+ tanA x tanB
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On rearranging the above equation we get,

X+ X2 4y =L

.-.X+X2+Y3—%=u

2
In the above equation add the term %+[ﬁ] on both sides.

2 2
NEXF L _1+l+[LJ =l+[ij
N 3

4 \2N 2N

[X2+1+XJ+ Y24 . el ] >

4° (2N NJ 4 (2N)

2 : 2
[XJ,_lJ +[Y___1_] Babe, = =T Ta W L (3:33)
2 2N) 4 (2N)
The equation of circle with centre at (X,,Y)) and radius r is,

(X_Xl)z'!'(Y“Yi)z =2 e (3.34)

On comparing equation (3.33) and (3.34), it can be concluded that the equation (3.33) represents a

: ; - 1 1
family of circle with centre at (—1/2,1/2N) and with radius 1/:1"*'(_2;:‘[}7 for various values of N. The

circles given by the equation (3.30) are called N-circles.

For any value of N, the equation of N-circles is satisfied at two points {0,0) and (-1, {}) Hence the
N-circles passes through these two points for all values of o. (N = tan o).

Consider the equation of N-circle, Consider the equation of N-circle,
When X=0and Y =0, When X=-1and Y=0,
2 2 : 2 2
1 1 1 1
(X+-—) +[Y——J == 5 [X+1J +(Y——]- =i+ i
2 2N/ 4 @2N) _ 2 2N 4 (2N)?
2 2 2 2
1 1 1 1
ol dm |
2 2N/) 4 (@N) 2 2N) 4 (4N)?
2 ke B4 1, i 1" 1 '
—— = —— —_————
4 4N? 4 4N? 2 AN AT

" The above analysis shows that the equation of N-circle is satisfied at points(0,0) and (-1, 0).

When o = 180° the circle becomes a straight line passing through real axis. It is also observed that
the circle for a = 8°-180° above the real axis will be a part of cu'cle for o = 8 ° below the real axis, as

shown in fig 3.29. The family of N circles are shown in fig 3.30.

a

o= 6
] (-1, 0) (0,0)

o =0,

(-1, 0) (0.0) | o =6,-180°
a=96,-180°

Fig 3.29.



@ Gb@iﬂiﬁ’rﬂwﬂmﬁ* Analysis > | 3.70

AjY
a=20"°
—4+2
a=40"
a=60" +1 Complex plane
. Rectangular coordinates
=80 :
‘ﬁlﬂ.’
-2 w.; 1 )
()
[]
a=-80"
o=—60° 11
a=—40°
L2
a=-20°

Fig 3.30 : The family of constant N-circles.

3.11 NICHOLS CHART

N.B Nichols transformed the constant M and N circles to log-magnitude and phase angle coordinates
and the resulting chart is known as Nichols chart.

Nichols chart consist of M and N contours, superimposed on ordinary graph. The M contours are
the magnitude of closed loop system in decibels and the N contours are the corresponding phase angle
locus of closed loop system. The ordinary graph consist of magnitude in db marked on the Y-axis and the
phase in degrees marked on the X-axis.

The Nichols plot of open loop system can be plotted on the ordinary graph The Nichols plot is a
graph between magnitude of G(jo) in db and the phase of G(jw) in degree,plotted on an ordinary graph
sheet. To draw the Nichols plot the magnitude and phase angle of G(jo) are calculated for various values
-of ©. Alternatively the Bode plot of G(jo) is sketched and from Bode plot, the magnitude and phase of
G(jo) for any frequency can be obtained.

Using Nichols chart the closed loop frequency response can be determined graphically from the
locus of open loop frequency response. When the Nichols plot of G(jo) is sketched on Nichols chart, the
locus of G(jo) will cut the M and N contours at vatious points. The cutting point of locus of G(jo) with
the M-contour gives the magnitude of closed loop frequency response correspondmg to a frequency
same as that of G(jw) at that point.

The cutting point of locus of G(jo) and N contour gives the phase of closed loop frequency
response corresponding to a frequency same as that of G(jo) at that point. The magnitude M and phase
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angle ¢ (N = tana) of closed loop system are tabulated . The closed loop frequency response consists of
two plots. They are magnitude M Vs @ and phase angle o Vs ©. Hence using the tabulated values the
bode plot of closed of closed loop system can be drawn.

The frequency domain specifications can be determined from Nicols chart. Fig 3.31, shows various
frequency domain specifications of a typical G(jo) locus. Also the Nichols plot drawn on a Nichols chart
can be used for gain adjustment.

ESTIMATION OF.FREQUENC‘{’ DOMAIN SPECIFICATIONS USING NICHOLS CHART

Resonant Peak (M) and Resonant Frequency (e

The resonant peak is given by the value of M-contour which is tangent to G(]m) locus. The resonant
frequency 1s given by the frequency of G(jo) at the tangency point.

Bandwidth - .

The Bandwidth is given by ﬁ'equency corresponding to the intersection point of G(jeo) and -3 db
M -contour.

Gain Margin

The gain margin is given by negative of magnitude of G(jo) in db at phase crossover frequency,
. At phase crossover frequency the phase of G(jo) is —180°

Gaiﬁ Margin, K, indb = —|G(ju}pc)[m @
Phase Margiﬁ

The phase margin,y is given by y =180° +¢_ where ¢ _ is the phase of G(jw) at gain crossover
frequency. At gain crossover frequency the magnitude of G(jo) is zero db.

GAIN ADJUSTMENT USING NICHOLS CHART

Determination of K for Specified Gain Margin

Draw the G(jo) locus with K=1. Determine the amount of gain to be added at ¢ =—180°, so that db
magnitude of G(jo) locus at —180° is negative of the specified gain margin. Let the db gain to be added be
x db. The gain contribution is independent of frequency and so it can be achieved by choosing proper
value of K. The value of K is obtained by equating 20logK to x db.

Now, 20logK =x
| ~ K =102
Determination of K for Specified Phase Margin

Draw the G(jo) locus with K= 1. The phase margin, y =180° +¢_ where ¢_.is phase of G(jo) at
gain crossover frequency. .. ¢ =y —180°. For specified phase margin, calculate ¢_and from the Nichols
plot determine the db gain at ¢__ . Let this gain be y db. For the specified phase margin, this gain should be

made zero. Hence —y db should be added to every point of G(jo). This is achieved by choosing proper
value of K. The value of K is obtained by equating 20logK to —y db.

: ; i 4
Now, 20logK=-y = logK:—;—ﬁ =  K=102
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+32db
Giljo)
locus
M=M
| 7
7
7 0 db! E
Gain Margin
. I
X !
m'=mh i
bandwidth
—12db ,
1
-180° b _gg° 0°
I;. ,g

Phase Margin
Fig 3.31 : Determination of frequency domain specification from Nichols Chart.

Determination of K for Specified Resonant Peak, M

Draw the G(jo) locus with K = 1. Using a tracing paper, trace the locus of G(jw). A standard
tracing paper, called Nichols overlay is available). Then shift the locus vertically up or down, so that
- M =M, contour is tangent to G{j) locus. Measure the vertical shift in db. Let the shift be + x db. (+ for up
and —for down).

Now, 20logK=4x = logK—-r% - K=102

Determination of K for a Specified Bandwidth

Draw the G(jo) locus with K=1. Determine the open loop gain G(jo) at @ = o, where, o is the
specified bandwith. Determine the point of intersection of -3db -M-contour and this open loop gain on the .
Nichols ‘chart. Let this point be point A. Trace the G(ja) locus. Shift the G(jo) locus vertically up or
down, so that it passes through point A. Measure the vertical sh1ft in db. Let the shift be + x db (+for up
and —for down). :

+ =
Now, 20logK ==x = logK = -Eu% — K=10 20

EXAMPLE 3.14

The open loop transfer function of unity feedback sysiemis, G(s) = Ke?%/s(1+0.25s) (1+0.1s). Using Nichols chart,
determine the following.

. (@) The vaius of K so that the gain margin of the systemis 4 db.
(b) The value of K so that the phase margin of the system is 40°
{c) The value of K sothat resonant peak M, of the systemis 1 db. What are the corresponding values of o and o ?
(@ The value of K so that the bandwidth o, of the systemis 1.5rad/sec.
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3.73
SOLUTION

Firstthe actual bdde plot of G(joo) with K=1 is plotted on semilog graph sheet. The magnitude of G(jo) in db and phase
of G’} for various frequencies are calculated and listed in Table-1. The choice of frequencies are chosen such thatthe
magnitude plot extends in the range of 40 db.to —14db and the phase plotextends in the range of 0° to —180°.

KB—U.ES
" s{1+0.255)(1+ 0.1s)
L{-;‘t, K=1and put, s = jo.

Given that, G(s)

5 N 1/-0.20 150
- Gjo) = = L
jo(1+0.258)(1+0.1s) ©£90°V1+0.062502tan"10.250 1+ 0.0%0? 2tan™'0. T
-1G(o)| L . - 1G(0) g = 20l0g 1
o A= 2 Pl s indy =
'GJ-\JH +00625&) J1+G.U1C€I GJJ‘I-FDOBES(!}Z ||1+€'G10)2
O =0 2k 12 00" = tan W Dby ot 404
FiY
TABLE-1: Calculated values of |G(i®)! and ZG(im)
m .
radlsec 0.01 0.02 0.05 0.1 02 05 1.0 2.0 4.0
(G} _
db 43 | 34 26 20 14 6 0 -7 -16
(Glp) | -9 | -91 91 | 93 | -9 | -106 | —121 | -151 | —203
deg ' ] |

The magnitude and phase plot of Bode plot of G(jo) are shown in fig 3.14.1 From the bode plot the phase and frequency’
for various values of magnitudes are noted and tabulated in table-2. (The choice of magnitudes are 20,16,12,..... i.e, in steps of
4 db, which is convenient for Nichals plot on Nichols chart). Using the values listed in table-2 the locus of G(jo) on Nichols chart
is sketched as shown in fig 3.14.2.

TABLE-2: Values of IG(jw)| and ZG(jo) Noted from Bode Plot

5 B

rad/sec | 0.1 016 | 025 | 04 064 | 1.0 15 22 3.0

[Glio)} 20 16 12 8 4 0 ~-4 -8 -12
db -

£Go) | -90 -92 -96 ~102 | -110 | 120 | -136 | -156 | —180
deg i

Gain Margin and Phase Margin when K =1

When K =1, the G(jo) locus cuts the -180° axis at —12db. Hence the magnitude atphase crossover frequency is—12db.
-~.Gain Margin, K, =1G{o, e =—(-12) =+12db.
When K= 1, the phaée of G(jo) is ~120° corresponding to magnitude of 0 db. Hence the phase at gain crossover
frequency is —120°, '
~.Phase margin, y=180° + ¢, = 180° - 120°=60°
To find K for a gain margin of 4db

When gain margin is 4 db, the locus of G(jo) should cross the 180° axis at—4 db. When K =1, the magnitude of G{jo)
is —12db comresponding to a phase of 180°. Hence ifwe add, —4 — (-12) =8 dbto every point of G{jo) then the plot shifts upwards
and crosses ~180° axis at -4 db. This magnitude correction is achieved by choosing appropriate value of K. The value of Kis
obtained by equating 20 log K to § db. ;
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8
- 20logk=20db = Iogl(:% = K=102 =25

The G(jo), when K=2.5 is shown in fig 3.14.2.
To find K for phase margin of 40°

Let¢_, be the phase of G(jo) atgain crossover frequency when the phase margin is 40°.
+.Phase margin, v,=180° + L
S by =7,— 180° = 40° - 180° = ~140°

From the above calculation it is evident that for a phase margin of 40°, the magnitude of G(jo) should be 0 db
corresponding to a phase of -140°. When K = 1, the magnitude of G(jo) is ~5db corresponding to a phase of -140°. Hence
if we add +5 db to every point of G(jo) locus then the plot shifts upwards and crosses —140° axis at 0 db. This magnitude
correction is achieved by choosing appropriate values of K. The value of K is obtained by equating 20 logK 10 5 db.

5
. 20logKk=5 = IogK=2—5{] " K=10% =178

The Gfjo) locus, when.K-f 1.78 isshowninfig3.14.2
To find K for a resonant peak of 1 db

The resonant p'eéuk, M, is given by M-contour which is tangent to G(jo) locus. When K =1, the G(jo) locus is tangentto
M =0.25 db contour. Hence when, K = 1, resonant peak is 0.25 db.

Foraresonant peak of 1 db, the M=1 db contour should be made tangéntto G(joo) locus. For this, G{jw) locus can be
shifted vertically up or down so that it becomes tangent to M = 1 db contour. In this problem the G(jo) locus is shifted vertically -
up to make ittangent to M = 1 db contour. The shifted G(jo) locus is shown in fig 3.14.3.

Note : Trace the Gjw) locus when K = 1 on a tracing paper and shift the traced locus over the Nichols chart vertically

' so thatitis tangent to required M-contour. By keeping the tracing paper at the shified position darken the traced locus, so that
| itmakes an impression on nichols chart

The vertical shiftis equivalent to adding a magnitude of 20 log Kto every point of G(jo) locus. From the shifted locus
of G(jo) itis observed that +2db is added to every point of G(jo) locus. Hence the value of K is obtained by equating 20 log K
o +2 db.

. o
20logK = 2db = iogK=—2~2{]- = K=10% =126
The resonant frequen'cy, o, is given by the frequency of G(jw) atthe tangency point. The magnitude of G(jo) is 0 db at
the tangency pointof M = 1 db contour. The corresponding frequency is noted from the bode plot of G(jeo). From the bode plot
the frequency at Odbis 1.0 rad.’se;. Hence the resonant frequency, o = 1.0 rad/sec.

To find K so that @, = 1.5 rad/sec

The bandwidth, w, is given by the frequency of G(jo) corresponding to the meeting point of G(jw) locus and M = —3db
contour. From the bode plot find the magnitude of G(jo) when o = 1.5 rad/sec. From fig 3.14.1 itis observed that magnitude
of G(jo) is — 4db when o = 1.5 rad/sec.

In the Nichols chart, find the point where the M = —3db contour passes through —4db line. Let this point be P. Now
the G(jo) locus with K = 1 is shifted vertically down so that is passes through point P. The shifted G(jo) locus is shown

infig3.1.3.

Note : Trace the G(jw) locus when K = 1 on a tracing paper and shift the raced locus over Nichols chartso thatis
passes through point P. By keeping the tracing paper at the shifted position, darken the traced locus, so thatis makes an
impression on Nichols chart ' :

The vertical shiftis equivalent to adding a magnitude of 20iogK to every point of G(jo) locus. From the shifted locus
of G(juw) itis observed that-6db is added to every point of G(j) locus. Hence the value of K is obtained by equating 20logK
to -6 db. : .

20logK =-6db — log K=-E = K=10"* =05
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EXAMPLE 3.15

L2 : L 20 -
A unity feedback system has open loop transfer function, G(s) = e Using Nichols chart, détermine the

closed loop frequency response and estimate M, o_and o,

SOLUTION
Giventhat,

20
s(s+2)(s+5) (

G(s) =

The transfer function G(s) is converted to time constant or bode form. -

20 - 20/(2 x 5) 2

Gls) = sxz(i+1}<5{5+1} = . (1+-§) (1+E) " s (1+05s) (1:02s)
- 2 5 2 5

Put, s=jw, in G(s)to get G(jw). -

2
Glio) =
(o) = i oBo)as i020)
©290°y1+0.250% 2 tan"" 0.50v1+ 0.040>/ tan"10.20
= ' _2 Z(-80°—tan"'0.5m — tan ' 0.20)
ov1+0.2502 Y1+ 0:040> :
: 2
~|Ge) = -
o1+ 02502 Y1+ 0.040>
s 2
|G(jm)], , = 20log
e ov1+ 0,250 y1+ 0.040?
ZG(jo) = -90°-tan”'0.50 —tan 020 °

The magnitude of G(jw) in db and phase of G(jo)for various frequencies are calculated and listed in table-1. The choice
of frequencies are chosen such that the magnitude plot extends in the range of 40 db to —14 db and the phase plotextendsin

_the range of 0° to —180°.

Using fable-1, the actual bode plot of G(jw) is plotted on semilog graph sheet, as shown infig 3.15.1. _

TABLE-1: Calculated values of |G(j®)| and £G(j®)

rad/sec 02 05 5 A8 20 3.0 4.0
|Gljw)), db 20 12 5 -4 =10 -15
£G(jo), deg -98 110 | =128 =157 =177 -192

‘The magnitude and phase plot of bode plot of G(jo) are shown in fig 3.15.1 From the bode plot, the phase and frequency
for various values of magnitudes are noted and tabulated in table-2. (The choice of magnitudes are 20, 16 12, .,i.e.,insteps
of 4 db, which is convenient for Nlcho!s plot on Nichols chart).

Using the values listed in table-2, the locus of G(jo) is sketched on the Nichols chart as shownin fig 3.15.2.
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TABLE-2: Values of |G(jo)]| and ZG(jo) Obtained from Bode Plot

®
0.2 0.31 0.5 0.74 1.05 1.5 2.0 26 3.2
rad/sec ;
Gl 20 16 12 8 | 4- 0 =4 o =B =115
db -
£Gliw) -98 -102 | -110 | -118 | -130 | -146 | 156 | —168.| -180
deg

The locus of G(jw) drawn on the Nichols chart cuts the M-contour and N-contour at various points. The meeting points -
of G(jo) locus and various M-contours are noted. :

The phase o corresponding to the meeting point are noted from N-contours passing through the meeting point. (If a
‘meeting pointlies between two N-contours, then choose an approximate value of o).

The frequency corresponding to the meeting point are noted from bode plot by transferring the |G(jw)| corresponding to
meeting point to bode plot. The values of o, M and o are listed in table-3. ’

 Thevalues of M and o are the magnitude and phase of closed loop frequency response of G{jo) with unity feedback.

TABLE-3: Values of M and o from Nichols Chart

©

rad/sec 036 1062 [ 10| 12 |16 | 1.8 | 20 |21 | 23 124 |25 |28 |30
M ~<]025({ 1. |2 ]| 3|43 ]|211]o0t-2]-3i-6]-38
dh -
a 12 | 21 [35] 50 | 78 [ 102|120 | 130 | 140 | 151 | 155 | 165 | 175
deg [ .- ' | J

Using the values listed in table-3, the closed loop frequency response plots are sketched as shown in fig 3.15.3. The closed
loop frequency response consists of two plots and they are magnitude piot, M Vs @ and phase plot, a Vs w.

From the closed loop frequency response the values of M., @ and o, are noted.
Resonant peak,M_=+4 db
Resonant Frequency o = 1.6 rad/sec

Bandwidth, o =2.5rad/sec

3.12 FREQUENCY RESPONSE ANALYSIS USING MATLAB

In general, the open loop or closed loop transfer function of a S}’S’;B‘;I] 1s denoted as T(s).

Let, T(s) be a rational function of "s", as shown below.

oy bos™ +bys™ T +bysM 24 aby, s+ by
(8)= N . N-1 N-2
H,,JS +alb +azs +“""+a-"\!—15+ E.)\

For frequency response analysis,— the transfer function T(s) is declared as a function of s using the
following commands.

s=tf(*s"); :
Ts=(b0*sAM+bl*sA(M-1)+...+bM) /(a0%*sAN+al*sA{N-1)+...+aN):

The coefficients of numerator and denominator polynomials of the transfer function are determined
using the following command.

[num_cof den_cof]=tfdata(Ts) , E
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The gain margin, phase margin, gain crossover frequency and phase crossover frequency can be
determined using the following command.

| |[GM PM wgc wpcl = margin{‘l’s);[
BODE PLOT

In order to draw Bode plot the frequecy range can be specified using following commands.

w = logspace(ds, de, n);
where, ds represents Start decade as dlICI:ts
de represents end decade as 10
n represents number of points to be calculated between 10° & 10°

Method 1 :

The Bode plot can be plotted using any one of the following command.

|bode(Ts, "k');
| bode(Ts, w);
; bode(num_cof, den_cof);

i bode(num_cof, den_cof,w);

‘Method 2 :

The Bode plot can also be plotted using semilog plot command as shown below.

[Mag Phase w] = bode(Ts,w);

Magde = 20*Togl0(Mag);
subpiot(2,1,1);semilogx(w,MagdB, 'k");
subplot(2,1,2) :semilTogx{(w,Phase, "k"):;

In this method the magnitude and phase can be scaled by drawing two lines at two specified upper
and lower values. For drawing these lines, one dimensional arrays consisting of same values has to be
created by multiplying the specified value with one. The length of the array should be same as number of
frequency points for which the magnitude and phase are computed. (Refer program 3.3).

POLAR PLOT

The polar plot can be plotted using the following commands.

W = w_ start : w_step :!: w._end ;

[re, im, w] = nyquist(num_cof,den_cof,w);

z = re + i%¥im; r = abs(z); theta = angle(z);
polar(theta,r, 'w*) '

NICHOLS PLOT

The Nichols plot of open loop transfer functi on, G(s) can be plotted using the following commands.

[num_cof den_cof ] =. tfdata(Gs):
nichols(Gs):
axis([ph_start, ph_end, mag_start, mag_end]);
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PROGRAM 3.1

‘Write a MATLAB program to draw the Bode plot for the open loop system governed by

the following transfer {unction.
G(s)=s2/(1+0.25)(1+0.025)

%program to pliot Bode plot

clear all

clc

s_tF{ 5" ): .

disp(*‘The given transfer function 1s,’);
Gs=(sA2)/((1+0.2*s)*(1+0.02%*5))

w=logspace(-1,2,200); %specify the frequency range

bode(Gs,w)
grid

OUTPUT

The given transfer function 7is,

Transfer function:

0,004 sA2 + 0.22 5 + 1

Bocie Diamyram

Magin tucds (clB)
L]

Phase [dag)

Frequency (racisec)

Fig P3.1 : Bode plot of the open loop system given in problem 3.1,

The Bode plot of program 3.1 is shown in fig p3.1.

PROGRAM 3.2

write a MATLAB program to draw the Bode plot and to calculate gain margin, phase
margin, gain crossover frequency & phase crossover frequency for the open loop

system governed by the following transfer function.
G(s)=10/(0.0453+0.55%+s)
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%program to find gain & phase margins using bode plot
clear all
clc
s=tf("s’):
disp(*The given transfer function is,”):
Gs=10/((0.04*sA3)+(0.5*%sA2)+5)
bode(Gs, k")
grid
[GH.PM,wgc,wpc]=margin(ﬁs);

GMdB=20%*Togl0(GM)

disp(‘Gain margin in ds,’): gmde

disp(‘Phase margin in deg,’);PM

disp(‘Gain cross over frequency iin rad/sec, ') ;wgc
disp(‘Phase cross over frequency in rad/sec, ') ;wpc

QUTPUT

The given transfer function 7s,

Transfer function:

0.04 sA3 + 0.5 sA2 + s

Gain margin in dBs,

GMdB =
. 9382
Phase margin in deg,
PY =
5.2057
Gain cross over freguency in rad/sec,
Wge =
5.0000

Bocie Diagram

Magnituce (o)
8

.gs._@_éﬁé.'*“”:m;;; e R

ABO S b i R H

Phase (dag)

gl SEPRVEI I
_m-.L.-q..i..- R e O L St s
10t 107 10’ 4t

Frequancy [radisec)

Fig P3.2 : Bode plot of the open loop system given in problem 3.2.
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Phase cross over frequency in rad/sec,
' wpc =
4.4629

The Bode plot of program 3.2 is shown in fig p3.2.

PROGRAM 3.3

Write a MATLAB program to draw the Bode plot for the open loop system governed by
the following transfer function. The program should take care of drawing magnitude
plot in the range +10 to -50 dB, and phase plot in the range -60 to -180 deg.

G(s)=(75(1+0.25))/(s(s*+165+100)).

%¥Bode plot with magnitude and phase scaling

clear all

o B

s=tf{"s’); )

disp(‘The given transfer function is,’);

Gs=(75*(1+0.2%s))/(s*(sA2+16*s+100)) .

‘[num_cof den_cof]=tfdata(Gs); %determine numerator and denominator
' ¥coefficients of G(s)

w=logspace(-1,2,200):
[Mag,Phase,w]=bode(num_cof,den_cof,w);
MagdB=20*Togl0(Mag):;

Mscalel=10%*ones(1,200);

Mscale2=-50*ones(1,200);
subplot(2,1,1);semilogx(w,MagdB,’ -k’ ,w,Mscalel,’k’,w,Mscale2,’k’)
grid; :

xlabel(‘Frequency 1inm rad/sec'); ylabel(‘Magnitude in dB'):
Pscalel=-60*ones(1,200);

Pscale2=-180%*o0ones(1,200);
subplot(2,1,2);semilogx(w,Phase,’k”,w,Pscalel,’-k’,w,Pscale2,’-k’)
- grid; S
xlabel(*Frequency in rad/sec’); ylabel(‘Phase in deg’);

20

Magnitude in dB

SRR
10"

Frequency in radfses

-50

-100

180 -

Phase in deg

200 MRl R P R
10" 1o 10’ i
Freguency in rad/sac

Fig P3.3 : Bode plot of the open loop system given in problem 3.3.
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OUTPUT

The given transfer function 7s,

Transfer function:
15 5 + 75

sA3 + 16 s5AZ2 + 100 s

The Bode plet of program 3.3 7s shown 7n fig p3.3.
PROGRAM 3.4-

Cconsider the transfer function of open Toop system given below.
G(s)=20/(s3+7s52+10s)
Write a MATLAB program to determine the transfer function of closed loop system

with unity feedback, to plot the Bode plot of closed loop system, and to calculate
resonant peak, resonant freguency and bandwidth.

¥Bode - plot of unity feedback closed Toop system

clear all

clc

s=tf('s"); .

disp(‘The given open. loop transfer function G(s) is,’);
Gs=20/(sA3+(7*sA2)+10%5s) . '

disp(‘The closed loop transfer function M(s) is.,’):

Ms=feedback(es,1)

[num_cof den_cof]l=tfdata(Ms); Xdetermine numerator & denominator
: %eoefficients of M(s)

w=logspace(-1,1); %specify frequency range

bode (Ms,w)

grid

[Mag,Phase,wl=bode(Ms,w):
[PeakMag,k]l=max(Mag);

disp("Resonant peak in dB,’);
Mp=20*ToglO(PreakMag)

disp(‘Resonant freguency 1in rad/sec,’);wr=w(k)

n=1; while 20*log{Mag(n))>=-3;n=n+1; end
disp(‘Bandwidth in rad/sec,’);wb=w(n)

OUTPUT

The given open loop transfer function G(S) 7is,
Transter function:

sA3 + 7 sAZ2 + 10 s
The closed Toop transfer function M(s) .is,
Transfer function:

5A3 + 7 §A2 + 10 5 + 20
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Resonant peak in dBs,

. Mp =
4.3953
Resonant freguency 1in.rad/sec,
Wr o=
1.6768
Bandwidth in rad/sec,
Wb =
2. 4421 :

The Bode plot of program 3.4 is shown in fig p3.4.

Bede Disgram

=

L]
L

Maggn tucke (cB)
Y3

Phase {dag)
8
1
1

i : W N & :
_EmLi S e g e e B e e AR T g s T T gl e BT AR [ ARY T
i 1 o

Fraguancy [racisec)

Fig P3.4 : Bode plot of the closed loop system of program 3.4.

PROGRAM 3.5

write a MATLAB program to draw the polar plot and to calculate gain margin and
phase margin for the open Toop system governed by the following transfer function.

G(s)=1/(s(1+s5)2)

#Program to draw polar plot and compute gain & phase margins

clear all

clc

s=tf(*s5");

disp(*The given transfer function is,');
Gs=1/(s*(1+s)*(1+s))

[num_cof den_cof]=tfdata(Gs): %determine numerator and

) - %denominator coeff. of G(s)
w=0.4 : 0.01 : 4; %specify fTrequency' range

[re,im,wl=nyquist{num_cof,den_cof,w); %determine the real and
¥imaginary parts of G(jw)

[GM pPM]=margin(num_cof, den_cof): %compute gain & phase margins
disp{‘Gain margin,’');GM
disp(‘Phase margin 1in deg,’);PM



3:89
Z=re+i*im;
r=abs(z);
theta=angle(z);
polar(theta,r,’k’)
OUTPUT
The given transfer function 7is,
Transfer function:
I
5A7 + 2 542 + 5
Gain margin,
GM =
: Z
phase margin in deg,
M =
21.3877
the Polar plot of program 3.5 is shown. in fig p3.5.
270
Fig P3.5 : Polar plot of the open loop system given in problem 3.5.
PROGRAM 3.6

Write a MATLAB program to draw the polar plot for the open loop system governed
by the following transfer function. a) In the frequency range 0.6 to 8 rad/sec

b)In the fregquency range 5 to 18 rad/sec.
G(s)=1/(5(1+0.2s)(1+0.055))

¥program to draw polar plot for two different frequency ranges

clear all
cic

ontrol Systems Engineering

*convert rectangular
¥coordinates to polar

%draw polar plot
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s=tf(‘s’);
disp(‘The given transfer function is,’):
Gs=1/(s*(1+0.2*s)*(1+0.05%s))

[num_cof den_cofl=tfdata(Gs); %determine numerator & denominator’
: %coefﬁcients of G(s)

wli=0.6 :0.001: 8§; #specify frequency rangel
[rel,iml,wl]l=nyquist(num_cof,den_cof,wl);%determine the real and
¥imaginary part of G(jw)
Zl=rel+i*iml; %convert rectangular
ri=abs(zl): ¥coordinates to polar
thetal=angle(zl); : '

subplot(2,1,1);polar(thetal,rl,’k’); ¥draw polar p'l-ot for
; %¥frequency rangel

w2= 5 :0.001: 18; ¥specify frequency range?

fre2,im2,w2]l=nyquist(num_cof,den_cof,w2); ;%¥determine the real and
%imaginary part of G(jw)

z2=re2+i%*im2; ¥convert rectangular

r2=abs(z2); y %coordinates to polar
theta2=angle(z2):

subplot(2,1,2);polar(theta2,r2,’k’); %draw polar plot for
¥frequency range2

240, - 00

Fig P3.6b : Polar plot in the frequency range 5 to 18 rad/sec.
Fig P3.6 : Polar plots of the open loop system given in prébfem 3.6.
OQUTPUT

The given transfer function is,

Transfer function:

0.001 543 + 0.25 542 + 5

The Fb?ar.p?at of program 3.6 is shown 7n fig p3.6.
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PROGRAM 3.7

write a MATLAB program to draw the polar plot using rectangular to polar
coordinates fer various values of K for the open Tloop system governed by the
following transfer function.

G{5)=K/(5(1+5)(1+25))

%polar plot for various values of gain,K

Engineering )

clc

s=tf(*s");

K=1;

disp(‘when K=1,the given transfer function 1is,’);
Gs=K/(s*(1+s5)*(1+2%s5))

[num_cof den_cofl=tfdata(Gs);

for i=1:3:

if i==1;K=1;[rel,iml]l=nyquist([num_cof den_cofl,K); end;
it i==2;K=2;[re2,im2]l=nyquist([num_cof den_cof],K);end;
if i==3;K=25;[re3,im3]=nyquist([num_cef den_cof],kx);:;end;

end

plot(rel,iml, -k, re2,im2,'-.k’,re3,im3,"'-k’")
axis({-5 1 -5 11); grid
xlabel(*real axis’); ylabel(‘Imaginary axis’);

text{-3.8,-1.3,"K=1")
text(-3.8,-2.7,'K=2")
_text(—l.B,—Z.?,'K:ZS')

Imaginary axis

Real axis

Fig P3.7 : Polar plot of the open loop system for various values of K.
OUTPUT | |

When K=1, the given transfer function is,

Transfer funcrion:

2 AT v T SAZ + 5§
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PROGRAM 3.8

Write a MATLAB program to draw the polar plot and calculate gain margin and phase
margin for the open Toop system governed by the following transfer function.

G(s)=1/(s(1+s)?)

Xprogram to draw nichols plot on nichols chart

clear all
clc

s=tf{‘s");
disp(‘The given transfer function is,’):
Gs=20/(sA3+(7%5A2)+10%*s)

[num_cof den_cofl=tfdata(Gs); %determine numerator & denominator
: ¥coefficients of G(s)

nichols(Gs):;

axis([-180 0 -15 20]): %specify the range of horizontal and

o xvertical axis

ngrid

g . w“&

; sce

8 P

o T

bR

-i8E 138 -0 -45 )

Open-Loop Phase (tag)
Fig P3.8 : Nichols plot of the open loop system giver in problem 3.8.

OUTPUT

The given transfer function 7s,
Transfer function:

sA3 + 7 sAZ2 + 10 s
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3.13 SHORT QUESTIONS AND ANSWERS

03.1

03.2

03.3

03.4

03.5

03.6
Q3.7

03.8

03.9

What is frequency response ?

The magnitude and phase function of sinusoidal transfer function of a system are real function of
frequency w, and so-they are called frequency response. '

What are advantagés of frequency response analysis ?

1. The absolute and relative stability of the closed loop system can be estimated from the knowledge
of the open loop frequency response,

2. The practical testing of system can be easily carried with available sinusoidal signal generators
and precise measurement equipments.

3. The transfer function of complicated functions can be determined experimentally by frequency
response tests.

4. The design and parameter adjustment can be carried more easily.
5. The corrective measure for noise. disturbance and parameter variation can be easily carried.
6. It can be extended to certain non-linear systems.

What are freguency domain specifications?

The frequency domain specifications indicates the performance of the system in frequency domain,
and they are, .

1. Resonant peak, M 4. Cut-off rate

2. Resonant frequency, o 3. Gain margin, K_

3. Bandwidth, o, 6. Phase margin, y .
Define Resonant Peak? '
The maximum value of the magnitude of closed loop transfer function is called Resonant Peak.
What is ﬁesanam frequency?

The frequency at which the resonant peak occurs is called Resonant frequency. The resonant peak
is the maximum value of the magnitude of closed loop transfer function.

Define Bandwidth? _

The Bandwidth is the range of frequencies for which the system gain is more than -3db.
What is cut-off rate?

The slope of the log-magnitude curve near the cut-off frequency is called cut-off rate.
Define gain margin? -

The gain margin, K, is defined as the value by which gain of the system has to be increased to drive
system o be verge of instability. It is given by the reciprocal of the magnitude of open loop transfer
function, at phase cross-over frequency, o,.-When expressed in decibels, it is given by, the negative
of db magnitude of G(jo) at phase cross-over frequency.

Galnmargm Ky = P and Ky indb =20 log

=-20 log |G(je)|
(ST . . Gle )J log [Ge)), _,

Define phase margin?

The phase margin, y.is that amount of additional phase lag at the gain cross-over frequency, g
required to bring the system to the verge of instability. Itis given by, 180° + b,.. where ¢ is the phase
of G(]m) at the gain cross over frequency.
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03.10

03.11

03.12

03.13

03.14

03.15

03.16

03.17

Phase margin, y = 180°+ ¢, ;  where,¢,, = £G(jo)

ﬂ:mgc

What is phase and Gain cross-over frequency?

The gain cross over frequency is the frequency at which the magnitude of the open loop transfer
function is unity. The phase cross over frequency is the frequency at which the phase of the open
loop transfer function is 180°.

Write the expression for resonant peak and resonant frequency.

’ _
Resonant peak, M, = ——— ; Resonant frequency, o, = @,y1- 252
afi-c -

‘Write a short note on the correlation between the time and frequency response?

Correlation exists between time and frequency response of first or second order systems. The
frequency domain specifications can be expressed in terms of the time domain parameters £ and o .
For a peak overshoot in time domain there is a corresponding resonant peak in frequency domain.

For higher order systems, there is no explicit correlation between time and frequency response. But
if there is a pair of dominant complex conjugate poles, then the system c¢an be approximated to

~ second order system and the correlation between time and frequency response can be estimated.

The damping ratio and natural frequency of oscillation of a second order system is 0.5 and 8 rad/
sec respectively. Calculate the resonant peak _and resonant frequency?

Resonant peak M= : L =1.154

~ 2 L1~ 2><(G.5)J1—(0.5}2

Resonant frequency, o, = ,41- 2% =8 xy1-2x05° =5.657 rad/ sec
What is Bode plot?

The bode plot is a frequency response plot of the transfer functfc:-n of a system. It consists of two

" plots : Magnitude plot and Phase plot.

The magnitude plot is a graph between magnitude of a system transfer function in db and
frequency, o. The phase plot is a graph between the phase or argument of a system transfer function
in degrees and the frequency, o. Usually, both the plots are plotted on a common x-axis in which the
frequencies are expressed in logarithmic scale.

What is approximate bode plot?

In approximate bode plot, the magnitude plot of first and second order factors are approximated by
two straight lines, which are asymptotes to exact plot. One straight line is at 0db, for the frequency
range 0 to @_and the other straight line is drawn with a slope of +20n db/dec for frequency range o,
to «. Here «_is the corner frequency.

Define corner frequency?

The magnitude plotcan be approgimated by asymptotic straight lines. The frequencies corresponding
to the rmeeting point of asymptotes are called corner frequency. The slope of the magnitude plot
changes at every corner frequency. '

What are the advantages of Bode Plot?

1. The magnitudes are expressed in db, and so, a simple procedure is available to add magnitude
of each term one by one.
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03.18

03.19

03.20

03.21

2. The approximate bode plot can be quickly sketched, and the corrections can be made at corner
frequencies to get the exact piot. ;

3. The frequency domain specifications can be easily determined.

4. The bnd'e_plol can be used to analyse both open loop and closed loop system.

What is the value of error in the approximate magnitude plot of a first order factor at the corner
Jrequency?

The error in the approximate magnitude plot of a first order factor at the comer frequency is +.3m db,
where m is multiplicity factor. Positive error for numerator factor and negative error for denominator
factor. '

What is the value of error in the approximate magnitude plot of a quadratic Jactor with (=1 at the
corner frequency? ;

The error is + 6db, for the quadratic factor with ¢=1. Positive error for numerator factor and negative
error for denominator factor. :

Draw the bode plot of, G(s) = £ﬂ
Lets =jw,

K

T

The magnitude of G(je) is unity when @ = K,

The magnitude plot is a straight line with siope of —20n db/dec and passing through o = K", The

- Gljo) =

- Phase plot is straight line parallel to x-axis at -90n°.

A
T.;.zgn ..... '-3;‘6
)

N\

in :

db o :

~20nlseeas : iesean fraren \
1 1

-
- 80n°
p~ 30N
3
0.1KP Kn 10K? a(log scale)
Fig 03.20 : Bode plot of integral factor, K/(jo )"

I
L

Sketch .the bode plot of G(5) = IA1+sT).

Lets = jo, = Gjo) = T jaT

The corner frequency, o, =%

The magnitude plot is approximated by two straight lines : one straight line at 0db in the frequency
range 0 fo w_ and the other straight line with the slope of -20db/dec in the frequency range w_ [0 .
The phase of G(jw) varies from 0 to -90° as o is varied from 0 to ». Hence, the phase plot is a curve

passing through -45° at the corner frequency.
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03.22

03.23

03.24

03.25

03.26

T S it 4—Appmxlmate piot
A ool Exact Blot -‘?%- ™

{log scale)

i'

Fig 03.21 : Bode plot of the facmr
I+ jaoT’

What is polar plot?

The polar piot of a sinusoidal transfer function G(jw) is a plot of the magnitude of G(jw) versus the
phase -angle/argument of G(jo) on polar or rectangular co-ordinates as o is varied from zero 10
infinity. :

What is minimum phase system?

The minimum phase systems are systems with minimum phase transfer functions. In minimum
phase transfer functions, all poles and zeros will lie on the left half of s-plane.

What is All-Pass systems?

The all pass systems are systems with all pass transfer functions. In all pass transfer functions, the
magnitude is unity at all frequencies and the transfer function will have anti-symmetric pole zero
pattern (i.e., for every pole in the left half s—plane there is a zero in the mirror image position with
respect to imaginary axis).

What is non-minimum phase transfer function? _

A transfer function which has one or more zeros in the right half s-plane is known as noN-minimum
phase transfer function.

In minimum phase system, how the start and end of polar plot are identified?

For minimum phase transfer functions, with only poles, the type number of the system determines .
the quadrant in which the polar plot starts, and the order of a system determmes the-quadrant in
which the polar plot ends. .

' Start of type-3 l
system

Start of type-2 —»
system

Start of type-1
system

+— Start of type-0

system

'Fig Q3.26a : Start of polar plot of all pole

minimum phase system.

End of 3"
order system

End of 4"
order system

End of 2*
order system

End of 1™
order system

Fig 03.26b : End of polar plot of all pole
minimum phase system.
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03.27

03.28

03.29

03.30

03.31

(QF32

03.33

03.34

Draw the polar plot of G(s)= 1/(I1+sT). -270°
1 1

1
== e -180° 0’
1+ joT 1+0?T2 Ztan 0T ,;fpv@\\
1 & 5 A 7

R N, -90°  “4y increasing
Vi+0°T? s )= J/1+
Fig 03.27 : Polar plot of G(s) = 1/(1+sT).
As 0 — 0, G(jo) = 120°

_ As © — oo, G(jo) - 07-90° , e
Sketch the polar plot of, G(s) = N =0 : j
etch the polar plot of, G13) = (1 v 5T, )i+ T, )1+ T, ° ferA—0°

The given system is all pole minimum phase system. The type _ E @ ,
number of the system is 2 and the order is 5. Hence, the polar ~90
piot starts in second quadrant and ends in fourth quadrant. Fig Q3.28 : Polar plot of type-2,

What is Nichols plot? A EOTRET e,

The Nichols plot is a frequency response plot of the open loop transfer function of a system. It is a
graph between magn:tude of G(jo) in db and the phase of G(jo) in degree, plotted on a ordmaw
graph sheet.

lets= = Gljo) =

deae;mg ~270°

What are M and N circles?

The magnitude, M of closed loop transfer function with unity feedback will be in the form of circle in”
complex plane for each constant value of M. The family of these circles are called M-circles.

Let N = tan a, where a is the phase of closed loop transfer function with unity feedback. For each .
constant value of N, a circle can be drawn in the complex plane. The family of these circles are called
N-circles.

How closed loop frequency response is determined from open loop frequency response using M
and N circles?

The G(jw) locus or polar plot of open loop system is sketched on the standard M and N circles chart.
The meeting point.of M circle with G(jo) locus gives the magnitude of closed loop system. (the
frequency being same as that of open loop system). The meeting point of G(jo) locus with N-circle

gives the value of phase of closed loop system, (frequency being same as that of open loop system).

What is Nichols chart?

The Nichols chart.consists of M and N contours superimposed on ordinary graph. Along each
M-contour the magnitude of closed loop system, M will be a constant. Along each N-contour, the
phase « of closed loop system will be constant. The ordinary graph consists of magnitude in db,
marked on the y-axis and the phase in degrees marked on x-axis. The Nichols chart is used te find
the closed loop frequency response from the open loop frequency response.

How the closed loop frequency response is determined from the open loop frequency response
using Nichols chart?

The G(jw) locus or the Nichols plot is sketched on the standard Nichols chart. The meeting point of
M-contour with G{je) locus gives the magnitude of closed loop system and the meeting point with
N-circle gives the argument/phase of the closed loop system.

What are the advantages of Nichols chart?

1. Itis used to find closed loop frequency response from open loop frequency response.

2. The frequency domain specifications can be determined from Nichols chart.

3. The gain of the system can be adjusted to satisfy the given specification.
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3.14 EXERCISES

E3.1

E3.2

E3.3

E3.4

E3.5

E3.6

E3.7

- E3.8

Sketch the bode plot of the following open Ioop transfer functions and from the plot determine the
phase margin and gain margin.

a) G(s) = 100(1+0.15)/5(1+0.25) (1+0.55) d) G(s) = s (s-+10)/(s+5) (s+0.1)
b) G(s) = 50(1+0.1s)/(1+0.01s) (1+s) e) G(s) = 40 (1+5)/{1+5s) (s+25+4)
¢) G(s) = 30(1+0.15)/5(1+0.01s) (I+s) N G(s) = 10(1+s) e*i</s(1+0.25)

The open loop transfer function of a systém is given by G(s) = K/5(1+0.5s) (1+0.2s). Using bode plot
find the value of K so that (i) The gain margin of the system is 6db and (11) The phase margin of the
system is 25°

Sketch the paiar plot of the following transfer functmns and from the plot, a'efermme the phase
margin and gain margin.

a) Gfs) =10 (s+1)/s+10)* c) et (s+1)(s+35)

b) G(s) = 200 (s +2)/5(s* +10s +100) d) Ifs (s +4) (s +8)

The open loop transfer function of a system is g:ven by G(s) = K/s (s° + s + 4). Using pafar plot,

determine the value of K, so that phase margin is 50°, What is the corresponding value of gain
margin?

A umty Jeedback system has G(s) = K/s(1+0.1s). Using Nichols chart find the value of K so that
resonant peak, M =1.4. Find the corresponding value of o.

The open loop transfer function of unity feedback system is, G(s) = KA1+0.05s) (1+0.1s}(1+0.3s).

Using Nichols chart find the value of K so that gain margin of the system is 10db. What is the
corresponding value of phase margin.

Using Nichols chart determine the closed foap Jfrequency response of the unity feedback system,
whose gpen loop transfer function is, G(s) = 200 (s+1)/s(s+10)".

A unity feedback system has open loop transfer function G(s) = 54/1+0.1s) (s* + 8s + 25).'

Using Nichols chart determine the closed loop frequency response. From the closed loop response
determine, the resonant peak, resonant frequency and bandwidth.




CHAPTER 4

CONCEPTS OF STABILITY
AND ROOT LOCUS

41 IMPULSE RESPONSE AND STABILITY

DEFINITIONS OF STABILITY

The term stability refers to the stable working condition of a control system. Every wcrking
system is designed to be stable. In a stable system, the response or output is predictable, finite and stable
for a given input (or for any changes in input or for any changes in system parameters).

The different definitions of the stability are the following

=,
2

A system is stable, if its output is bounded (finite) for any bounded (finite) input.

A system is asymptotically stable, if in the absence of the input, the output tends towards zero .
(or to the equilibrium state) irrespective of initial conditions.

A system is stable if for a bounded disturbing input mgzzal the output vantshes ultlmateiy ast
approaches infinity.

A system is unstable if for 2 bounded disturbing input signal the ou‘rput is of inf"mite amplitude
or oscillatory. .

For a bounded input signal, if the output has constant amplitude oscillations then the system
may be stable or unstable under some limited constraints. Such a system is called limitedly
stable. :

Ifa system output is stable for all variations of its parameters, then the system is called absolutely
stable system.

If a system output is stable for a limited range of variations of its parameters, then the system
is called conditionally stable system.

IMPULSE RESPONSE OF A SYSTEM

M(s) = Closed lbop transfer function of a system.

Let,
C(s) = Output / Response in s-domain.
R(s) = Input in s-domain
Now M(s) = L
R(s) .

% Respoﬁse or Qutput iﬁ s—domai_n, C(s) = M(s) R(s)

Now, Response in time domain, c(t) = LYC(s)}

Input in time domain, r(t) = L{R(s)}

For an impulse input, r(t) =8(t) ; .~ R(s) = L[5()] =1
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. Impulse response =£{C(s)} = L{M(s) R(s)} = LYM(s)} = m(t) o1
Hence, impulse response of a system is the inverse Laplace transform of system transfer function.

The importance of impulse response is that, the output of a system for any arbitrary mput can be
obtained by convolution of input and impulse response.

e., Response, c(t)=m(t) * r(t)
where * is the symbol for convolution.

Mathematically the convolution operation is defined as,

o(t) = J'm(—c) Ht-1) dt I T T 4.2)

where t is the dummy variable used for integration.
BOUNDED - INPUT BOUNDED - OUTPUT (BIBO) STABILITY

A linear relaxed system is said to have BIBO stabi[ify if every bounded (finite) input results in a
bounded (finite) output. A condition for BIBO stability can be obtained from convolution operation defined
by equation (4.2).

For a relaxed system the equation (4.2) can be written as,

Response, C(t}=J. m(z) r(t-7) dr | T (4.3)

Note : A relaxed system-is one in which the initial conditions are zero. Hence the limits of
integration is from 0 to @ '

If the input r(t) is bounded then there exists a constant A,, such that [r(t)] < A < «. The condition |
for bounded output for this bounded input condition can be derived as follows.

- On taking th.e absolute value on both sides of equation (4.3), we get,

i

.(4.4)

| Ec(t)i=jj m(7) r(t—7)
10

Since the absolute value of an integral is not greater than the integral of the absolute value of the
integrand the equation (4.4) can be written as,

o) < | m@ -0 = o) < [ moie-Didd > fe®)] < [ imez) A
0 0 0

For bounded input, a constant
exists such that, |r(t—1)] < A

- ler) < A;J im(t)| dr

~ If the output c(t) is bounded then there exists a constant A, such that [c(t)} < A, < .

A, J!m(t}i dr<A, <o | e (4.5)



i3 _ . Conirol Systems Engineering )

The above condition is satisfied if , J.Il'ﬂ(ﬂl dt <o |1 isa dummy variable and so can be
: : 0 replaced by t

Hence for bounded output, j|m(t}i dt<w er(46)
; :
Therefore we can conclude that a system with impulse response m(t) is BIBO stable if and only if
the impulse response is absolutely integrable (i.e., jjm(t)j dt is finite. This means that area under the

absolute value curve of the impulse response m(t) evaluated fromt = 0 to t = o must be finite).

42 LOCATION OF POLES ON s-PLANE FOR STABILITY

The closed loop transfer function, M(s) can be expressed as a ratio of two polynomials in's. The
denominator polynomial of closed loop transfer function is called characteristic equation. The roﬂts of
characteristic equation are poles of closed loop transfer function.

For BIBO stability the integral of impulse response should be finite, which implies that the impulse
response should be finite as t tends to infinity. [The impulse response is the inverse Laplace transform of
the transfer function]. This requirement for stability can be linked to the location of roots of characteﬂsuc

equation in the s-plane.

The closed loop transfer function M(s) can be expressed as a ratio of two polynomials in s as
shown in equation (4.7).

M{S) _ bgﬁm S bjsmu] + szm_2+......+bm_lS+ bm ' {4 7)
ags" + alﬂn_] + azsn_2+ ...... +a, ;s+ag : _m o .

_ (5+7) (3+2) (s+z3)......(s5+2)
(5+ P1) (5+p2) (5+P3) e (s+py)
The roots of numerator polynomial Z,, Z,, .....Z_are zeros. The roots of denominator poi}momaal P,

P,» --.-p, are poles. The denominator polynomial is the characteristic equation and so the poles are roots of
characteristic equation.

..... (4.8)

By partial fraction expansion we can write,

A A
M(s)=—+ 2+ i e
s+p; s+p; S+p; S+ P,

The roots (or poles) p., p,, P,, --... p, may be at origin or lying on imaginary axis or lying on right
_ or left half of s-plane. The impulse response is given by inverse Laplace transform of M(s). The inverse
Laplace transform of each term of M(s) depends on the location of roots (or poles) in s-plane. The
impulse response of various types of M(s) are shown in table-4.1.

From table 4.1, the following conclusions are drawn based on the location of roots of characteristic
equation,

1. Ifall the roots of characteristic equation have negative real parts (i.e., lying on left half s-plane)
then the impulse response is bounded (i.e., it decreases to zero as t tends to «),

Hence -r Im(t)| dt is finite and the system is boundéd-input bounded-output stable.
0
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TABLE-4.1

Transfer function, M(s) and location

~of roots on s-plane

Impulse fesponse, m(t)

A jo
Mg
_ s+a

»

LY
x :
—a (8]

Root on negative real axis

m(t) A

m(t) = EI{-%-"} =Ae™
A S+a

t
Impulse response is exponentially
decaying. Stable system.

M(s) o I joa
s—a

v 4

qy

Root on positive real axis

5—a

m{t}A M(S;I:.E { ]r=AE

B
L

t

Impulse response is exponentially
increasing, Unstable system.

; 4 A A
" A’ m(t) = L S .
M(s) = — + — i m(t)k s+a+jb s+a-jb
s+a+jb s+a-jb JOa s . !
b = Ae~(Btib)t | 4 *a—(a=jb)t
+ : e (| T - T F - o
A = 2Ae * cosbt =2Ae™ sm(bt +90 }
% é A e .
-lb
Complex confugate roots ; 3 -.Impu!se response is damped sinusoidal
on left half of s-plane (i.e., Damped oscillatory). Stable system
: A"
m(t) = L & — + -
s—a+jb s—a—jb
VO S - N _ pe (el gt (Camibh
s—a+jb s—a—jb A ALE ., S o
- - X m(t)a =2Ae" cosbt = Zfﬁ_ sin (bt+90 )
A c
-jb

Complex conjugate roots
on right half of s-plane

Impulse response is exponentially increasing sinusoidal
(i.e., Amplitude of oscillations exponentially increases

with time). Unstable system.
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*

jo
M(s) = A_ + A, :
s+jb  s-jb
+jb
- 5
-ib

Single pair of roots on imaginary axis -

. Control Systems Engineering)
- fl{ A 5.8 }
s+3b s—jb

= Ae” _]bt+A* +]bt
—ZAcqsbIHZAsm(bt +90°)

ATV
ATAAY

Impulse response is oscillatory
Marginally stable

m(t)4

-

A A"
M(s} =~ ¥ ]
: (s+jb)* (s-jb)
§10]
+ib
—
O
-ib

Double pair of roots on imaginary axis

A il |
HEE, {(s+jb}2 o jb)z}

= Ate By AT ettt
=2At cos bt = 2At sin (bt +90°)

Al
LT

Impulse response is linearly increasing sinusoidal
(i.e., amplitude of oscillations linearly increases
with time). Unstable system.

m(t) &

M(s) = A joa

XK

s}

Single root at origin

m(}4  m()= fl{i} =A
S

T
»

t
Impulse response is constant.

Marginally stable system.
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a2 A
m(t) 4 m(t) = L{S—Z} = At
A
M= TJ'Q}I
S
G -+
t
_ - Impulse reponse linearly increases
Double root at origin with time. Unstable system

If any root of the characteristic equation has a positive real part (i.e., lying on right haif s-plane)

_then impulse response is unbounded, (i.e., it increases to o« as t tends to «). Hence

j lm(t)| dt is infinite and so system is unstable.
0

If the characteristic equation has repeated roots on the imaginary axis then impulse response
is unbounded (i.e., it increases to w as t tends fo o),

o
Hence j Im(t)] dt is infinite and so the system is unstable.
) 0

If one or more non - repeated roots of the characteristic equation are lying on the imaginary
axis, then impulse response is bounded (i.e., it has constant amplitude oscillations) but is
infinite and so the system-is unstable. '

Ifthe characteristic equation has single root at origin then the impulse response is bounded (i.e,

w 5
it has constant amplitude) butJ im(t)] dt is infinite and so the system is unstable.
0

[f'the characteristic equation has repeated roots at origin then the impulse response is unbounded

(i.e., it linearly increases to infinity as t tends to =) and so the system is unstable.

In system with one or more non-repeated roots on imaginary axis or with single root at origin,
the output is bounded for bounded inputs except for the inputs having poles matching the
system poles. These cases may be treated as acceptable or non-acceptable. Hence when the
system has non repeated poles on imaginary axis or single pole at Qrigin, it is referred as
limitedly or marginally stable system.

In summary, the following three points may be stated regarding the stability of the system
depending on the location of roots of characteristic equation. i

1.
2z

If all the roots of characteristic equation has negative real parts, then the system is stable.
If any root of the characteristic equation has a positive real part or if there is a repeated root
on the imaginary axis then the system is unstable,

If the condition (i) is satisfied except for the presence of one or more non repeated roots on
the imaginary axis, then the system is limitedly or marginally stable..

In order to ascertain the stability of a system, it is necessary to determine if any of the roots of the
characteristic equation lie in the right half s-plane. The characteristic equation is given by the denominator
polynomial of closed loop transfer function, {equation (4.7)].
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Consider the n* order characteristic equation shown below.
[ -1 n-2 — )
gostobg ol st brasaag grkg=l:. 0 Ts 0 g s D@ e (4.10)

Let the roots of n order characteristic equation [equation (4.10)] be s =r,, r,, ...r_. These roots are
functions of the coefficientsa,a,a,, ....a_,, a

n-1* "
Consider a second order polynomial,
_ a a
ag s +a;8+a, = gy P+ Llg+2
ag a9
= ay(s—n)(s-n)
= ap 52 —dg (I"l +I'2) 5+ daghiz ;

..... (4.11)
Consider a third order polynomial
2y s +a s’ +a,s+a; = g [53 + A 2 +a—2._s+a—3]
3 8 &
= 29 (s—1) (s-1) (5-13)
23[]53—&0“'14-1'24-1'3}52 . ;
+ag (nh T +0) s—ag [LT T (4.12)
On extending this expansion to the n® order polynomial, we get.
ag s" +a; " ... 4a, s+ ey =2y 5" —ag(sum of all the roots) 521
\ . | um of the products of the roots) -
s
%0 | taken 2 at a time
{'sum of the products of the roots) __;
—a . 5
. Lta.ken 3 at a time
wnn(d.13)

G <A +ag(—D" (Prcduct- of all the n roots)

If all the roots of a polynomial are real and in the left half of s-plane, then all r, in equations (4.11)
and (4.12) are real and negative. Therefore all polynomial coefficients are positive. This characteristic
also applies to the general case of equation (4.13). If atleast one root is in the right half of s-plane then
some of the coefficients will be negative. Also, it can be observed that if all the roots are in the left half of
s-plane, no coefficient can be zero. ' '

Since the characteristic polynomial coefficients are real, the complex roots should occur as conjugate
pairs. From equation (4.13) it can be inferred that when polynomial coefficients are formed, the imaginary
parts of roots/products of roots will cancel. Therefore, if all roots occur in the left half plane, (whether it
is complex or real) then all coefficients of the general polynomial of equation (4.13) will be positive.
Presence of a negative ceefficient implies that there is atleast one root in the right half of s- plane.

A zero coefficient indicates presence of complex-conjugate roots on the imaginary axis and/or one
or more roots in the right half of s- plane.

In summary, following conclusions can be made about coefficients of characteristic polynomial.

i. Ifall the coefficients are positive and if no coefficient is zero, then all the roots are in the left
half of s- plane.

2. If any coefficient a is equal to zero then, some of the roots may be on the imaginary axis or
on the right half of s- plane.
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3. Ifany coefficient a_is negative then atleast one root is in the right half of s- plane.

It can be concluded that the absence or negativeness of any of the coefficients of a characteristic
polynomial indicates that the system is either unstable or at most marginally stable. Thus the necessary
condition for stability of the system is that all the coefficients of its characteristic polynomial be
positive. If any coefficient is zero/negative, we can immediately say that the system is unstable.

In order for all the roots to have negative real parts, it is necessary that all of the coefficients of
characteristic equation be positive, but it is not sufficient, because there may be roots in the right half
plane and/or on the imaginary axis, even when coefficients are positive.( i.e., when roots have negative
real part, then all the coefficients of characteristic polynomial will be positive, but the reverse condition is
not true always).

always true

ST TN

Roots with negative real part. All coefficients positive.

\_/

not always true

Hence, when all the coefficients are positive, the system may or may not be stable, bzcause there
may be roots in the right half plane and/or on the imaginary axis.

For example, consider the characteristic polynomial with all positive coefficients,
s +s?+2s+8=0.

The characteristic polynomial can be written as,

1 vﬁg}[s_l v%}

3,2 : : B
+s5°+25+8)=(s+2)|s——— =0
(s s+8)=(s )[ 2 J 5

2 2

Now the roots are,

1 \?(E 1 -\)‘!E )

g g adia s g I a8
3 2 13 2 173

The coefficients of the polynomial are all positive, but two roots have positive real part and so will
lie on on right half of s-plane, therefore the system is unstable.

43 ROUTHHURWITZ CRITERION

The Routh-Hurwitz stability criterion is an analytical procedure for determining whether all the
roots of a polynomial have negative real part or not.

The first step in analysing the stability of a system is to examiine its characteristic equation. The
necessary condition for stability is that all the coefficients of the polynomial be positive. If some of the
coefficients are zero or negative it can be concluded that the system is not stable.

When all the coefficients are positive, the system is not necessarily stable. Eventhough the coefficient
are positive, some of the roots may lie on the right half of s-plane or on the imaginary axis. In order for all
the roots to have negative real parts, it is necessary but not sufficient that all coefficients of the characteristic
equation be positive. If all the coefficients of the characteristic equation are positive, then the system may
be stable and one should proceed further to examine the sufficient conditions of stability.



49 ' (" Conirol Systems Engineering )

A. Hurwitz and E.J. Routh independently published the method of investigating the sufficient
conditions of stability of a system. The Hurwitz criterion is in terms of determinants and Routh criterion
is in terms of array formulation. The Routh stability criterion is presented here.

The Routh stability criterion is based on ordering the coefficients of the characteristic equation,
into a schedule, called the Routh array as shown below. ;

a,s" +a,8" ! +2,8" 4.4, s+a, =0, where a, >0

s" : a, a, a, a By e
il a, a, a, 8, 8 e
g2 b, b, b, b, b,

g™ C, C, c, c, €, 7 - eerens
s! g,

;. h,

The Routh stability criterion can be stated as follows.

"The necessary and sufficient condition for stability is that all of the elements in the first
column of the Routh array be positive. If this condition is not met, the system is unstable and the
number of sign changes in the elements of the first column of the Routh array correspouds to the
number of roots of the characteristic equation in the nghr half of the s-plane”.

Note : If the order of sign of first column elemenr is +, +, — + and +. Then + to —is considered
as one sign change and —to + as another sign change.

CONSTRUCTION OF ROUTH ARRAY

Let the characteristic polynomial be,

n—1

s +a,8" 4" b as"  hua, S +a,S

The coefficients of the polynomial are arranged in two rows as shown below.

n
s Ay a3 as 8y ...

When n is even, the s" row is formed by coefficients of even order terms (i.e., coefficients of even
powers of s) and s™ row is formed by coefficients of odd order terms (i.e., coefficients of odd powers
of s).

When n is odd, the s” row is formed by coefficients of odd order terms (i.e., coefficients of odd
powers of s) and s™' row is formed by coefficients of even order terms(i.e., coefficients of even powers
of's) . -

| The other rows of routh array upto s° row can be formed by the following procedure. Each row of
Routh array is constructed by using the elements of previous two rows.
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Consider two consecutive rows of Routh array as shown below.

o—x

5 Xy X Xy Xy Xy Xgeew
n—x-1

S P Yo Yi Y2 Y3 Y& Yse

" Let the next row be,

2y 7 2 23 2y

The clements of s"*2 row are given by,

Xy Xy _
Yo ¥l _ YoX1—¥iXg
Yo Yo

S

Xg Xz .
Yo Y21_ YoX2—Y¥o%o
Yo Yo
Xy X
Yo Y3l _ YoXs—¥3%o
Yo Yo
Yo Ya — YoX4 ~¥4%o
Yo k Yo

X5
Yo ¥si ¥YoXs—¥sXp

Z; ™ == : and so on.
Yo Yo

The elements z, z,, Z,; Z,,.... are computed for ali possible computations as shown above.

In the process of constructing Routh array the missmg terms are considered as zeros. Also, all the
elements of any row can be multiplied or dmded by a posmve constant to simplify the computational
work.

In the construction of Routh array one may come across the following three cases.

~ Case-l Normal Routh array (Non-zero elements in the first column of routh array).
Case-Il  : A row of all zeros. T B
Case-IlI : First element of a row is zero but some or other elements are not zero.

Case-I : Normal routh array

In this case, there is no difficulty in forming routh array. The routh array can be constructed as
explained above. The sign changes are noted to find the number of roots lying on the right half of s-plane
and the stability of the system can be estimated.

In this case,

1. If there is no s:gn change in the first column of Routh array then all the roots are lymg on left
half of s-plane and the system is stable.
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2. If there is sign change in the first column of routh array, then the system is unstable and the
‘number of roots lying on the right half of s-plane is equal to number of sign changes. The
remaining roots are lying on the left half of s-plane.

Case-i : A row of all zeros

An all zero row indicates the existence of an even polynomial as a factor of the given characteristic
equation. In an even polynomial the exponents of s are even integers or zero only. This even polynomial
factor is also called auxiliary poiynomial. The coefficients of the auxiliary polynomial will always be the
elements of the row directly above the row of zeros in the array.

The roots of an even polynomial occur in pairs that are equal in magnitude and opposite in sign.
Hence, these roots can be purely imaginary, purely real or complex. The purely imaginary and purely real
roots occur in pairs. The complex roots occur in groups of four and the complex roots have quadrantal
symmetry, that is the roots are symmetrical with respect to both the real and imaginary axes. The fig 4.1
shows the roots of an even polynomial.

joa _ jmT jos4

‘ .x *

0]

Qv

ayv

T

The case-II pdlynomial can be analyzed by any one of the following two methods.

METHOD-1

Fig 4.1 : The roots of an even polynomial,

1. Determine the auxiliary polynomial, A(s)
2.. Differentiate the auxiliary polynomial with respect to s, to get d A(s)/ds
3.- The row of zeros is replaced with coefficients of dA(s)/ds.
4. Continue the construction of the array in the usual manner (as that of case-I ) and the array is
interpreted as follows.

a. If there are sign changes in the first column of routh array then the system is unstable,
The number of roots lying on right half of s-plane is equal to number of sign changes. The
number of roots on imaginary axis can be estimated from the roots of auxili ary polynomial.
The remaining roots are lying on the left half of s-plane.

b.  If there are no sign changes in the first column of routh array then the all zeros row
indicate the existence of purely imaginary roots and so the system is limitedly or marginally
stable. The roots of auxiliary equation lies on imaginary axis and the remaining roots lies
on left half of s-plane. :

METHOD-2

1. Determine the auxiliary polynomial, A(s).

2. Divide the characteristic equation by auxiliary polynomial.
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3. ' Construct Routh array using the coefficients of quotient polynomial.

4, The array is interpretted as follows.

a.

If there are sign changes in the first column of routh array of quotient polynomial then the
system is unstable. The number of roots of quotient polynomial lying on right half of s-
plane is given by number of sign changes in first column of routh array.

The roots of auxiliary polynomial are directly calculated to find whether they are purely
imaginary or purely real or complex, ;

The total number of roots on right half of s-plane is given by the sum of number of sign
changes and the number of roots of auxiliary polynomial with positive real part. The

" number of roots on imaginary axis can be estimated from the roots of auxiliary polynomial.

The remaining roots are lying on the left half of s-plane.

If there is no sign change in the first column of routh array of quotient polynomial then the
system is limitedly or marginally stable. Since there is no sign change all the roots of
quotient polynomial are lying on the left half of s-plane.

The roots of auxiliary polynomial are directly calculated to find whether they are purely
imaginary or purely real or complex. The number of roots lying on imaginary axis and on
the right half of s-plane can be estimated from the roots of auxiliary polynomial. The -
remaining roots are lying on the left half of s-plane. '

Case-I11 : First element of a row is zero

While constructing routh array, if a zero is encountered as first element of a row then all the
elements of the next row will be infinite. To overcome this problem let 0— € and complete the construction
.of array in the usual way (as that of case-I )

Finally let e—0 and determine the values of the elements of the array which are functions of €.
The resultant array is interpreted as follows.

Note : If all the elements of a row are zeros then the solution is attempted by considering the
polynomial as case-II polynomial. Even if there is a single element zero on s' row, it is considered as a
row of all zeros.

a.

[f there is no sign change in first column of routh array and if there is no row with all
zeros, then all the roots are lying on left half of s-plane and the system is stable.

If there are sign changes in first column-of routh array and there is no row with all zeros,
then some of the roots are lying on the right half of s-plane and the system is unstable. The
number of foots lying on the right half of s-plane is equal to number of sign changes and
the remaining roots are lying on the left half of s-plane. '

If there is a row of all zeros after letting €—0, then there is a possibility of roots on
imaginary axis. Determine the auxiliary polynomial and divide the characteristic equation
by auxiliary polynomial to eliminate the imaginary roots. The routh array is constructed
using the coefficients of quotient polynomial and the characteristic equation is interpreted
as explained in method-2 of case-II polynomial.
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EXAMPLE 4.1

Using Routh criterion, determine the stability of the system represented by the characteristic equation, s*+8s%+18s2
+16s +5=10. Comment on the location of the roots of characteristic equation.

- SOLUTION

The characteristic equation of the system s, s‘+8s*+1852+165+5=0.

The given characteristic equation is 4” order equation and so it has 4 roots. Since the highest power of s is even number,
- formthe first row of routh array using the coefficients of even powers of s and form the second row using the coefficients of odd
powers of s.

¥ ! 18 R (2. 1x18-2x1 1x5-0x1
$ - 8 16 ....Row-2 ' 1 1
* 5 2.
The elements of s° row can be divided by 8 to simplify the s°: 16 S
. Computations. s i 162 5x1
s y1 ., 18 5 Rowt | T
o T o Howd s': 1.6875~1.7
i i :
& : 16: 5 ... Row-3 o0 1.7x5-0x16
s’ i e ... Row-4 17
i 1 . 0.
s? t 5 1 ... Row-5 sl
L ‘ 4

L _Column-1 :
On examining the elements of first column of routh array itis observed that all the elements are positive and there is no

'~ signchange. Hence all the roots are lying on the lefi half of s-plane and the system is stable.

RESULT
1. Stable system

2. Allthe four roots are lying on the left half of s-plane.

EXAMPLE 4.2

Construct Routh amay and determine the stability of the system whose characierisitc equation is s5+255+8s%+1253+20s?
+165+16=0. Also determine the number of roots lying on right half of s-plane, left half of s-plane and on imaginary axis.

SOLUTION

The characteristic equation of the systemis, S5+255+8g +125%+ 205*+16s +16=0.

The given characteristic polynomial is 6" order equation and so it has 6 roots. Since the highest power of sis even
number, form the first row of routh array using the coefficients of even powers of s and form the second row using the coefficients
of odd powers of s, ' :

s 1 8 20 16 .... Row-1
s 2 12 16 ... Row-2

The elements of s% row can be divided by 2 io simplify the calculations.
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s 7 T 78 20 16 .. Row-1
& 1 6 8 ..Row-2
st §h1 1% "8 ...Row-4
2 5040, ~Row4
£ :, 1,3 ...Row-4
2.0 818 ..Row-5
s' 033, ....Row-6
g et g | ...Row-7

4

e Column-1

On examining the elements of 1% column of routh array itis observed
that there is no sign change. The row with all zeros indicate the possibility
of roots on imaginary axis. Hence the system is limitedly or marginally
stable. '

The auxiliary polynomial is,
s*+65?+8=0
Let, s?=x
SXEHEX+8 =0
6+62-4x8
The roots of quadraticare, * = >

L Esddls2or =4

The roots of auxiliary polynomial is,

s=+yx =+/-2 and i"{__‘{_
=+v2,~ }2,+j2 and - 2

4. 1x8-6x1 1x20-8x1 1x16-0x1

1 1 =
gt 2 12 16
divide by 2
gt F R 6 8
<3 1x6-6x1 1x8-8x1
1 1
s®: 0 o

The auxiliary equation is, A = s*+6s2+8. On
differentiating A with respect to s we get,

dA i
—— =45 +12s
ds

dA
The coefficients of S are used to form s? row.

s*: 4
divide by 4
g&: 1 3

12

Sé‘ Ix6-3x1 1x8-0x1
’ i i
g?: 3 8

1. 3x3-8x1
T 3
s'- 0.33

o, 0.33x8-0x3
0.33

s’: 8

The roots of auxiliary polynomial are also roots of characteristic equation. Hence 4 roots are lying on imaginary axis and the

remaining two roots are lying on the left half of s-plane.

RESULT
1. The systemis limitedly or marginally stable.

2. Fourroots are lying on irﬁaginary axis and remaining two roots are lying on left half of s-plane.

EXAMPLE 4.3

Construct Routh array and determine the stability of the system represented by the characteristic equation,
s%+5*+25%+25%+3s+5=0. Comment on the location of the roots of characteristic equation. ‘

SOLUTION

The characteristic equation ofthe systemis, s7+s*+283+252+35+5=0.

The given characteristic polynomial is 5" order equation and so it has 5 roots. Since the highest power of s is odd
number, form the first row of routh array using the coefficients of odd powers of s and form the second row using the coefficients

of even powers of 5.
gh i 1 2 3
8 o 1 2 ol

vers ROW-1

... Row-2



(a). The systemis unstable.

4. 15 s Engineering )
s e -2  ..Rows3
o 2e+2 5 o 2. 1x2-2x1 1x3-5x1
= . " 1 1
| ~(5& +4 e+4) st 0 =2
s .. Row-5 Replace 0 by
2e+2 & o 5
8 5 .. Row-6 _
On letting =0, we get SE‘EX2—[-—2X1} exo—0x1
$ ¢ 1 72 3 .. Rowl € €
i {5 2. 2e+2
s 1 ,2 5 .. Row2 S 3
' 1 I
| Ss : D : "'2 . T ROW"S 2 c +2 . (-"2) _ (5}( EJ
L 8 s ; ® o D .. Row-4 . st 533
El +~ 8 : 2 ... Row-5 EE
| : '
g 51 & ! ... Row-6 (5 14 e4)
b |— : Col ; ' 2e+2
Onobserving the elements of first column of routh array, itis found that (5244 csa
there are two sign changes. Hence two roots are lying on the right haif of s- (5 i )x 5-0x 2e+2
plane and the system s unstable. The remaining three roots are lying on the left s 2¢€+2 €
half of s-plane. *(5 & +4 E+4)
RESULT .
s s 5

(b). Two roots are lying on right half of s-plane and three roots are lying on left half of s-plane.

EXAMPLE 4.4

By routh stability criterion determine the stability of the system represénted by the characteristic equation,
9s5- 205*+10s— 52— G5 —10 = 0. Comment on the location of roots of characteristic equation.

SOLUTION

The characteristic polynomial of the systemis, 9s°~20s*+10s%-s2-95-10=0

On examining the coefficients of the characteristic polynomial, itis found that some of the coefficients are negative and
so some roots will lie on the right half of s-plane. Hence the system is unstable. The routh array can be constructed to find the

number of roots lying on right half of s-plane.

The given characteristic polynomial is 5* order equation and so it has 5 roots. Since the highest power of s is odd
number, form the first row of routh array using the coefficients of odd powers of s and form the second row using the coefficients

of even powers of s,

10 -9

S A T
E .
§l+ ¢ : ., 20 5 1 10
I i
' rlse. L1855 1 —135
2 | 1
s 1—29.3 1 —10
| ]
g’ 1-16.8 !
| 1
] |
s |'ﬂl{] 1
+ —i=AColumn-1

Row-1
... Row-2
RI;W-3
... Row-4
... Row-5
... Row-6

(2.220x10-(-1)x9 —20x(-9)-(~10)x9
—20 20
~135

s 955

&2 955 x {—1)—(-13.5 x(—20) 955 x (-10)
o 955 955
g _-293 _10
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_ By examining the elements of [¥ column of routh array it is
observed that there are three sign changes and so three roots are lying
on the right half of s-plane and the remaining two roots are lying on the
left half of s-plane.

RESULT

(a). The system is unstable.

-.~293 % (-135)—(-10)x 955
‘ 293

gk 6.8

5. 168 x (-10)
: -16.8
s% 10

(b). Three roots are lying on right half of s-plane and two roots are lying on left half of s-plane.

EXAMPLE 4.5

‘The characteristic polynomial of a system is, s7+9s%+245°+245*+245%+245°+23s+15=0, Determine the location of roots

on s-plane and hence the stability of the system.
SOLUTION
METHOD-I

The characteristic equation is, s"+9s%+24s°+245%+245%+2452+235+15=0.

The given cha racteristic polynomial is 7" order equation and so it has 7 roots. Since the highest power of s is odd
number, form the first row of array using the coefficients of odd powers of s and form the second row using the coefficients of

even powers of s as shown below.

s 1 24 24 23 .. Row-1
s 19 24 24 15 ..Row2
Divide s° row by 3 to simplify the computations.

r b | 2

§ . 1,24 24 23 .. Rowl
|
$ :, 3,8 8 5 .. Row2
& o, T A 1 ...Row-3
s 11,1 1 ....Row-4
53 : 0 : 0 S T -...Row-5
1 i ’
e 1. 21 1 .. Row-5
| 1
52 1 051 1 ... Row-6
3 i !
i %51 13 ... Row-7
o I I
N s? ot ... Row-8
v
i Column-1

On examining the first column elements of routh array itis
found that there are two sign changes. Hence two roots are lying on
the right half of s-plane and so the system is unstable.

The row of all zeros indicates the possibility of roots on imaginary
axis. This can be tested by evaluating the roots of auxiliary polynomial.

The auxiliary equationis, s* +s?+1=0
Put, s? =xin the auxiliary equation,

st+e2+ 1=+ x+1=0

"y Ix24-8x1 3x24-8x1 3x23-5x1

3 3 3
g% :21.33 21.33 21.33
Divide by 21.33
s°: 1 1 1

e 1% 8—=1x3 1%8_1x3 1x5=0x3

1 1 1
s*: 5 5 5
Divide by 5 -
g% 9 1 1 a¥ s

e

&, Toe1—Tx1 1x1-1:1 i%

1 Tt
s®: 0 0 -

The auxiliary polynomial is,

A=g'+52+]
Differentiate A with respecttos.
9A 4426
ds -
o Gl
Divide by 2
sin2
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1£1-4 JE

The roots of quadraticare, x= —————= ——+ j*—
2 2 2

=1-120% or 12 -120°
Buts? = x, ..§=+x = +/12120° or . +12-120°
=+ f12120°2  or  +1.2-120°12

=+1.60° or +12-60°
=+(05+j0866) or +(0.5-j0.865)

| 2. 2x1-1x1. 2x1-0x1
§°:
§ 2 2
| s?: 05 1
i .
L 05x1-1x2
s':
: 05
g -3
-3x1
0.
s
=3
s

Two roots of auxiliary polynomial are lying on the right half of s-plane and the remaining two on the left half of s-plane. The
roots of auxiliary equation are also the roots of characteristic polynomial. The two roots lying on the right half of s-plane are
indicated by two sign changes in the first column of routh array. The remaining five roots are lying on the left haif of s-plane No

roots are lying on imaginary axis.
RESULT L
1. -Thesystemis unstable.

2. Tworoots are lying on right half of s-plane and five roots are lying on left half of s-plane.

METHOD-II

Thecharacten3hcequatlon|s s’ +9s® + 24s° + 24s* +2453+24s +235+15=0

The given characteristic pol:,rnom:a is /" order equation and so
it has 7 roots. Since the highest power of s is odd number, form the first
row of amay using the coefficients of odd powers of s and form the
second row using the coefficients of even powers of s as shown

below.
g us 1 24 24 23 ... Row-1
sf 9 24 24 15 ... Row-2

Divide s® row by 3 to simplify the computations.

§ : 1 24 24 23 _..Rowl
st 3 8 8 5 ... Row-2
& . & T A ....Row-3
ge ¢ =f "1 A .... Row-4
s : 0 0 ... Row-5

g Ix24-8x1 Ix24-8x1 Ix23-5x1
' 3 3 3
s°:21.33 21.33 2133

Divide by 21.33 '
s 1 1 1
St - 1x8-1x3 1x8-1x3 1x5-0x3
1 1 1
s': 5 5 5
Divide by 5
st: 1 1 1
53_"1x1-1x1 Tx1=1x1
1 1
giz ) 0

Since we get a row of zeros, there exists an even polynomial, the even polynomiial is nothing but, the auxiliary polynomial.

The awxliary polynomial is,
s*+s?+1=10

Divide the characteristic equation by auxiliary polynomial to get the quotient polynomial.

‘The characteristic polynomial can be expressed as a product of quotient polynomial and auxiliary polynomial,
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587 +9s% + 24s% + 245* 1 245” + 2457 + 235 +15=0 I o b
U By ; i % 0 |
4, 2 3 2 g L2y s =
(s*+s%°+1)(s®+95?+235+15)=0 gl ™ I B p it *
_Even Quotient polynomial ng + el o
polynomial Of < % fe, +
X . Al = b T, o
The routh array is constructed for quotient polynomial as shown gl + 2 Sl B B
E o + ™ i
below. ZE 2o (@ T% e |t ot
Sl olm 8w = A
s 1 23 _ S+ F ‘_"r S I
e et = Ev + + |
£ : 9 15 g, 3x23-5x1 g M wi= Lhs
3 ol 1§ 8|8 Y18 8
i T I — —
Divide s?rowby 3, 1. i o TG >
E e o s': 2133 c% 3 @ oy Lo . X
s? o 1 123 | (‘: T + R ﬁ ﬁ
1 i ' T ~
& 3 '5 o, 21.33x5-0x3 A e
I i s®- : Sl & oW
g! - 1921331 ' 2133 +| + o mT
I | o o | 0 2
= wm| B~
g % B A _ $: 9 T
I '|‘ I : E
v === Column-1 o PO =
+= §~.
- D
n> =
5
-

The elements of column-1 of quotient polynomial are all positive and there is no sign change. Hence all the roots of
quotient polynomial are lying on the left half of s-plane. To determine the stability, the roots of auxiliary polynomial should be

evaluated.
| The auxiliary equation s, s*+s?+1=0.
Put, s2=xin the auxiliary equation. g*+s2+1=x2+x+1=0
Ax1-4 1 43

The roots of quadratic are, x = = —EJ_ro =1£120° or 1£-120°

2
Buts?=x .~S=tJx = +/1£120° or +1/-120°
L= xin2002 ‘or £412-120°2
= +1/60° or +12-60°
= +(0.5+ j0.866) or +(05-j0.866)

. The roots of auxiliary eqﬂaﬁnn are complexand has quadranta[ symmetry. Two roots of auxiliary equation are lying onthe
right half of s-plane and the other two on the left haif of s-plane. »

The roots of characteristic equation are given by the roots of auxiliary polynomial and the roots of quotient polynomial.
Hence we can conclude that two roots of characteristic equation are lying on the right haif of s-piane and so system is
unstable. The remaining five roots are lying on left half of s-plane. .

EXAMPLE 4.6

The characteristic polynomial of asystemis s7 + 5s° + 98° + 95 + 4s% + 20s? + 365 + 36 = 0. Determine the location
of roots on the s-plane and hence the stability of the system. ' '

SOLUTION

The characteristic equation is, s7 +5s° « 3s° +9s* + 4s® +20s% + 365 +36=0.

The given characteristic polynomial is 7 ° order equation and so it has 7 roots. Since the highest power of s is odd
number, form the first row of array using the coefficients of odd powers of s and-form the second row of array using the
coefficients of even powers of s as shown below. '




419 ( Conmirol Systems Engineering )
_ 5. 1x9-18x1 1x4-4x1 1x36-7.2x1
ST » 1 g 4 35 [ ROW‘1 i -I 1 .-i
£ : 5 9 20 36 .. Row2 'r $5:7.2 0 288
Divide s® row by 5 to simplify the computations. Divide by 7.2
g 1 9 4 36 -.. Row-1 s 1 0 4
s : 1 18 4 72 .. Row?2
g, 1x18-0x1 1x4-4x1 1x72-0x1
5 e | 0 4 . ROW-3 il 1 1 . 1
gy 1~ 0 4 ... Row-4 s¥iq8 * o g
£ @ 00 ... Row-5 Divide by 1.8
s*: 1 0 4

The row of all zeros ipdicate the existence of even polynomial,
which is also the auxiliary polynomial. The auxiliary polynomialis, st +4=
0. Divide the characteristic equation by auxiliary equation to get the quau:ani

polynomial.

The characteristic equation can be expressed as a product of
quotient polynomial and auxiliary equation.

o8 +558 498 1 96" 1 45° £ 205° +365+36=0

*+4) (S +555+95+9)=0
Even Quotient polynomial
polynomial -

The routh array is constructed for quotient polynomial as shown

bl | B o, 5x9-9x1

53 11 19 : 5

! ' 52 12

i |
= (2 0. 72x9-0x5
g! :7_2 : ) 72

0

I i s: 9
s W

“ T2 Column-1

3. 1x0-0x1 1x4-4x1
S5t

1 1
=¥ o) 0
g ;
| (s} ;
|+ I o
0 + [ap] e W
w 0 |+ MM
r]
2] o gt F
+ np] © 3
= G + o+
W
- oS 1
53 :+c: o
ﬁ'mm'
-¢+'ﬂ- i
w +‘¢m -
=] 73] = =
o, 4+ o (=] A (73]
4+ lw + + =
[T+
é‘?}g v mm Lnu:- |
+] F :m =2 =] !
{ @ ok
Nb‘.'lrl?.g mm‘gm
L o W
rf>+r"‘ s
wmlw W
=¥
_]_
-
w

There is no sign change in the elements of first column of routh array of quotient polynomial. Hence all the roots of

quotient polynomial are lying on the left half of s-plane.

To determine the stability, the roots of auxiliary polynomial should be evaluated.

The awxliary polynomial is, s* +4 =0,
Put s?=xin the auxiliary equation, .. s'+4=x2+4 =0
axt=4 =

But, s=£& = +42290° or +427-90°

=+J2/45° o +2.,-45 =

X =+y-4 = 1j2=2./90° or 2. - 90°

+J2,90°2 or +42 £ -90°/2
+(1+j) or £(1-j1

The roots of auxiliary equation are complex and has quadrantal symmetry. Two roots of auxiliary equation are lying on the

right half of s-plare and the other two on the left half of s-plane.

The roots of characteristic equation are given by roots of guotient polynomial and auxiliary polynomial. Hence we can .
conclude that two roots of characteristic equation are lying on the right half of s-plane and so the system is unstable. The

remaining five roots are lying on the left half of s-plane.
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RESULT
(@) The sysiemis unstable.
(b) Two roots are lying on the right half of s-plane and five roots are lying on the left half of s-plane.

EXAMPLE 4.7

Use the routh stability criterion to determine the location of roots on the s-plane and hence the stab;hty for the system
represented by the characteristic equation 5 + 4s* + 853+ 8s? + 75 + 4 = (.

SOLUTION

The characteristic equation of the systemis, s°+4s*+8s*+8s%+7s+4=0.

The given characteristic polynomial is 5 order equation and so it has 5 roots. Since the highest power of s is odd
number, form the first row of routh an'ay using the coefficients of odd powers of s and form the second row using the coefficients
~ of even powers of s.

$ : 1 8 7 ... ROW-1 . oG 1x8-2x1 1x7-1x1
1 1
4
| st 8 4 .. Row-2 . 6
Divide s*row by4 to simplify the calculations. : : Divide by 6
$ 1118 7 ... Row-1 ' s 1 1
s : 1 :2 1 ... Row-2 SQ:TxZ—ix1 1x1-0x1
I
£ 1 1 ...Row-3 g o 1
| 1 g= 1
52 :1; 1 :1 .... Row-4 : ;o Ix1-1x1
g b E © ..:Row-5 1
' : ' 5:0
o : l : e Let0—e
' Column-1 o
When € — 0, there is no sign change in the first column of . s ex1-0x1
routh array. Butwe have a row of all zeros (s' row or row-5) and so $ -
there is a possibility of roots on imaginary axis. This can be found from . =
the roots of auxiliary polynomial. Here the auxliary polynomial is gwen : s 1
by s? row. |
The auxiliary polynomialis, s?+1=0; s 82=-1 or § =+-1=%j1

The roots of auxiliary polynomial are +j1and —j1, lying on imaginary axis. The roots of auxiliary polynnmml are alsoroots
of characteristic equation. Hence two roots of characteristic equation are lying on imaginaryaxis and so the systemis limitedly -
or marginally stable. The remaining three roots of characteristic equation are lying on the left half of s-plane.

RESULT

(8 Thesystemislimitedly or marginally stable.
(b) Two roots are lying on imaginary axis and three roots are lying on left half of s-plane.

EXAMPLE 4.8

Use the routh stability criterion to determine the location of roots on the s-plane and hence the stability for the system
represented by the characteristic equation, s®+ 8%+ 3%+ 383+ 3s?+25 +1=0. '

- SOLUTION

The characteristic polynomial of the system is, sf+8%+3s'+3s7+ 352 +25+1=0.
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- The given characteristic polynomial is 67 order equation and so it has
6 roots. Since the highest power of s is even number, form the first row of routh

array using the coefficients of even powers of s and form the second row using | s*: L 3_3_”‘1 1x3-2x1 1x1-0x1
the coefficients of odd powers of s as shown below. = 1 1 1
4.
$ i1 3 3 1 ..Rowt 550 ! 1
g let0 >e
s 1 % ooer ROW-2 BT o 1 1
g e 1 1 ....Row-3 g3 €x3-1x1 ex2-1x1
x " - = E & E
E: SE—T 2e-1 — 3. 3e-1 2e-1
: € = | i € € :
3e-1 2¢-1 3e-1
8T o ﬂ—e—jl .... Row-5 2. e . e XE_ € bl
3e-1, ' il T 3e
et = - - : & g
s o SdErwE T _
s 22 A ea ... Row-6 ey 2 e .
: _ Je-1
® 1 ... Row-7,
‘Onletting € — 0, we get,
s : 1 3 3.1 __Rowi 2 He-1.2e-1 Fe
$ : 1 ¥ .2 gl desd S £
_ Row-2 22 e
st 0 1 1 ... Row-3 ' 3 e-1
0E sl A o1 (2 EHde-N2e-N-3e-)(Be-1
lez , o ? H' i ) e(-2 € +4 e-1)
g8 S g AE+SE 4l
y s 0 ... Row-6 “e(-28 e 2 4eH
5 & 1 oere ROW-7
. 2
Since there is a row of all zeros (s' row) there is a possibility of 4 -e 8 E | 2¢ +4e1
roots on imaginary axis. The auxiliary polynomial is s2 + 1 = 0. 0. A4+ 3e-1
(A4 -4 -de+l)
' 501
The roots of auxiliary polynomial are, s= e +ji

The roots of auxiliary polynomial are aiso roots of characteristic equation. Hence two roots are lying on imaginary axis.
Therefore divide the characteristic polynomial by auxiliary equation and construct the routh array for quotient polynomial to find
the roots lying on right half of s-plane.

The characteristic polynomial can be expressed as a product of auxiliary polynomial and quotient palynomial.

285+ +38' +35%+ 382+ 25+1=0 - = (s2+1) (s*+5°+252+254 =0 g2. 1¥2-2x1 1x1-0x1
Even Quotient polynomial : 1 1
polynomial s2-0 1
The routh array for quotient polynomial is constructed as shown below. let 0 —»e
' 2
$ : 1 2 1 ..Rowl s:¢c 1
' ; 1 ex2—-1x1
$ 1 2 - ... Row-2 s
s e 1 ....Row-3 gt 2 et
=
- 2 e—1 2 E_1 1-
s’ .. Row-4 G e Ox <
(2e-Ne
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On letting € — 0, we get (Quotient
Lt st +8° +25 + 25+ 1 polynomial)
s 10 2 1 ... Row-1
P 5 -.-1|5 +8° +35 +3s% + 382+ 2641
s ' o 2 ... Row-2 |6
L ' !5(-} T—) :
Ei: 52 : 0 : 1 ... Row-3 7+ 25" +3s%+ 98 +25+1
. 5 3
Iln" s’ ! oo ! ... Row-4 g L5 s
*1@ B . : ; : - ='§ 25 +26% + 352 +25L‘§
+V g i L +_ 2 g g- -2s* 3+ 25
- Golumn-1 =2 26% 4524 25 +1
On examining the first column of the routh array of quotient 028 (425
pciynomla! we found that there are two sign changes. Hence two 52' .1
roots are lying on the right half of s-plane and other two roots of X N
quotient polynomial are lying on the left half of s-plane. ' i ol
The roots of characteristic equation are given by roots of ¢

auxiliary polynomial and quotient polynomial. Hence two roots are lying
_ on imaginary axis, two roots are lying on right half of s-plane and the
remaining two roots are lying on left haif of s-piane. Hence the system

is unstable.

RESULT
(8) Thesystemis unstable.

{b) Two roots are lying on imaginary axis, two roots are lying on right half of s-plane and two roots are

lying on left half of s-plane.

EXAMPLE 4.9

Determine the range of K for stability of unity feedback system whose open loop transfer function is

K
e
SOLUTION
K
; Cis) _ Gs) _ .s{s+l)(s+2) E K
The closed loop ﬂ'ansfer funlctaon, Ris) oyt a0s) 1.+ i ST i TR
s(s+1)(s+2)

The characteristic equation is, s(s+1){s+2)+K=0
L5(s2+3s+2)+K=0 = s°+35%+25+K=0

The routh array is constructed as shown below.

The highest power of s in the characteristic polynomial is odd number. Hence form the first row using the coefficients of
odd powers of s and form the second row using the coefficients of even powers of s.

| et o e |

53 ] I 2
» : 5 : ” ait Ix2-Kx1
i P 3
] i 1 6-K
16—-K s B
o £ 6K
: : : L xK-0x3
& L 0 3
iy (6-K)/3
—Column-1 s K
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For the system to be stable there should not be any sign change in the elements of first column. Hence choose the value
- of Kso that thefirst column elements are positive. :

From s°row, for the system to be stable, K> 0

3

From s row, for the system to be stable, >0

3
.. The range of K for the system to be stable is 0<K<6.

For =0, the value of K should be less than 6.

RESULT

The value of Kiis in the range 0<K<6 for the system to be stable.
EXAMPLE 4.10

The open loop transfer function of a unity feedback control system is given by,

G() = — 1
(51‘2){5"’4){5 +651'25)

By applying the routh criterion, discuss the stability of the closed-loop system as a function of K. Determine the value of
* Kwhich will cause sustained oscillations inthe closed-loop system. What are the corresponding oscillating frequencies?

SOLUTION
; K
Theclosedloop | C(s) _ G(s) _ (s+2)(s+4)(s*+6s5+25) _ K
wransfer function | R(s) 1+G(s) 1, K C (s+2)(s+4) (5°+65+25)+K
(s+2) (s+4) (s® + 65+ 25)

The characteristic equatioﬁ is given by the denominator polynomial of closed loop transfer function.
The characteristic equatioﬁ is, (5+2)(s+4)(s?+65+25)+K=0. _
(52 +6s5+8) (s2+65+25)+K=0 =  §*+128°+69s%7 +198s+200+K=0

The routh array is constructed as shown below. The highest power of s in the characteristic equation is even number.
Hence form the firstrow using the coefficients of even powers of s and form the second row using the coefficients of odd powers
of s. '

s 69 2004K..... Row-1 g2. 1x69-16.5x1 1x{200+K)
| ' 1 T -
Divide s row by 12 to simplify the calculations : -
st . rTTLT T e 200K Row-1 | s': 52'5“6'55;{:09”()“
§? R U8R xR Tk Row-2 5'1' 666.25- K
§? ' 525 204K .. Row-3 52.5
! 1
! B66.25-K 1 666.25 -K :
1 e ow-4 —x {200+ K
8 T i o hae T e )
: 1 ] (666.25 -K)/52.5
s 200G e - T O RT al Row-5 5 -
L el i s':200+K
L Column-1
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For the system to be stable there should nothe any sign change in the elements of first column. Hence choose the value
of Kso that the first column elements are positive.

From s’ row, for the system to be siable, (666.25-K) > 0.
Since (666.25-K) > 0, should be less than 666.25.
From s° row, for the system to be stable, (200+K) > 0

Since (200+K) > 0, K should be greater than -200, but practical values of K staris from 0. Hence K shouid be greater than
zer.

- The range of K for the system to be stable is 0<K<666.25.

" When K= 666.25 the s row becomes zero, which indicates the possibility of roots on imaginary axis. A system will
oscillate if it has roots on imaginary axis and no roots on right half of s-plane. - '

When K=666.25, the coefficients of auxiliary equation are given by the s? row.
.. The auxiliary equation is, 52.55%200+K=0

52.55% + 200+ 666.25 = 0
, —200-666.25

ol TS
S 525

§=14-165 = 2 j4/165 = +j4.06

When K = 668.25, the system has roots onimaginary axis and so itoscillates. The frequency of oscillation is given by the
value of root on imaginary axis. )

.. The frequency of oscillation, « = 4.06 rad/sec.
RESULT

(8) Therange of K for stability is 0<K<666.25
(b) The system oscillates when K=666.25
{¢) Thefrequency of oscillation, o = 4.06 rad/sec. (When K = 666.25).

EXAMPLE 4.11

K(s+1)

The open loop transfer function of a unity feedback system isigiven by, G(s)=
s®+as” +25+1

. Determine the value

of Kand a so that the system oscillates at a frequency of 2 rad/sec.

SOLUTION
Kis +1)
The closed !Ot}p} Cis) G(s) _ s®ias?i2s:1 @ K{s+1)
transfer function| R(s) 1+ G(s) jo K+1) sPras®+25+1+K(s+1)

s® +as’+2s+1
The characteristic equationis, s°+as®+2s+1+K(s+1)=0.

s*+as’+2s +1+Ks+K=0 = . s'+as?+{2+K)s+1+K=0

The routh array of characteristic polynomial is constructed as shown below. The maximum power of sis odd, hence the
first row of routh array is formed using coefficients of odd powers of s and the second row of routh array is formed using
coefficients of even powers of 5. ' R :

Ifthe elements of s* row are ali zeros then there éxists an even polynomial (or awdliary polynomial). if the roots of the

auxiliary polynomial are purely imaginary then the roots are lying on imaginary axis and the system oscillates. The frequency of"
oscillation is the root of auxiliary polynomial. '
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s 1 2+K
g2 a . T+K

o . 82rK)-(1+K)

a .
s 1K
From s? row, the auxiliary polynomialis,
asz+(1+?{)=ﬂ = as? = (1+K) =  s=xj il
LY
Given that, s=1§2, .-.J%:z = 1_25:4 =5 K=4a-1

From s' row, a(2+K)aﬁﬁ+K}:U = a2+K)-(1+K)=0 = 2a+Ka-1-K=0

2a—1+ K(a-1)=0
Put, K = 4a -1
L 2a-1+{da-1){a-1)=0 = 2a-1+42°-4a-a+i=0 = 432—-3a=0 (or) a{4a-3)=0
Since a=0, 4a-3=0, s.a=3/4
~ Whena=(3/4}, K=4a-1=4x(3/4)-1=2
RESULT

When thé system _osciliates atafrequency of 2rad/sec, K=2 and a=3/4.

EXAMPLE 4.12

Ke™

~—s———— . Determine the maximum value of Kfor
s(s® +5s+9)

Afeedback system has open loop ransfer function of G(s) =
stability of closed loop system.

SOLUTION

Generally control systems have very low bandwidth which implies that it has very low frequency range of operation.
Hence for low frequency ranges the term escan be replaced by, 1-s, (ie., es 1 _1-sT).

Ke™ K{1-3)
s Gis) = =
() s(s?+55+9) s{s’+55+9)
K(1-s)
Theclosedloop] C(s)  Gfs)  s(s®+5s+9) _ K(1-s)
transfer function}- R(s) 1+G(s) ¢, KO- s) s(s? + 55+ 9) +K(1-8)

s{s® +55+9)
The characteristic equation is given by the denominator polynomial of closed loop transfer function.
- The characteristic equationis, s (s?+5s+9) + K(1-s)=0
-, s(s*+ 555 + K(1-8) =8+ 557+ 95 +K-Ks =0 = ¥+ 552+ (9-K)s +K=0

The routh array of characteristic polynomial is constructed as shown below.
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The maximum power of s in the characteristic polynomialis odd, hence form the first row of routh amay using coefficients
f odd powers of s and second row of routh array using coefficients of even powers of s.

s 1 9-K
. 5x(9-K)-Kx1
g2 5 K f = 5
s' : 9-1.2K : : 31: m
5
gl K . ' i
" : g1. 298K g oK
From s’ row, for stability of the system, (8-1.2K)>0
If (9-1.2K)>0 then 1.2K<9 ; .'.K<—?—=?.5 s 0 LRIk
12 (9-12K)
From s° row, for stability of the system, K>0 s K

Finally we can conclude that for stability of the system K should be in the range of 0<K<7.5
RESULT
For stability of the system K should be in the range of, 0<K<7.5.

4.4 MATHEMATICAL PRELIMINARIES FOR NYQUIST STABILITY CRITERION

Let F(s) be a function of s, which is expressed as a ratio of two polynomials in s, as shown in
equation (4.14), (the polynomials are expressed in the factored form ).

(s—2;,) (8—23) weee (s=—2z,

_F ==
(s) (s—py) (s—p,) (s= pn}

il(414)

The roots of numerator polynomial are zeros and the roots of denominator polynomial are poles.
The function has m number of zeros and n number of poles. .

. Here, s is a complex variable expressed as, s =o + jo, where s is real part of ¢ and o is imaginary
part of s. (The s is also called complex frequency). For a particular value of o and @, the s will represent
a point in the s-plane.

* Since s is a complex variable, the function F(s) will also be a complex quantity for any value of s.
Hence, F(s) can also be expressed as, F(s) = utjv, whereu is real part of F(s) and v is imaginary part of
F(s). Let us define another complex plane called F(s)-plane, with coordinates u and v. For a particular
value of s, the F(s) will represent a point in F(s)-plane.

Therefore, for every point s in the s-plane at which F(s) is analytic, there exists a corresponding
point E(s) in the F(s)-plane. Hence it can be concluded that the function F(s) maps the points in the
s-plane into the F(s)-plane. :

Note : A function is analytic in the s-plane provided the Sfunction and all its derivatives exist.
The points in the s-plane where the function (or it derivatives) does not exist are called singular points.

Since any number of points of analycity in the s-plane can be mapped into the F(s)- plane it can be
concluded that for a contour in the s-plane which does not go through any singular point, there exists a -
corresponding contour in the F(s)-plane as shown in fig 4.2,

| The table 4.2 shows examples of arbitrary s-plane contours and their corresponding F(s)-plane
contours (exact shape is not shown).
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joa : - jva

s-pléne }/ \’\F(s}-plane' :
— LI 1P .

Fig 4.2 : An arbitrary contowr in s-plane and its corresponding contour in F(s)-plane

Normally the direction’ of arbitrary contour in s-plane is chosen as clockwise. Here zeros are
marked by small circles (o) and poles by (X).

On observing the s-plane contours and the corresponding F(s)-plane contours shown in table-4.2,
it can be proved that there exists a relationship between the enclosure of poles and zeros by the s-plane
closed contour and number of encirclements of the origin of F(s)- plane by the corresponding
F(s)-plane contour.

Note : For the development of Nyquist criterion, the exact shape of the contour is not required
but only the number of encirclements of the origin of the F(s) - plane is essential.

Concept of encircled and enclosed

It is important to distinguish between the concept of encircled and enclosed which are frequently
used to apply Nyquist criterion.

. T . g A
°B o b SO
) & 0=
! _ . R 2
\/ Fig 1 | W Fig 2 == ngs

Encircled : A point is said to be encircled by a closed path if it is found inside the path. With
reference to fig 1, the point A is encircled in the clockwisedirection and the point B is not encircled

Il

Enclosed : Any point or region is said to be enclosed by a closed path, if it is found to lie to the
right of the path when the path is traversed in the prescribed direction. The shaded regions in fig 2 and
| 3 are the regions enclosed by the closed path. With reference to fig 2, the point 4 is enclosed by closed
paih and the point B is not enclosed. With reference to fig 3 the point A is not enclosed by closed path
but point B is enclosed. : o '

TABLE-4.2
The function, F(s) and s-plane contour | F(s)-plane contour
Jjoa  Fis)=s’25+6 = (s-1-]2)(s-1+j2) : v
F(s)-plane
T

Zeros 1z, = 1+j2,2,= 1-2
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joy Fis)=

1 1

& _ds+8 (s-2-j2)(s—-2+}2)

; S-plane
+H2 ¥ B ,
1

P s

jva

F(s)-plane

)
N

Poles:p,=1,p,=3
Zeros:z,=2

itBs/ L A s
Poles : p,=2+j2, p=2-j2
joa . )
F{s) ( 52(_ 4) ™ F(s)-pl
s—2(s -
s-plane ﬂﬁ} Riane
& a8
A >
Poles:p,=2,p,=4
Zeros:z, =1
- F-2%5+8 f5=1-2{s-1+2) :
WDk F = e ; VA
! (=) €2 i 5-2 ]
s-plane Fi{s)-plane
£ .
4 N4 "
Poles : p,=+2
Zeros : z=14i2, z=1-j2
F(s) = s —25+6 (s-1-j2){s-1+j2)
=—— s == 4
oa s°-45+8 (s-2-j2){s-2+]2) Jv E(s)-plane
2 z:; R, \ s-plane ﬂ
4 e =
Poles : p,=2+2, p,=2-2
Zeros 1 z=1+j2, 2,=1-j2
: A
Joa Fls) = §-2 v F{s)-plane
(s—1{s-3)
s-plane _ /-)
P, Z; P Ll
; 1 2 3 5 s

The summary of relationship between the enclosure of poles and zeros by the s-plane closed
contour and number of encirclements of the ongm of F(s)-plane by the corresponding F(s)-plane contour,

are given below. -
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1. If s-plane closed contour encloses Z number of zeros in the right half of s-plane then the
corresponding contour in F(s)-plane will encircle, the origin of F(s)-plane Ztlmes in the clockwise
direction.

4.29

2. If s-plane clesed contour encloses P number of poles i in the right half of s-plane then the
corresponding contour in F(s)-plane will encu'cle the origin of F(s)- plane P times in anticlockwise
direction.

3. If the s-plane closed contour encloses Z zeros and P poles in the right half of s-plane and if
P > Z, then the corresponding contour in F(s)-plane will encircle the origin of F(s)-plane
(P-Z) times in the anti-clockwise direction.

4. If the s-plane closed contour encloses Z zeros and P poles in the right half of s-plane and if
P < Z then the corresponding contour in F(s)-plane will encircle the origin of F(s)-plane (Z—P)
times in the clockwise direction.

5. 1fs-plane closed contour encloses Z zeros and P poles in right half of s-plane and if P =Z, then
corresponding contour in F(s)-plane will not encircle the origin of F(s)-plane.

6. Ifthe s-plane closed contour does not enclose any pole or zero, then the comsyondmg contour
in F(s)-plane will not encircle the origin of F(s)-plane.

The relation between the enclosure of poles and zeros of F(s) lying on the right half of s-plane by
the 's-plane contour and the encirclements of the origin of F(s)-plane by the corresponding F(s)-plane
contour is called principle of argument.

The principle of argument is stated as follows. :

Let F(s) is a single valued rational function and is analytic in a given region in the s-plane except
at some points. Now, If an arbitrary closed contour is chosen in the s-plane, so that F(s) is analytic at
every point on the closed contour in s-plane then the corresponding F(s)-plane contour mapped in the

F(s)-plane will encircle the origin N times in anticlockwise direction where N is the difference between the
number of poles and number of zeros of F(s) that are encircled by the chosen closed contour in s-plane.

Mathematically, it can be expressed as, N = P Z.

where, N = Number of encirclement of origin of F(s)-plane, made by F(s)-contour.

Z = Number of zeros of F(s) lying on right half of s—plane and enclosed by
the s-plane closed contour.

P = Number of poles of F(s) lying on right half of s-plane and enclosed by
the s-plane closed contour.
The value of N can be positive, zero or negative. Based on the sign of N, following conclusions
can be made, provided the arbitrary s-plane contour is chosen in the clockwise direction.

L. If N is positive, then direction of encirclement of origin of F(s)-plane will be anticlockwise.
2. If N is zero, then there will be no encirclement of origin of F(s)-plane.
3. If N is negative, then direction of encirclement of origin of F(s)-plane will be clockwise,

4.5 NYQUIST STABILITY CRITERION

Consider the closed loop transfer function,

C(s) G(s)
R(s) 1+G(s) H(s)

The characteristic equation of the system is given by the condition, 1+ G(s) H(s)=0.
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Let, F(s) = 1 + G(s)H(s).
The loop transfer function G(s)H(s) can be expressed as,
K(s+2z;)(5+2) oo (5+2,)
(s+p)(5+Dp3) s (s+p,) °
.'.F(s)=1+G[s)H(s)=1+K(5+zl)(S+zz) ..... (8+2Zy)
(s+p1) (8+P2) e (57 Py)
_(stp) (8Fps) e 8+ Py ) +K(5+2) (3% 25) v (5+2p)
(s+p) (s+p3). - (s+py)
_ (8+7) (s+Z;) ..... (S
(s+p)) (stpy)en (5+p,)

In equation (4.16), z,/, z," ..... z ', are zeros of F(s), which are obtained by combining the
numerator and denominator polynomial of G(s)H(s).

G(s)H(s)= where m <n sel@dn

e(4.16)

For the condition F(s) = 0, the numerator of F(s) should be equal to zero.
s+ 2 +Z) i (s+z)=0 _ 41T

We can say that equation (4.17) is the characteristic equation of the system. For the stability of the
system the roots of the characteristic equation should not lie on the right half s-plane. The roots of
characteristic equation are zeros of F(s) and also they are poles of closed loop transfer function.

Hence we can conclude that for the stability of closed loop system the zeros of F(s) should not lie
on the right half s-plane.

Note : For a unity feedback system.

K(s+z) (s+z;) ... (5+z,)

(s+p) (st p2)i. 5+ pu)
K+z)(s+z,) ... (s+z,)

C(s)__ G(s) __ (s+p)(s+tp) .. 5%p,)

U R(s) 1+G(s)H(y) ; K(stz) 6tz ) ..... G5+z,)

(s+p1) 5+ p3) . (5+D,)
Ks+z;)(s+z,) ... (s+z,,.,)

(S+p;)(s+pz) ----- (5+ P )+ K(s+z;) (5+2;)....(s+ z,)
CK(s+z) (5% 25) e (5+2,)
L (s+2))(5+25) . (5+2,)

G(s)H{(s)=G(s)=

From the above equation we can say that the poles of closed loop transfer function are z |, z,), ..... .|

pil

Let us choose an arbitrary contour in the s-plane which encircles the right half zeros and poles of
F(s) (equation (4.16)). The principle of argument (éxplained in section 4.4) states that the corresponding
contour in F(s)-plane will encircle the origin of F(s)-plane, N times in the anticlockwise direction.

Let, -~ N = Number of anticlockwise encirclement

Now, N=P-Z ; ' -..(4.18)

where, P = Number of poles of F(s} (or poles of loop transfer function) lymg on right
half s-plane
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Z = Number of zeros of F(s) (or poles of closed loop transfer functlcun] lying
on right half s-plane

Note : The stability is related to poles lying on right half s-plane and so, while applying
principle of argument only poles and zeros lying on right half s-plane alone are considered.

For the stability of the system the roots of characteristic equation and so the zeros of F(s) should
not lie on the right half of s-plane. Hence for a stable system Z =-0. Hence from equation (4.18) we get,

WhenZ=0, N=P L omte wma® (4.19)
WhenZ#0, - N#P : | ' .-(4.20)

From equation (4.15) and (4.16) we can say that the poles of F(s) are also poles of loop transfer
function. Hence for the stability of the system, (with reference to equation (4.19) and equation (4.20))
number of poles of loop transfer function lying on right of s-plane should be equal to ant:c[ockmse
encirclement of the origin of F(s)-plane. If this condition is not met the system is unstable.

| The principle of argument can also be used to find the number of poles of closed loop transfer
function lying on right half of s-plane.

Let, = M = Number of clockwise encirclement
Now, M=Z-P
WhenP =0, M=2Z7

Therefore, when there is no -right half open loop poles, number of clockwise encirclement of}
origin of F(s)-plane gives number of poles of closed loop transfer function lying on right half s-plane.

The loop transfer function, G(s)H(s) can be expressed as,
S G()H(s) = [1+G(s) H(s)}-1 =F(s) -1 - . (4.21)

From equation (4.21) it can be concluded that the contour of F(s) drawn with respect to origin of
- F(s)-plane is same as the contour of F(s)-1 drawn with respect to —1+j0 of F(s)-plane as shown in

fig 4.3. _ : jva
“Thus the encirclement of the origin of F(s)-plane by gg)‘ﬁ“’“f /“”
the ' contour of F(s) is equivalent to the encirclement of the v | Fls)-plane
point —1 + jO by the contour of F(s) — 1. . , / .
From equation (4.21), we .can say  that N !
F(s) = 1, represents loop transfer function G(s)H(s). Hence -14{0 \J d‘_gosnﬁ”mf
contour of F(s) — 1 is same as contour of G(s)H(s), and :
F(s)-plane is G(s)H(s)-plane. Fig 4.3
.Therefore, the encirclement of —1 + jO point of .
G(s)H(s)-contour in the G(s)H(s)-plane can be used to m:j-r-a:?
determine the stability of closed loop system. The Nyquist 51“ “2s-plane
stability criterion have been proposed based on this concept. 0:-=% : >
In order to investigate the presence of poles of G(s)H(s) onthe {’)Esf //c 2
right half s-plane a contour, C is chosen such that it encloses the entire O=—x ¢

right half s-plane as shown in fig 4.4, such a contour C is called Nyquist Fig 4.4 : Nyquist Contour
contour. :
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The Nyquist contour is directed clockwise and comprises of three segments

L. An infinite line segment C, along the positive imaginary axis.
2. Anarc, C, of infinite radius, enclosing the entire right half of s-plane.
3. An infinite line segment C, along the negative imaginary axis.

Along C,, s=jo, with ® varying from 0 to +oo.

AlongC, s= Lt Re®, with 0 varying from il s,
R-ye0 T2 2

Along C,, s=jo, with o varying from —o to 0.

Using the loop transfer function G(s)H(s), the Nyquist contour-C of s-plane, is mapped to

G(s)H(s)-plane. The mapped contour in G(s)H(s)-plane is called G(s)H(s)-contour.

Note : The s-plane is a complex plane. Anj; point on a complex plane can be expressed by the
complex number in polar form, Re, where R is the magnitude and 0 is the argument (or phase).

Now the Nyquist stability criterion can be stated as follows.

"If the G(s)H(s) contour in the G(s)H(s)-plane corresponding to Nyquist contour in the 3—plane
encircles the point -1+ j in the anticlockwise direction as many times as the number of nghr half
s—plane poles of G(s)H(s), then the closed loop system is stable". :

In examining the stability of linear control systems using the Nyquist stability criterion, we come
across the following three situations.

1. No encirclement of 1-+ j0 point : This implies that the system is stable if there are no poles
of G(s)H(s) in the right half s-plane. If there are poles on nght half s-plane then the system is
unstable.

2. Anticlockwise encirclements of —1 + j0 point : In this case the system is stable if the
number of anticlockwise encirclements is same as the number of poles of G(s)H(s) in the right
half s-plane. If the number of anticlockwise encirclements is not equal to number of poles on
right half s-plane then the system is unstable.

3. Clockwise encirclements of the -1 + jO point : In this case the system is always unstable,
Also in this case, if no poles of G(s)H(s) in right half s-plane, then the number of clockwise
encirclement is equal to number of poles of closed loop system on right half s-plane.

PROCEDURE FOR INVESTIGATING THE STABILITY USING NYQUIST CRITERION

The following procedure can be fo]iewed to investigate the stability of closed Eoop system from the
knowledge of open loop system, using Nyquist stability criterion.

" 1. Choose a Nyquist contour as shown in fig 4.5, which encloses the entire right half s-plane
except the singular peints. The Nyquist contour encloses all the right half s-plane poles and
zeros of G{s)H(s). [The poles on imaginary axis are singular points and so they are avoided by
taking a detour around it as shown in fig 4.5 b and c].

Note : For mapping a contour from s-plane to G(s)H(s) plane the Nqusr contour in s-plane
should be analytic at every point. At singular points it is not analytic.
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j@
oared
c,f Szs-plane -plane
\
&)=9 . [
@=0 ' 4 2
// 4 2
CZ
O=—c0)
a. Nyquist Contour when b. Nyquist Contour when ¢. Nyquist Contour when.
thereisno poleon . there are poles at origin there are poles on imaginary
- imaginary ais axis and at origin

Fig 4.5 : Nyquist Contour

2. The Nyquist contour should be mapped in the G(s)H(s)-plane using the function G(s)H(s) to

determine the encirclement —1+ jO point in the G(s)H(s)-plane. The Nyquist contour of fig 4.5b
can be divided into four sections C, C,, C, and C,. The mapping of the four sections in the
G(s)H(s)-plane can be carried sectionwise and then combined together to get entire G(s)H(s)-
contour. - i : :

In section C, the value of @ varies from 0 to + co. The mapping of section C, 1s obtained by
letting s = jo in G(s)H(s) and varying o from 0 to + oo,

ie. GEHE) jsmjo = Q(jm) H(jo)

=010 =0 to @

The locus of G(ju)H(jo) as o is varied from 0 to +oo will be the G(s)H(s)-contour in
G(s)H(s)-plane corresponding to section C, in s-plane. This locus is the polar plot of
G(jo)H(jo). There are three ways of mapping this section of G(s)H(s)-contour, they are,

(i)  Calculate the values of G(jo)H(jo) for various values of ® and sketch the actual locus of
G(jo)H(jo). '
(or)

(i) Separate the real part and imaginary part of G(jo)H(jw). Equate the imaginary part to
zero, to find the frequency at which the G(jo)H(jo) locus crosses real axis (to find
phase crossover frequency). Substitute this frequency on real part and find the crossing
point of the locus on real axis. Sketch the approximate locus of G(jo)H(jo) from the
knowledge of type number and order of the system (or from the value of G(jo)H(jo)
at @ =0 and @.= ).

(iiiy Separate the magnitude and phase of G(jw)H(jw). Equate the phase of G(jo)H(jo) to —
180° and solve for @. This value of ® is the phase crossover frequency and the magnitude
at this frequency is the crossing point on real axis. Sketch the approximate root locus as
mentioned in method (ii). ' '

4. The section C, of Nyquist contour has a semicircle of infinite radius. Therefore, every point on

section C, has infinite magnitude but the argument varies from +m/2 to ~n/2. Hence the mapping
of section C, from s-plane to G(s)H(s) plane can be obtained by letting s= Lt Re® in G(s)H(s)
and varying 6 from +n/2 to —w/2 . ~ :

Consider the loop transfer function in time constant form and with y number of poles at origin,
as shown below.
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K (1+sT)) (1+sT,) (1 +sT).......
s (1+5T) (1+sE) (1 +5T)......

G(s)H(s)=

Let G(s)H(s) has m zeros & n poles including poles at origin. For practical systems, n >m.

Since, s—»>Re® and R-—»o, the term (1+sT) can be approximated to sT, [i.e., (1+sT) = sT].

sy xshxsTye o s Ky
— === =
s x sT, x sT, x5T,..... ge B

~G(s)H(s)# K

On letting, s= Lt Re® we get,
Ro=

; K —iB(n—
G(s)H(s = L = Qe %n—m)

s= Lt Rel® R
R0 ,

-§% (n-m)

When 0 = % G(s)H(s) =0e 2

+i= (n-m)

_When-ﬁ = -—-;—t—, G(s)H(s)=0e 2

From the above two equations we can conclude that the section C, of Nyquist contour
in s-plane is mapped as circles/circular arc around origin with radius tending to zero in the

G(s)H(s)-plane.

In section Cs,'the' value of @ varies from —wo to 0. The mapping of section C, is obtained by
letting s = +Hjo in G(s)H(s) and varying o from - to 0.

i.e., G(S)H(S) | = G(jo)H({e) |-

s,=+_im m=—cai{0 0.
w=—wxtol

The locus of G(jo)H(jo) as © is varied from — to 0 will be the'G(s}H(s)-contour in
G(s)H(s)-plane corresponding to section C, in s-plane. This locus is the inverse polar plot of
G(jo)H(jo). The inverse polar plot is given by the mirror image of polar plot with respect to
real axis.

The section C, of Nyquist contour has a semicircle of zero radius.. Therefore every point on
semicircle has zero magnitude but the argument varies from —n/2 to +n/2. Hence the mapping
of section C, from s-plane to G(s)H(s)-plane can be obtained by letting s= RI._:EG Re*in
G(s)H(s) and varying 6 from —=/2 to +7/2.

Consider the loop transfer function in time constant form and with y number of poles at origin
as shown below.

K (1+sTy) (1+5T3) (1+5Ty) ...
& (1+sT,) (1+sT) (1+5T) .....

G(s)H(s) =

Let G(s)H(s) has m zeros & n poles including poles at origin. For practical systems, n >m.
Since, s>R e® and R—0, the term 1+ sT can be approximated to 1, [i.e.(1+sT) =1].



4 35

- G(s)H(s) ~ K~
5:!'

On letting, s= Lt Re’ we get,
R—0

K

G(s)H(s e
) . Lt (Rel®y
s= Lt Rel® R0 .
R50
id =y
When0=-—, G{s)H(s)=wx¢ 2

2
L

‘Jz}

When 6= g, G(s)H(s) = wce

From the above two equations we can conclude that the section C, of Nyquist contour in
s-plane is mapped as circles/circular arc in G(s)H(s)-plane with origin as centre and infinite

radius:
| Note :
1. Ifthere are no poles on the origin then the section C , of Nyquist contour will be absent.
- 2. Ifthere are poles on imaginary axis as shown below then the Nyquist contour is divided into the
Jollowing 8 sections and the mapping is performed sectionwise.
SectionC,” : s=jo;o=0" td+u3]‘
oo : n 4 ;
SectionC, : s= Lt Re®;0=——to+— i
: R 2 2
: ) e . + +joo
Section CS % §=ja, o =+ﬂ]; fo + oo i 5-p|3ne
i o
: 7 T ;
SectionC, : s= Lt Re”®;8=+—fo-— ﬂ%&
R—swm 2 2 1 I
. 2 IOk G
SectionC, : s=jo;o=—ol0 -0 19 55
-jml Cs &
: R i3 -
SectionC, . s= Lt Re®:0=-Zt0+= 30
R—0 2 2
SectionC, @ s=jo,o=-0tol
. .z T
: . s= Lt R®;0=—"rto+—
SectionC,;  : e P >

EXAMPLE 4.13

K

Draw the Nyquist plot for the system whose open loop transfer functionis, G(s)H(s) = SG 2 G0

Determine the rande of K for which closed loop system is stable.
SOLUTION

E =, K 5 0.05K
s{s+2)(s+10) s‘><2(5+-1wa(i+1j s (1+0.55) (1+0.1s)

Given that, G{s)H(s} =

2 10

The open loop transfer function has a pole at origin. Hence choose the Nyquist contour on s-plane enclosing the
entire right half plane except the origin as shown in fig 4.13.1. ' :



The Nyquist contour has four sections C,, C,, C,and C,. The mapping of
each section is performed separately and the overall Nyguist plotis obtained by
“combining the individual sections.-

its of Siability and Rool Locus 4.36

MAPPING OF SECTION C,

Insection C,, @ varies from 0 to+e. The mapping of section C, is given by
the locus of G(jo)H(jo) as w is varied from 0 to e, This locus is the polar plot of

Gljo)H()-

] Fig 4.13.1 : Nyquist Contour in s-plane
0.05K

Gls)H(s) =
(SIHE)= S 77059) (15 0.79)
Lets= jo.
o 0.05K 0.05K . 0.05K
- Gljo)H(o) =

o (1+j050) (1+0.10) jo (1+ 060 — 0.0507) 06> +jo (1-0.0507)

When the locus of G(jo H(jo) crosses real axis the imaginary term will be zero and the corresponding frequency is the
phase crossover frequency, o_.

pC

Ao =0y, ©.(1-00502)=0 = 1-0080%=0 = mm=1’a{}—5~g:4,4?2radu"sec-

005K 005K
060°  06x{4472)

Ato =w,, =4472rad/sec, = Glio)Hjo)= =-0.00417K

- The apen loop systemis type-1 and third order system. Also itis a minimum phase systemwith alt poles. Hence the polar
plot of G{jo)H(joo) starts at—90° axis at infinity, crosses real axis at—0.00417K and ends at origin in second guadrant. The section

C, and its mapping are shown infig4.13.2.and 4.13.3.

jm ij\-'
& JC
L - G(s)H(s)-plane
A s-plane
=S
-
o=0} sgn  © = u
¢ -0.00417K
) =0
Fig 4.13.2 : Section C, in s-plane _ Fi:g 4.13.3 : Mapping of section C, in
' G(s)H(s)-plane

MAPPING OF SECTION G,

The mapping of section C, from s-plane to G(s)H(s)-plane is obtained byletting s= Ft[_t R e® inG(s)H(s) and varying
f from +w/2 to —n/2. Since 5—R &® and R— «, the G(s)H(s) can be approximated as shown below, {i.e., (1+sT)=sT].

0.05K 005K K .
3

G(s) H(s)= s (1+0.5s) (1+0.1s) g sx055x01 s

Let, s= HE.t Re”.

K| K o

-, G(s)H(s) - s
s= Lt Rel® Eﬂs: Lt Rel® RIZ:;:-(RB )
R R—pon. -

L

When 6= % G(s)H(s) = {]ce‘ﬁ?é

. 3 +3Z
WhenB———:?—, G(s)H(s)=0e " 2 {2y
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s Brgineering )
From the equations (1) and (2) we can say that section C, iﬁ's-plane (fig4.13.4.) is mapped as circular arc of zero radius
around crigin in G(s)H(s)-plane with argument (phase) varying from —3n/2 to +3n/2 as shown in fig 4.13.5.

JOA '

: o va
s-plane : ' G{S}H{s)-pianr_a
x
> =5 f/_ o .

Fig 4.13.4 : Section C, in s-plane Fig 4.13.5 : Mapping of section C, in
; G(s)H(s)-plane
MAPPING OF SECT]ON C,

In section C,, @ varies from —o to 0.The'mapping of section C, s given by the locus OfG(}m)H{jm} as o is varied from
-0t0 0. Thislocusis ihe inverse polar plot of G(jo)H(jo).

The inverse polar plotis given by the mirror image of polar plth‘rm respect to real axis. The section C, in s-plane and its
corresponding contour in G(s)H(s) plane are shown in fig4.13.6 and fig4.13.7.

jtﬂ =0 j\"
s-plane :
P G(s)H(s)-plane
| " =%
-0.00417K
=—00

Fig 4.13.7 : Mappi tion C. i
Fig 4.13.6 ¢ Secton C, in s-plaue AT e S

'MAPPING OF SECTION C,

The mapping of section C, from s-plane to G(s)H(s)-plane is obtained by letting S = RI:;t . Re® in G{s)H(s) and varying 6
from —n/2 to +7/2. Since s—R eP and R— 0, the G(s) H(s) can be approximated as shown below, [i.e., (1+sT)=1].

0.05K 0.05K - 005K

G(s)H(s) = s (1+0.5s) (§+Q_15) sx1><1 5

Lets= Lt Re”.
R0

.+ GleH() s—{““f" -
TR - 1t Rel®
gt T
When6=-2, Gls)H(s)=e 2 B @)
When 8= -’2l  Gls)H(s)=we 2 k)

From the equations (3) and (4) we can say that sectionC, in s-plane (fig 4.13.8.) ismapped as a arcular arc of infinite
radius with argument (phase) varying from +7/2 to —1/2 as shown in fig 4.13.9.
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s-plane | G(é}H{s}-piane

Fig 4.13.8 : Section C, in s-plane’ Fig 4.13.9 : Mapping of section C, in

COMPLETE NYQUIST PLOT G(s)H(s)-plane

The entire Nyquist plotin G(s)H(s)-plane can be obtained by combining the rﬁappings of individual sections, as shown
infig4.13.10. iva

ﬁmﬁ G{s)H(s)-piane

; '95\0“{‘ \ 35"@
N

-0.00417K

0
Rad
'rp

& G(s)H(s)-contour

=Y

Figd.13.10 : Nvguist plct of
K

GERE) =5t 10)

STABILITY ANALYSES

When, -0.00417K=-1, the contour passes through (—1+0) point and correspending value of Kis the limiting value of

K for stability. 1

0.00417

. Limiting value of K=

When K < 240

When Kis less than 240, the contour crosses real axis at a point between 0 and —1+j0. On travelling through Nyquist plot
along the indicated direction it is found that the point —1+j0 is not encircled. Also the open lcop transfer function has no poles
on the right half of s-plane. Therefore the closed loop system is stable.

When K > 240

When K is greater than 240, the contour crosses real axis at a point between —1+0 and —o. On travelling through Nyquist
plotalong the indicated direction itis found that the point -1+j0 is encircled in clockwise direction two times. [Since there are two
clockwise encirciement and no right half open loop poles, the closed ioop system has two poles on right half of s-plane].
Therefore the closed loop systemis unsiable.

RESULT
Thevalue of K for stability is 0 <K <240
EXAMPLE 4.14

2
w . Find the
5

Censtruct the Nyquist plot for a systemwhose open loop transfer function is given by G{(s)H(s) =

range of K for stability.
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SOLUTION

: _K(1+s)?
Giventhat, G(s)H(s)= gy

The open loop transfer function has three poles at origin. Hence choose
the Nyquist contour on s-piane enclosing the entire right half plane except the
origin as shown in fig4.14.1. '

The Nyquist contour has four sections C., C,, C, and C;. The mapping of
each section is performed separately and the overall Nyquist plotis obtained by

combining the individual sections. - _ Fig 4.14.1 : Nyquist Contour in s-plane

MAPPING OF SECTION C,

In section C,, @ varies from 0o +co. The mapping of section C. is given by the locus of G{jw)H(jw) as v 1s varied from
0to ». This locus is the polar plot of G(jo)H(jo).

K (1+5)?
i) =5
Lets=jo. t
K(+jo) Ki-o02+2je) _K({d-0%) K2o _ 2K .K(1-o?)

- 3 = . .3 - iy i . 3 _'__""2_+J—_"
(jo) —Jo —jo —jo o o)

- Gljo)H{o) =
When the G(jo)H(jo) locus crosses real axis the imaginary term will be zero and the corresponding frequency is the
phase crossover frequency, o _.

LAto =0, Ki-oZ)=0 = 1-0%,=0 . =  o,=1rad/sec

Atm:mp,:zhad!sec,

T 2K 2K
GloHjo)=-==-Z7=-K e i
© i
Gljo) 'H{jm}: K(1+jo)? _Kyl+e® san’o yi+o® zian's _K(1+0?) (2t o - 270°)
J (jo)® @3 £270° o
Aso =0, GlioH(jo) > ws-2700 e (2)
Aso —» o, Gje)H(jo)— 02-80° , 3)
o=0; AV
jo
4 G(s)H(s)-plane
W=t  s-plane e
AC '
o e = o=
o=0 T
C z
2K
ig 4.14.3 ¢ | ] ] i
Fig 4.14.2 : Section C, in s-plane Hig &M= %‘?ﬁ) & ;{%?ﬁ,‘;ﬁmn Gl

From equations (1), (2) and (3) we can say thatthe polar plot starts at-270° axis at infinity, crosses real axis at—2K and
ends at origin in third quadrant. The section C, and its mapping are shown infig 2and 3.

MAPPING OF SECTION C,

The mapping of section C, froms-plane to G(s) H(s)-plane is obtained by letting S = Rlzlm R e® in G(s)H(s) and varying

0 from +1/2 10 —1/2. Since s — R &P and R— =, the G(s) . |"s) ¢can be approximated as shown below, [i.e., (1+sT)=sT].
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o
G(s)H(s) = K“"S) ~ Ki _K
S 5

s
Lets= F!Lt Re”

=~ G(s) H{s)

: K K :
T = w =0
@ S ° Lt Re
8= Li Re 5= Lt Re R
R—o

R

When 6 = % G(s) H(s) =0e 2

When 6 = ‘%’ G(s) H(s) = 0e'2 .

From the equations (4) and (5) we can say that section C, in s-plane (fig 4.14.4.) is mapped as circular arc of zero radius
around orig i_ﬂ in G(s)H(s)-plane with argument (phase) varying from —=/2 to +n/2 asshowninfig4.74.5.

jo iva
s-plane G(s)H(s)-plane
R—>0
£
» >
// ° :3 j/ .
" Fig 4.14.4 : Section C, in s-plane - Fig 4.14.5 : Mapping of section C.in
G{s}H(s)-plane

Mapping of section C,

In section C,, 0 varies from -0 10 0. The mapping of section C, is given by locus of G(jo) H(jo) as ® is varied from —
o to 0. This locus is the inverse polar plot of G(jo) H(o).

The inverse polar plotis given by the mirror image of polar plot with respect to real axis. The section C ins-planeandits '
corresponding contour in G(s)H(s) plane are shown infig4.14.6 and fig4.14.7.

jo : Ajv
s-plane G(s)H(s)-plane
(=00 5
=0 & =>
7K
W=—c0 ©=0
Fig 4.14.6 : Section C, in s-plane Fig 4.14.7 : Mapping of section C, in
G(s)H(s)-plane

Mapping of section C,

The mapping of section C, from s-plane to G(s) H(s)-plane is obtained by letling s = Lt Re®in G{s)H(s)and varying
6 from —/2 to +r/2. Since s — R e® and R -0, the G(s)H(s) can be approximated as shown below e (1+sT)=1].
K(1+s® Kx1 K

G(s)H(s) = 3 & =3 =s_3

Lets= Lt Re®
R—=0

. G(s) H(s)

:53‘ e K oo
s= 11 Ret® e tr et RL-EB(HE )

—3 R-+0
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k4

Wheno= - G(s)H(s)=we " 2 - | 46)

2
2 1
When 6= % G(s) H(s) = we 2 B g x M

From the equations (6) and (7) we can say that section C, in s-plane {fig 4.14.8.) is mapped as a circular arc of infinite
radius with argument (phase) varying from +3n/2 to -3#/2 as shown infig4.14.9.

jV-“'-
jCD A

G{s)H(s)-plane

’p\“o
Y

Fig 4.14.8 : Section C, in s-plane Fig 4.14.9 : Mapping of section C, in
' G(s)His)-plane

COMPLETE NYQUIST PLOT

The entire Nyquist plot in G(s)H(s)-plane can be obtained by combining the mappings of individual sections, as shown
infig 4.14.10.

STABILITY ANALYSIS

* When, -2K = -1, the contour passes through —1+j0 pointand corresponding value of K is the limiting value of K for
stability. ;

.. Limiting value of K=—=0.5

When K < 0.5

When Kis less than 0.5, the contour crosses real axis ata point between 0 and —1+0. On travelling through Nyquist plot
along the indicated direction it is observed that the —1+j0 point is encircled in clockwise direction two times. Therefore the system
is unstable. [Since there are two clockwise encirciement and no right half open loop poles, the closed loop system will have two
poles onright half of s-plane]

When K > 0.5

When K is greater than 0.5, the contour crosses real axis ata point between —1+j0 and —o. On travelling through Nyquist
plot along the indicated direction itis observed that (-1+j0) pointis encircled in both clockwise and anticlockwise direction one
time. Hence net encirciement is zero. Also the openloop system has no poles at the right half of s-plane. Therefore the closed
loop systemis stable.
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jVJh .
-1+j0 for K>0.5 G(s)H(s)-plane
-1+j0 for K<0.5
&
Q\'z
-
| 5
R— 0
i K(1+5Y
Fig 4.14.10 : Nyquist plot of G{s)H(s) = T
RESULT
The system is stable when K> 0.5.
EXAMPLE 4.15
(1+4s)

The open Iqop transfer function of a system is G(s)H(s) = s%(1+5) (1+25) * Determine the stability of cle;ed loop

system. If the closed loop system is not stable then find the number of closed-loop poles lying ontherighthalf of s-plane.

SOLUTION

(1+4s)
s*(1+s) (1+ 2s) ;

The open loop transfer function has two poles at origin. Hence choose
the Nyquist contour on s-plane enclosing the entire right half plane except the
origin as shown infig 4.15.1.

- The Nyquist contour has four sections C,, C,, C, and C,. The mapping of
each section is performed separately and the overall Nyquist plotis obtained by combining the tndmdual sections.

Given that, G(s)H(s) =

Fig 4.15.1 : Nyquisi Contour in s—plane

MAPPING OF SECTION C,

in section C , © varies from 0 to +<o. The mapping of section C, is given by the locus of G{jo)H(jo) as o is varied from
0to . This locus is the polar plot of G{jo)H(jo).

__ (1+ay)
CEONE)= sy (e 25)
Lets=jo.
: 2 -1 '
- B )iJn) = (1) " 1+1602 stan 4o

(lo)* (1+jo) (1+20) 2 A180°y1+0? Ltan"'o V1+40? Aan 20

3 :
- J1+1602 . /(tan"' 40 - 180°-tan"'o - tan"' 20)
0?1+ 0? V1+40?
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J1+160°
mQ\IJ1+ ®? J1+ 40?
ZG(jo)H(jo) = tan” 4o — 180°~tan"'o ~ tan™' 20

- |G(jo)H(jo)i=

When the G(jo)H(jw) locus crosses real axis, the phase will be —180° and the corresponding frequency is the phase
crossover frequency, O

~Ate=o,, £G(jo)H({o)=-180°
- tan 4o, —180°-tan" o, — tan~ 2a,, = -180°

i | = -1 -1
tan- 4o, =tan” o, +tan” 2o,

On taking tan on both sides we get,

tan [tan~'do ] =tan [tan o, +tan™' 20,]

tanA +tanB
_ tan tan o, +tan tan‘?ZmI,c Note: tan(A+B):1—tanAxtanB
7 1-tan tan 'm,. x tantan 2o,
@ + 20 3o 3
g = B = 1-9pL = = —~20% = 1
P 1-20d Aoy, 4

L Oy = 1’:@ ={.354 rad / sec
-2

At =0, =0.354 rad/ sec,

firt6o,? 1416 03547 -10.64 D)

02 lra,? [i+40,” (03547 1+0.3547 f1+4x0.354°

|G(joo)H(o)|=

Hence G(jo)H(jo) locus crosses the real axis at-10.64.
Ato — 0, Gljp)H(je) »>wz-180° (2)
Ato — o, G(jo)H(jo)—»0£-270¢ e (3)

From equations (1), (2) and (3) we can say that the polar plot starts at—-180° axis atinfinity, travels in third quadrantand
crosses real axis at—10.64 to enter second quadrant and then ends at origin in second quadrant. The section C, and its mapping
are shown infig4.15.2. and 4.15.3.

Ao - .
=0 jv A
s-plane
G(s)H(s)-plane

-10.64

=

.
=0 ; u

Q".

Fig 4.15.3 : Mapping of section C, in

Fig 4.15.2 : Section C, in s-plane
G(s)H(s)-plane

MAPPING OF SECTION C,

The mapping of section C, from s-plane to G(s)H(s)-plane is cbtained by letting s = RI::cm R e” in G(s)H(s) and varying &
from +n/2 to -n/2. Since s — R e® and R—» o, the G(s)H(s) can be approximated as shown below, [i.e., (1+sT)=sT].
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_ (+4s) 4 2
GAsIe)= s?(1+5) (1+2s) s?x s x 25 §°

Let s= Lt Re®.
R-»=

2 2 -
- G(s)H(s) = —3[ = = 0e ¥
- P o e ALRO)
R Rapcts
When 6 = % GElE=0e™z .. - . TS e )
When6=-Z. Gls)H(s)= 0e"2 ..(5)

From the equations {4) and (5) we can say that section C, in s-plane (fig 4.15.4.)is mapped as circular arc of zero radius
around origin in G(s)H(s)-plane with argument (phase) varying from -3n/2 to +3n/2 as shown in fig 4.15.5.

jv ik
jo4 G(s)H(s)-plane

¢, s-plane -
(7
P>
u

@

| Fig 4.15.5 : Mapping of section Ca i
Fig 4.15.4 : Section C, in s-plane B G‘::;’ﬁ;’gfg;’e“’” > 14

MAPPING OF SECTION C,

In section C,, © varies from —oto 0. The mapping of se-::.tion C, is given by the locus of G(jo) H{jo) as o is varied from—
10 0. This locus is the inverse polar plot of G(jo) H(jo). '

The inverse polar plotis given by the mirror image of polar plot with respect o real axis. The section C, in s-plane and its
corresponding contour in G(s)H(s) plane are shown in fig 4.15.6 and fig 4.15.7.

L

Joa jva
s-plane
G{s)H(s)-plane
= 4 =0
ﬂ)—ﬂ} \Cs 5] ::> £} ? WM=—00 >
u
=00 -1(}‘64.

Fig 4.15.6 : Section C in s-plane Fig 4.15.7: Mapping of section C, in

' G(s)H(s)-plane
MAPPING OF SECTION C,

The mapping of section C, froms-plane to G(s)H(s)-plane is obtained by letting s = nlifu R e* in G(s)H(s) and varying 8

from -n/2 to +w/2. Since s — R e and R — 0, the G(s)H(s) can be approximated as shown below [i.e., (1+sT)=1].
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(1+4s) 11
R T y T T R o R

Let s= Lt Re®
R—0 .

3 ' 1 :
-, G(s)H(s) =—2| R
s= 1 reP S lse g peb Rl.‘.}g{Re}B:'
R0 R0 _
TE %
When 8= -5 G(s)H(s) = coe™ w2 W EE R s % mme o= 77 (6)
When 6 = % G(s)H(s) = we™F A7)
From the equations (6)and (7) we can say that section C, in s-plane {fig 4.15.8.) is mapped as a circle of infinite radius :
with argument (phase) varying from +r to —n as shownin fig4.15.8. jva
jo4 ’ G(s)H(s)-plane
s-plane ) o
_ o

=Y

-ﬂ\
x P
A
A

Fig 4.15.8 : Section C, in s-plane

Fig 4.15.9 : Mapping of section C, in

COMPLETE NYQUIST PLOT G(s)H(s)-plane

The entire Nyquist plotin G(s)H(s)-plane can be abtained by combining the mappings of individual sections, as shown
infig 4.15.10.
STABILITY ANALYSIS

On travelling through Nyquist contour in G(s)H(s)-plane itis observed that (—1+j0) pointis encircled in clockwise direction '
two times. Therefore the closed loop system is unstabie.

Since the —1+j0 is encircled two times in clockwise and no right half open loop poles, two poles of closed loop system
are lying on the right half s-plane. Jr.,u'.

G{ JH (s)-plane

EY

1+4s-
s (1+s)(1+2s)

Fig 4.15.10 : Nyguist plot of G(s)H(s) =
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RESULT
@ Closed loop system is unstable.

® Two poles of closed loop system are lying on the right half s-plane.
EXAMPLE 4.16

‘Sketch the Nyquist plot for a systemwith the open loop transfer function G(s)H(s) = {_: +1?35)5i { +1?) Determine the
s) (s

range of values of K for which the system is stable.

- joy
SOLUTION - L. B D=+:‘ J25-plane
: _K{1+0:58) (1+s : : >
Given that, G(s)H{s)= (1:708) (5 1)) m_E?i -// G
The open loop transfer function does not have a pole at origin. Hence choose O=—c0 &
the Nyquist contour on s-plane enclosing the entire right haif plane as shown in fig Fig 4.16.1 : Nvquist
4.16.1. ' Contour in s-plane

The Nyquist contour has three sections C,, C, and C,. The mapping of each section is performed separately andthe
overall Nyquist plot is obtained by combining the individual sections.

MAPPING OF SECTION C,

insectionC,, @ varies from 0 to +w. The mapping of section C, is given by the locus of G(jo)H(jo) as o is varied from
0to . This locus is the polar plot of Gljo)H{jw).

K (1+0.58) (14 )
(1+10s) (s—1)

G(s)H(s) =

Lets=ju.

K(1+j0:50) (1+jeo) _ K(1+j1.50 ~050?) o K(1-0507)+ jl5aK
(1+j100) (-1+jo)  -1- 9o - 1002 —(1+100%) - 80

- On multiplying the numerator and denominator by the complex conjugate of denominator we get,

< G{jo)H(jo) =

K(1- 05m2}+ﬂ5mK —(1+1002) + 90
—{1+ 1Dcn) Bo —(1+1Dm )+ B0
—K(1-050?) (1+100?) - 1350%K + :
j [90K(1-0.502) - 150K(1+ 100?)]
(1+1002)? + (90)?

Gljo He)=

When the G{jo)H{jo) locus crosses real axlst?'le imaginary term is zero and the coresponding frequency is the phase
crossover frequency.

~Ato =ey, So, K(1 0.5e2 oc)— 15@ K{‘!+‘Iﬂm }=0

.90, K(1-050k) =150, K(1+100%) = 1—0.5m§c=__(1 1002.)
2 2 2 0.833 _
= 1=-050, = 0167 + 1670, = 2.17w, = 0833 = @pe = T 0.62 rad / sec

At o=0_= 0.62 rad/sec
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—K(1- 050 %) (1+ 100 ,,.%) ~ 1350, 2K
(1+100,.7)? + (90 ,.)

G(jo)H(o) =

_ o {(1-0.5x0.62%) (1+10x0.62%)+13.5x0.622 | _ 3.913+5.189
= — > K =—0.1667K
(1+10 x 0.62%)? + (9 x 0.62) 23.464 +31.136

Therefore, G(jo)H(jeo) locus crosses real axis ata point-0.1667K.

The exact shape of G(jo)H(jew) locus is determined by calculating the magnitude and phase of Gje)H(jo) for various
values of @.

(1+j050) (1+jo) _ . JY1+(0.50)° 2tan”'05 Y1+ 0? stan o
(1+7100) (-1+j0)  [1+(100)? Ltan0 y1+0? £(180°~tan")

V1+0.2502

=K——"A Z(tan 050 + 2tan"'o© - tan~"100 — 180°)
1+1000? :

Y1+ 02502

2 GlioiH(je)] = K———
= V1+ 10002

ZG{joH(jo) = tan"'050 + 2tan~" o —tan 100 - 180°

Gljo)H{jo) = K

As e — 0, |G(ie)H(o) =K
Aso -0, /G(jo)H(jo)=-180

a1
— M [—2+U.25]
Aso =, ‘GGQ)HUQJH =my>;:oK 1"'0-25“5'2 - ngw IE:I‘I— H—>
1+ 1000 m2(-—2+1ooj
0

As® - o, ZG(ju)=tan o+ 2tan'w—tan o~ 180" = 90° +180° - 90° —180° =0

e 0 0.1 0.5 1.5 2.0 5.0 o
IG{jo)H(jo) K 0.707K 0.202K - 0.083K 0.07K 0.054K | 0.05K
“Ol) 180 | 210 ~191 16 | 95 43 0

deg
From the above analysis, the following conclusions are made,
1. . Thelocus of G{jo)H{jo) starts at K/-180° when e =O and travels in second quadrant.
o The locus crosses real axis at-0.1667K and enters third quadrant.
3 Then the locus crosses negative imaginary axis and enters fourth quadrant.

4. Finally the locus ends at 0.05K £0° when o =cc.

Note: The exact plot can also be sketched on polar graph sheet.

The section C, in s-plane and its corresponding mapping in G(s)H(s) plane are shown infig4.16.2. and 4.16.3.
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j'i-"dl
=4O I G(s)H(s)-plane
s-plane
C o=0 10.05K
o] — ‘%‘qgﬁw—ﬁ
& -0.1667K _
Fig 4.16.2 : Section C, in s-plane Fig 4.16.3 : Mapping of section C, in

G(s)H(s)-plane

MAPPING OF SECTION C,

The mapping of section C, from s-plane to G(s)H(s)-plane is obtained by letting s = Lt R e® inG(s)H(s) and varying
6 from -n/210 +1/2. Since s — R €® and R— oo, G(s)H(s) can be approximated as shown below[ie., (1+sT)=sT ; Here (s-1)~s].

Gls)H(s) = 312099 (T*3) joa iva
o s-plane G(s)H(s)-plane
x =
PP
The approximate G(s)H(s) is independent ¢, | 05K
~ of s and so the contour of section C, in s-planeis

~ mapped as a pointat 0.05K in G(s)H(s}-plane. Fig 4.16.4 : Section C, in s-plane  Fig 4.16.5 : Mapping of section C,in
MAPPING OF SECTION C, SteHilla) e

In section C_, o varies from —o to 0. The mapping of section C, is given by the locus of G(jo) H(jo) as o is varied from -
w10 0. This locus is the inverse polar plot of G{jo) H(je). '
_ The inverse polar plot is given by the mirrorimage of polar plot with respect to real axis. The section C, in s-plane and its
corresponding contour in G(s)H(s) plane are shown in fig4.16.6 and fig 4.16.7.

JVA

w=0 G’ s 2.5)——-—00!
C ®=0 0.05K u
: -0.1667K
Ww=—c0

Fig 4.16.7 : Mapping of section C; in
G(s)H(s)-plane

COMPLETE NYQUIST PLOT .

Fig 4.16.6 : Section C, in s-plane

The entire Nyquist plotin G{s)H(s)-plane can be obtained by combining the mappings of individual sections, as shown
infig4.16.8. ;
v
-1+j0 for -1+j0 for -1+j0 for 4
0<K<i 0<Kgb  K>6, |G(s)H(s)-plane

S..Tg_?

-0.1667K

K(I+055)(1+s)

Fig 4.16.8 : Nyquist plot of G(s)H(s) = (I ” I{]S)(s— ])
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STABILITY ANALYSIS

When —0.1667K =1, the contour passes through —1+j0 pointand this value of K is the limiting value for stability.

L 1
The limiting value of K= — =6
" 0.1667
When 0<K<1
When 0<K<1, the —1+j0 pointis notencircled, but there is one open loop right half pole and so system is unstable.
When 1<K<6 | |

When 1<K<6, the locus crosses real axis between 0 and—1 +0. On travelling through the locus itis observed that the
—14j0 pointis encircled clockwise and so the closedloop system is unstable.
When K>6

When K>6, the locus crosses real axis between —1+j0 and —o. On travelling through the locus it is observed that the
—1+j0 point is encircled anticlockwise one time. Also the open loop system has one pole at the right half s-plane. Hence the

systemis stable. ]
RESULT '

(a) The open loop system is unstable.
(b) For stability of the closed loop system, K>6.

EXAMPLE 4.17

Construct Nyquist plot for a feedback control system whose open loop transfer funcuon is QWBFI by, G{S)H( s)= ot 15_ 3

Commenton the stability of open-loop and closed loop system.

SOLUTEON

5
s(1-s)
The openloop transferfunction has a pole at origin. Hence choose the Nyquist

contour on s-plane enclosing the entireright half s-plane except the origin as shown in Fig 4.17.1 : Nyquist
figdA7.1. _ Contour in s-plane

Giventhat, G(s)H(s} =

The Nyquist contour has four sections C,, C,, C, and C,. The mapping of each section is performed se;:lz-i-rateljgr and the
overall Nyquist plot is obtained by combining the individual sections.

MAPPING OF SECTION C,

insection C,, @ varies from 0 to +e0, The mapping of section C, is given by the locus of G(jo )H(je) as « is varied from
0to «. This locus is the polar plot of GUm)HUm)

5
G(s)H(s)=
RO~ a9
: s 5
Lets=ju. .. G{jo)H{jo)s——
jo(i-jo)
0L90° Y1+0? Z-tan o
5

Z{-90+tan"'o)

1l

oyvl+o?
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1G(o)H(o)] =~
ovl+e? Note: (1-jw) represents apoint|
£G(jo)H(jo) = -90° +tanlo in fourth quadrant

The exact shape of G(jo)H(io) locus is determined by calculating the magnitude and phase of G{je)H(je) for various
values of .

- _ _

s 0.] 08 1.0 2.0 100 | o
(GleHGo) 0 7.5 353 112 | 005
LA ~90 59 | 45 26 5 0

deg

From the above analysis, we can conclude that G(jo)H(je) locus starts at -90° axis at infinity for & =0 and meets the origin
along 0° axis when o =0,

Thesection C, ins-plane and its corresponding mapping in G(s)H(s)-plane are shown infig4.17.2 and 4.17.3.

a jvh
=c0 4 J© . G{s)H(s)-plane
s-plane =0 o
= => u
®=0 -
o
Fig 4.17.2 : Section C, in s-plane =9

Fig 4.17.3 : Mapping of section C, in
G(s)H{(s)-plane

Themapping of section C, from é-ﬁianeto G{s)H(s)-piane is obtained by letting s = HLt R e® inG(s)H(s) and varying 0

from +/2 to—/2. Since s - R e and R— w0, the G(s)H(s) can be appreximated as shown below, [i.e., (1-8)~~s)]

MAPPING OF SECTION C,

' 5 5 5
G{s)H(s)= s = .
(s)H(e) s(1-s) s{(-s) s’e”
Let, s=RLt Re®,

. ,_ Note : 1=~ |
e s= Lt Ref " i (Rseﬁ Yer b

When =% . GEHg=0e™> .. (1

When E}=—% ., GeHE)=0e" . - . 0 L e e )

Fromthe equations (1) and (2) we cansay that section C, in s-plane (fig 4.17.4) is mapped as circular arc of zero radius
around origin in G(s)H(s) plane with argument varying from —2x to + 0 as shown infig4.17.5.

joa jV'L

' G(s)H(s)-plane
£ ' : R0

> rd

3 -
_/A z i - ::> - k—z u

] ’ : : Fig 4.17.5 : Mapping of section C, in
. i4 : : + =
Fig 4.17.4 : Section C, in s-plane G(s) H(s)-plane

s-plane




- Engineering )

MAPPING OF SECTION C,

in section C,, @ varies from —c to 0. The mapping of section C, is given by the locus of G(jw)H(jo) as o is varied from -
o to 0. This locus is the inverse polar plot of G{jo)H(jo).

The inverse polar plotis given by the mirror image of polar plot with respect to real axis. The section C, in s-plane and its
corresponding contour in G(s)H(s) plane are shown infig4.17.6 and fig4.17.7. '

Jjoa jva =0
flens ' G{s)H(s)-plane
m={lh G — .
M=—cg 6
D=—00

Fig 4.17.7 : Mapping of section C; in

Fig 4.17.6 : Section C; in s-plane
G(s)H(s)-plane

MAPPING OF SECTION C,

The mapping of section C, from s-plane to G(s)H(s)-plane is obtained by letting s = Lt R e in G(s)Hq(s) and varﬁng 8

from —n/2 to +x/2. Since s — R eP and R — 0, G(s)H(s) can be approximated as shown below, [i.e., (1-s)~ 1].

5 5 .5
s{1-s) sx1 s

G(s)H(s) =

Lets= Lt Re".
R—0Q

. : _ 5 — -B
- G(s)H(s) Y I 0@
s pal: B2
R—0
When e:—%, G(s)H(s) = e’ Z | n3)
When 6= 7. Gls)H(s)=e 2 ' £ 4 & B @)

From the equations (3) and (4) we can say that section C, in s-plane (fig 4.17.8.) is mapped as a circular arc of infinite
radius with argument varying from =/2 to —n/2 as shown infig4.17.9.

Jo z
s-plane JVa
3 s-plane
> = ot
G /‘Zg u
2
R—=0

Fig 4.17.8 : Section C, in s-plane Fig 4.17.9 : Mapping of section C, in
G(s)H(s)-plane
COMPLETE NYQUIST PLOT :

The entire Nyquist plotin G(s)H(s)-plane can be obtained by combining the mappings of individual sections, as shown
infig4.17.10. '
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K G(s)H(s)-plane

oV

Fig 4.17.10 : Nyquist piot of G(s)Hfs) = 2
STABILITY ANALYSIS s(1-s)

~ The Nyquist contour in G(s)H(s)-plane does not encircle the point (—1+j0) but the open loop transfer function has one
pole on the right half s-plane. Therefore the system is unstable.

RESULT

Both open loop and closed loop systems are unstable.

EXAMPLE 4.18

By Nyquist stabiity criterion determine the stability of closed loop system, whose open loop transfer function is given by,

G(s)H(s) = _ASHAE . Comment on the stability of open-loop and closed loop system. .
- (s+1)(s-1) jon
O=+oC
SOLUTION , ' c, Sts-plane
i M o 3 .
. (s+2) o=0 e
G(s)H(s) = ——
Given that, G(s)H(s) EENET _ Cs 4
The open loop transfer function does not have a pole at origin. Hence choose (f)}m _
the Nyquist contour on s-plane enclosing the entire right half plane as shown in fig * Fig 4.18.1 : Nyquist
4181 _ Contour in s-plane

The Nyquist contour has three sections C,, C, and C,. The mapping of each section is pgrfc-nned separately and the
overall Nyquist plot is obtained by combining the individual sections.

MAPPING OF SECTION C,

InsectionC,, o varies from 0 10 +<0. The mapping of section C, is given by the locus of G{je )H(jo) as o is varied from

0 to oo, This locus is the polar plot of G{jo}H(jo). Note - (14 )represenxsapwhﬂ
’ i o 147)

_ s+2 _ 2(1+0.5s) second guadrart
SN = G =T " Trs) i+ 9)

2(1+j0.50) 241+ 0.250% /tan"'0.50

Lets=jo. . G(jo)H(jo)=—= L
(+jo) (C1+jo)  J1+0? stano y1+o? £(180°-tan"o)
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2
21+025%0” 180+ tan-'050)

) 1+ a?
4 s it 2J14 02502
+1GGoHo) = S
+
£G(jo)H(jo) = -180°+tan'0.50
The exact shape of G(jw)H(jo) locus is determined by calculating the magnitude and phase of G(jo)H(jo) for various
values of .
w :

rad/sec 0 04 1.0 20 10.0 o0
Glo)H(w)  |. 2 1.76 1.12 057 0.1 0
£Gleo)He) 180 | 168 153 135 | 101 90

' deg :
From the above analysis, we can conclude that G{jo)H({jo)locus starts at—180° axis at a magnitude of -2 foro =0 and

meets the origin along -90° axis when o =+ .
The section C, in s-plane and its corresponding mapping in G(s)H(s)-plane are shown in fig 4.18.2. and 4.18.3.

=to RJO | G(s)H(s)-plane
B - -2,
0=0 > = =0 " a=to o
g
HIgH SIS SeCataiC s eplane Fig 4.18.3 : Mapping of section C, in
G(s)H(s)-plane

MAPPING OF SECTION C,
The mapping of section szrom s-plane to G('s)H(s)-piane isobtained by letting s = RLt R e® inG(s)H(s)andvarying

0 from +a/2 to -w/2. Since s - R e® and R— , G(s) H(s) can be approximated as shown below, Ii.é., (1+sT)=sT].

2(1+0.5s) 2x05s _1

G{S)H(s)= (.[_'_5) (-1+58) = ExS S

Let s= Lt Ref.’
R

1 2

—_— 07"
F‘ch ReP

- Gls)H(s)
EPRE«: " Bﬁ

When © =g . G(s)H(s)=0s 2

When 6 = —% . G(s)H(s)=0e'2
From the equations (1) and (2) we can say that section C, in s-plane (fig 4.18.4) is-mapi}ed as circulararc of zeroradius

around origin in G(s)H(s)-plane with argument varying from —n/2 to +n/2 as shown in fig 4.18.5.
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joa Jv
Te

?2\3 | | {s}H{s)-plane

-plane - !_\

T

—/ 5 = u
R0

Fig 4.18.5 : Mapping of section C. in
. G(s)H(s)-plane

v

Fig 4.18.4 : Section C, in s-plane

MAPPING OF SECTION C,

In section C,, o varies from - to 0. The mapping of section C, is given by the locus of G(jo)H(ja) as v is varied
from e to 0. This locus is the inverse polar plotof G(jo)H(jo).

Theinverse polar plotis given by the mirror image of polar plot with respect to real axis. The section C,ins-plane and its
corresponding contour in G(s)H(s) plane are shown in fig4.18.6 and fig 4.18.7.

jo
s-plane jva
G(s)H(s)-plane
=0 4 = =0 o=c0
o o u
=0
Fig 4.18.6 : Section C, in s-plane Figd.18.7: ‘%ﬁgﬁgfiﬁﬁjm Cyin

COMPLETE NYQUIST PLOT

The entire Nyquist plot in G(s)H(s)-plane can be obtained by combining the mappings of individual sections, as shown
infig4.18.8. '

STABILITY ANALYSIS

iva
On travelling through Nyquist contour it is observed that ¢ G(siH(s)-plane
~1+j0 point is encircled in anticlockwise direction one time. Also
the open loop transfer function has one pole at righthalf s-piane. ; //—\

Since the number of anticlockwise encirclement is equal to number . ) —

of open lecop poles on right half s-plane, the closed loop system is 2\»\'1"‘1_3)/._} u

stable. . : ’

RESULT | . - (s+2)
(8  Openloopsystemis unstable Fig 4.18.8 : Nyquist plot of G(s) Hs) = W
{b) Closed loop systemis siable,

46 RELATIVE STABILITY

The Relative stability indicates the closeness of the system to stable region. It is an indication of
the strength or degree of stability. :

In time domain, the relative stability may be measured by relative settling times of each root or pair
of roots. The settling time is inversely preportional to the location of roots of characteristic equation. If
the root is located far away from the imaginary axis, then the transients dies out faster and so the relative
stability of system will improve. The transient response and so the relative stability for various location of
roots in s-plane are shown in fig 4.6.
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s-plan-

Fig 4.6 : Transient response and relative stability for various locations of roots on s-plane

X
7
|

In frequency domain the relative stability of a system can be
studied from Nyquist plot. The relative stability of the system is
given by closeness of polar plot to -1+j0 point. As the polar plot gets
closer to -1+j0 point the system moves towards instability.

G,

-
| |

!

The relative stability in frequency domain are quantitatively Tg}_, 10
measured in terms of phase m'argin and gain margin. Consider a }?
G(jo)H(jo) locus as shown in fig 4.7. Let this locus cross the real \-—-f‘""
axis at point-A and a unit circle drawn with origin as centre cuts this - pre-
locus at point-B. Let G, be the magnitude of G(jo)H(jo) at point-A Fi: -c—; :

, and y be the angle between negative real axis and line OB.

If the gain of the system is increased, then the locus will shift upwards and it may cross real axis
at —1+j0 point. When the locus passes through ~1+j0 point, G,—1 and y—0. Hence the closeness of
G(jo) H(jo) locus to the critical point —1+j0 can be measured in terms of intercept G, and angle y. The
vaiue of G, and vy are quantitative indications of relative stability. These values are used to define gain
margin and phase margin as practical measures of relative stability.

The concepts of gain margin and phase margin are defined for open loop systems but from the
values of gain margin and phase margin the stability of closed loop system can be judged.

47 - GAIN MARGIN AND PHASE MARGIN

Gain margin is a factor by which the system gain can be increased to drive the system to the verge
ot instability, With reference to fig 4.7 the magnitude of G(jo)H(jo) is G, when it crosses real axis and the
phase corresponding to that point is —180°. The frequency correspending to that point be o . If the gain

. . - : 1
of the system is increased by a factor 7™ taen the magnitude at the frequency o will be, G, o L.
. :

: A
Now the G(jo)H(jo) ivcus will pass through —1+j0 point driving the system to the verge of instability.
Hence the gain margin, K of the system may be defined as the reciprocal of the gain at which the phase
angle is 180°. The frequency at which the phas. angle is 180° is called phase crossover frequency.
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1 1
® " GG HGo)||, O -G,

Gain margin,

Gain margin in db =20 log =20 lfagL =-2010gG,

Gio)HGo)| Gy

Note : Gam Margin in decibels is given by negative of db magnitude of G(j @) at phase crossover
frequency. Hence at @, if db magnitude is negative, then gain margin is positive and vice versa.

The phase margin is defined as the amount of additional phase lag at gain crossover frequency
required to bring the system to verge of instability. The frequency at which the magnitudes of G(jo)H(jo)
equals unity is called the gain crossover frequency, o . With reference to fig 4.7, the phase angle
corresponding to the meeting point of unity circle and G(]:::}}H(]m) locus is —180° +1y. Now with magnitude
remaining unity, if an additional phase lag equal to v is introduced then the net phase angle becomes —180°
and G(jo)H(jo) locus will pass through —l+}0 point driving the system to the verge of instability. This
additional phase lag y is known as phase margin.

Let, ti{gc = ZG(jm}H(jm}i&):mﬁ . NDW'--‘[EGG"“'}' = ¢’gc
. Phase margin, y = 180° +q§

‘For stability of closed loop system the gain margin of open loop system should be greater than 1 or
if it is expressed in db it should be positive and phase margin of open loop system should be positive.

EXAMPLE 4.19

K

Derive an expression
s{1+sT, 1+ sT,)

The open loop transfer function of a unity feedback system s given by, G(s) =
for gain Kin terms of T, T, and specified gain margin, K-

SOLUTION
Giventhat, G(s) = K
: s(1+sT))(1+5T;)
Lets =jo.
K K
Glim) = =
O i P PTy) . (i joT, joT, 07T T;)
: K ot “r K

e[ (T T) - TT,] e 0T+ )= jo T T,

K p
0T+ T) + jo(1-0T,T,)
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The gain margin, K is defined as the reciprocal of the magmtude of G{jo) at phase crossover frequency. At phase
crossover freq uency the rnagmtude is purely real. Hence atphase crossover frequency, o, , theimaginary partof G(je)is zero.

L Ate =og, capc[‘l - m§¢T1T2) = B OIE mﬁcTﬁz =) | HES ~ 02Ty, =-1
"y = m ey 1
i

Ato=0_,the imaginary partis zero,

K | K
p3T+To)| 0T+ To)

1 _ 1 =m§c(T1+T2]
" [GGe),_. o KIog(Ti+Ty) K

H

- IG{J'UJ}I*E

. Gain margin, K, =

Put, mﬁc =

in the above equation.
12 :

” [g)oem

. = K= .=i i+_.‘1.‘2_ — K:i l.i.i
e K K, T, K\ T K \Ti T2

RESULT

The expression for gain K in terms of K, T;and T, is, K= Kl [l - l}

- EXAMPLE 4.20
Determine the Gain crossover frequency, Phase crossover frequency, Gain margin and Phase margin of a systemwith

1
s(1+ 2s)(1+s)

open loop transfer function, G(s)=
SOLUTION

(i) To find phase crossover frequency and gain margin

1
s (1+2s) (1+5s)

Given that, G(s) =

Lets =jw.
Gy 1 _ 1 " 1 _ 1
o (1+)20) (1+je)  jo [1+jm +j20 — 2m2) jo (3o +1-20%) -30°+jo (1-20%) .
At phase crossover frequency the imaginary part of G(jo) iszero. Hence puito =o,_ inimaginary partand equate to zero
to solve for o

mm(1—2m§c)=ﬂ
snceo, =0 1-205-0 = -20%=-1 = 0hTs = @ J__(]?O?radfsec

The gain margin, K is defined as reciprocal of magnitude of G{jo) at phase cross over frequency.

e 1
° [Gle),,,, [1/-307

Gain margin, K =302 = 3x 07072 =15

L} ::(‘}pc

Gain margin in db =20 log K,=20log 1.5=3.0db



4.58

(i) To find gain crossover frequency and phase margin

1

Giventhat, G(s) = PRI

Lets=jo.
- Glo)= = ]
1+ 20)1+j0) &,90°y1+402/tan " 20v1+ 02 tan "o
" 1
~1G{jo)| =
| ] -m\/1+4m2\f1+m2

/Gljw)=-90"—tan"' 20 —tan"'®

At gain crossover frequency, o, the magnitude of G(je) is unity.

1

Atm:mgc' ] Dge J1+ 402 1+m§c .:1

gc

Solving the above equation for o will be tedious. Hence by trial and ervor find the root of the above equation.

1 1

= =03
o V1+do? Y1+0?  Wi+d1+1
1 1

© 14402 J1+o?  05V1+4x052 41+0.52

Wheno =1 |G{jo)l=

=126

When o =05, |Gjo)l=

Fromthe two calculations shown above, we can conclude that the unity magnitude will occur for a frequency between
(0.5and 1.0. ' '

Wheno =06, |G(o)= ! = 0915

0.6 y1+4 x 0.6% 1+ 0.62

When o =0.57, [G(jo)|= ! ~1005

057 V1+4x 0572 {1+ 0.572

Lete =0.57 be the gain crossover frequency, since for this valye of o the magnitude of G(jo) is approximately equal to

one.
. Gain crossover frequency, o = 0.57 rad/sec.
Letthe phase of G(jo) at o, be ¢,
Atp = Ve = 0.57, g = —90° ~tan 20 -tan '
=-90° —tan (2 x 057)—tan"'0.57 = -168°
. Phase margin, y =180° + ¢, = 180" - 168" = 12°
RESULT

(a) The phase crossover frequency, © o 0.707 rad/sec
)] The gain crossover fréquenc_:y, 0~ 0.57 radfsel_:
(@  Thegainmargin, K =15 '
The gain marginindb=3.5db = | R

{d+ The phase margin, y=12°
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EXAMPLE 4.21

K
$(1+0.1s) (1+s) ~

i) Determine the value of K so that gain margin is 6 db.

The open ioop transfer function of a systemis G(s) =

(W Determine the value of K so that phase margin is 40°.

SOLUTION

(i) To find K for specified gain margin

Giventhat, G{s} G (1<0.15) (1+8)

Lets=jw.

K K K
jo (1+j050) (1¥]j0) jo (1+j1.70 -0102) —1lo?+j (I-0.107)

=~ Gljo) ==

Atphase crossover frequency o _, the G(jw) is real and so equate the imaginary part to zero to solve for o

Ato=w,,  0,(1-02)=0 = 1-0li=0 =  -0i=-
Op = J_ ——=3162 rad/ sec
GO =yl =K 00000
" o A ) o?,,, 11x3162%7
: 1 . -6
Given that margin = 6db, ~ 20100 =6 log K, = —
iven that gain margi g K, = log 20
5
. Gain margin, Ky =102 = 19953
By definition of gain margin,
1
Gain margin, K, = ————
° |Gl <o,
: 1
.--L —
e 0.0909K
1
= =551
(.0909 x 19953 2
(ii) To find K for specified phase margin
Given that, G(s) = i Lets=jo
: " s(1+0.1s) (1+s) )
- Gljo) = K :
o (1+]0.10) (1+]0) o907 J1+0.10)2 2tan"010 V1+02 stan~'e
K
EG{}UJ)I*

w1+ 001> J1+m2
2G(jo) = -90° —tan 0% — tan '@
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Let, o = Gain crossover frequency
si;g:-%/_’G(jm) ato=o_.
Alo =g, Doe = —ZG(ifﬂ)}mwg,: =-90—tan"'0.1 B g tan™ : 1%
By definition-of phase margin,
Phase margin, vy = 180°+ b,

The required phase marginis 40°, ..y=40°

© 40°=180°-90°-tan Qo ~tan e, = tanT 0logy +tan oy =180° -90° - 40°
~ an'01 o, +tan o = 50° i |

On taking tan on either side we get, _ tan (A +B) _tanA+tanB
tan [tan 0o 4 +1tan mgc}ztan 50°
tan tan '0.}o_. +tan tan Qe+ 1o
Sl 2% _tan50° = — T CF 4190 = € 4190
1-tan tan” 0.0, x tantan o, 1-0do g x 0y -0y,

On cross multipling the above equation we get,

Moy =192 (1-0lZ) = 0119202 +1lo, -1192=0

11 1192
O+ 01192 ¢ 1192

9228 +4/92282+4x10 _ -9228+111873

——=0 = m§c+9.228mm—1ﬂ=0

e g - 2
On taking positive value we get,
0= -8.228 + 111873 & G.gs.rad I sec.
o=1 :  1GG R "
At{ﬂ = mgcl EGU&))I: » i {jm)}m:mm — -

Og {1+0.0%0,2 1+,

f K= 140,000, [1+o,? =0.98 Y1+0.01x0.98% v1+0.98% =1.3787
RESULT -
" Fora gain margin of 5 db, K=5.5135
For a phase margin of 40°, K=1.3787

4.8 ROOTLOCUS

The root locus technique was introduced by W.R.Evans in 1948 for the analysis of control systems.
The root locus technique is a powerful tool for adjusting the location of closed loop poles to achleve the

desired system performance by varying one or more system parameters.

K
s (s+p;) (s+py)
The closed loop transfer function of the system with unity feedback is given by,
. .
Cis) _ _G(s) _ sG+p)(s+py). _ K
R(s) 1+G(s) . K_ s(s+py) 5+p2)+K
s(stpy) (s+p3)

Consider the opén loop transfer function of system G(s)=
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The denominator polynomial of C(s)/R(s) is the characteristic equation of the system. The
characteristic equation is given by,

s(s+p)(5+p,)+K=0.

The roots of characteristic equation is a function of open loop gain K. [ In other words the roots of
characteristic equation depend on open loop gain K ]. When the gain K is varied from 0 to o, the roots of
characteristic equation will take different values. When K = 0, the roots are given by open loop poles.
When K— o, the roots will take the value of open loop zeros.

The path taken by the roots ef characteristic equation when open loop gain K is varied from 0 to «
are called root loci (or the path taken by a root of characteristic equation when open loop gain K is varied
from 0 to o is called root locus).

Note : In general the roots of characteristic equation can be varied by varying any other system I
parameter other than gain. ' [

In general the closed loop transfer ﬁmctiqn of system with multiple loops is obtained from the
signal flow graph of the system using Mason's gain formula.

&©) _

=T(s)y= o 2 PAL ( Refer chapter 1 section.1.12 )
R(s) Ak :

The determinant, A is the denominator polynominal of C(s)/R(s). The characteristic equation of the
system is given by , A =0 ) :

For the single loop system shown in fig 4.8 | :

R(s) C(s)
Cis) G(s) \ G(s)
R(s) 1+ G(s)H(s)
| - His) |
The Characteristic equation is, _ FE&._S
1+G(s) H(s) = 0
. G(s) H(s) = -1 3 F % e ¥ e (4.22)

From equation (4.22) it can be concluded that the roots of the characteristic equation occur only
for those values of s for which, G(s)H(s) = —1.

The equation (4.22) can be converted to two Evans conditions given below,
IG(s)H(s)| =1 - | r4.23)
ZG(s)H(s) =+180 (2q +1), where =0,1,2,3, ... | (424
The equation (4.23) is called magnitude criterion and equation (4.24) is called angle criterion.
The magﬁitude criterion states that s =s_will be a point on root locus if for that value of s,

IG(s) H(s)| = 1.
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The angle criterion states that s = s_will be a point on root locus if for that value of s,
ZG(s) H(s) is equal to an odd muitiple of 180°,

The function G(S)H(S) can be expressed as a ratio of two polynomials in s as shown below.

G{s)H(s):K (s+71) (s+2) (s+23)-... - | G
- (s+py) (s+Dp3) (s+Pp3).....
- |G()H(s) WS e ot o+l
B R S T

where, m = Number of zeros of loop transfer function.
n = Number of poles of loop transfer function.

The magnitude criterion states that |G(s)H(s)| = i

1'I|s+zl IIEI}3+ Pl |
SRRl ) e EEEL_ U L ., R 7 g (4.26)
Hls+ pj His+ z]

i=1 i=1
The open-loop gain K corresponding to a point s=s, on root locus can be calculated using equation

(4.26). It can be shown that |s + p| is equal to the length ofvector drawn from s =p,tos =s_and s +z|
is equal to the length of vector drawn from s = z to s =s_. Hence the equation K can be written as,

_ Product of length of vector from open loop poles to the point s= 54

Product of length of vectors from open loop zeros to the points=s,

From equation (4.25),

AG{s]H(s) Z(s+z2)+ Z(s+2,) + é(s+z3)+ -—.zi{s+p1) Z(s+py)— Z(s+ p3)....

~Z £{s+2)— z Z(s+p;)

i=1
where, m = Number of zeros of loop transfer function.
n = Number of poles of loop transfer function. *

The angie'criterion states that ZG(s)H(s) = £180° (2q + 1)
LY Ls+z)- Y Lstp)=£8CQe+Y e (4.27)
=1 i=1 : 2

The equations (4.27) can be used to check whether a point s =s_is a point on root locus or not. It
can be shown that Z(s+p,) is equal to the angle of vector drawn from s = p, to s = s_and Z(s+z) is equal
to the angle of vector drawn from s = z to s = s. Hence equation (5.27) can be written as

Sum of angles of vector| (Sum of angles of vector
from open loop zeros |~| from open loop poles |=+180° (2q +1)
to the point s=s, to the point s=sy
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CONSTRUCTION OF ROOT LOCUS

The exact root locus is sketched by trial and error procedure. In this method, the poles and zeros
of G(s)H(s) are located on the s-plane on a graph sheet and a trial point s = s_is selected. Determine the
angles of vectors drawn from poles and zeros to the trial point. From the angle criterion, determine the
angle to be contributed by these vectors to make the trial point as a point on root locus. Shift the frial point
suitably so that the angle criterion is satisfied. :

A number of points are determined using the above procedure. Join the points by a smooth curve
which is the root locus. The value of K for a particular root can be obtained from the magnitude criterion.

The trial and error procedure for sketching root locus is tedious. A set of rules have been developed
to reduce the task involved in sketching root locus and to develop a quick approximate sketch. From the

approximate sketch, a more accurate root locus can be obtained by a few trials,

RULES FOR CONSTRUCTION OF ROOT LOCUS

Rule 1 : The root locus is symmetrical abiout the real axis.

Rule 2 : Each branch of the root locus originates from an open-loop pole corresponding to K =0 and
terminates at either on a finite open loop zero (or open loop zero at infinity) corresponding to
K = . The number of branches of the root locus terminating on infinity is equal to n—m, (i.e.,
the number of open loop poles minus the number of finite zeros)

Rule 3 : Segﬁzems of the real axis having an odd number of real axis open-loop poles plus zeros to their
right are parts of the root locus.

. Rule 4 : The n—m root locus branches that tend to infinity, do so along straight line asymptotes making
' angles with the real axis given by,

180°(2q +1) _

n—m

¢'A=

= 091!29"-15 n-—m,

Rule 5 : The point of intersection of the asymptotes with the real axis is at s = o, where,

Sum of poles— Sum of zeros

GA':
n—m

Rule 6 : The breakaway and breakin points of the root locus are determined from the roots of the
equation dK/ds = 0. If r numbers of branches of root locus meet at a point, then they break
away at an angle of +180°/T. -

Rule 7 : The angle of departure from a complex open-loop pole is given by, -
¢, =+180° 2+ 1) + ¢ ; q=0,1,2, ..

| where ¢ is the net angle contribution at the pole by all other open loop poles a.nd ZEros.
Similarly the angle of amval at a complex open loop zero is given by,

¢, =+180°(2q + 1) +¢; q=0,1,2, ...

where ¢ is the net angle contribution at the zero by all other open-loop poles and zeros.
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: The points of intersection of root locus branches with the imaginary axis can be determined bf,'
use of the Routh criterion. Alternatively they can be evaluated by letting s = jo in the characteristic

equation and equating the real part and imaginary part to zero, to solve for ® and K. The values

of © are the intersection points on imaginary axis and K is the value of gain at the intersection
points.

Rule 9 :The open-loop gain K at any point s = s_on the root locus is given by,

- E IS +pil _ Product of vector lengths from open loop poles to the pomt Sa

I s, + 2 Product of vector lengths from open loop zeros to the point sy
S PR

Note : The length of vector should be measured to scale. If there is no finire zero then the product
of vector lengths from zeros is equal to 1,

TYPICAL SKETCHES OF ROOT LOCUS PLOTS

Angle of departure _]m.

S-plane jod

Y

‘\
Point ol intarsection | Point of intersection

\Q’t% -

s’if‘”f

Root locus nn'realfxis /1>,~/

of imaginary axis

3 { £ [y ) P
Centroid {mesatling pomtnf/‘(\ cop G e S5
asympiote with real axis) 43}"7;,01 o £ o
F R ; Braak-in v ay
& 2 point point
o
Angle of departure £
B
jos :
Angle of ! Jo4 S-plane
Arrival : i
s-plane
—
4 =~ Breakaway
Centroid ‘%‘, N_point
% s
| Angle of
Arrival

PROCEDURE FOR CONSTRUCTING ROOT LOCUS

Step I : Locate the poles and zeros of G(s)H(s) on the s-plane. The root locus branch starts from
open loop poles and terminates at zeros.

Step 2 : Determine the root locus on real axis.

Step 3 : Determine the asymptotes of root locus branches and meeting point of asymptotes with real
axis.

Step 4 : Find the breakaway and breakin points.
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Step 5 : If there is a complex pole then determine the angle of departure from the complex pole. If
there is a complex zero then determine the angle of arrival at the complex zero.

Step 6 : Find the points where the root loci may cross the imaginary axis,

Step 7 : Take a series of test points in the broad neighbourhood of the origin of the s-plane and adjust
the test point to satisfy angle criterion. Sketch the root locus by joining thy test points by
smooth curve.

Step 8 : The value of gain K at any point on the locus can be determined from magnitude condition.

The value of K at a point s =s_, is given by,

L product of length of vectors from poles to the point, s=s,

product of length of vectors from finite zeros to the point, s=s,

Note : When there is no finite zero, the denominator is raken as unity. The length of vectors
should be measured to scale.

EXPLANATION FOR THE VARIOUS STEPS IN THE PROCEDURE FOR CONSTRUCTING ROOT LOCUS

Step 1 : Location of poles and zeros

Draw the real and i Hnagmary axis on an ordinary graph sheet and choose same scales both on real

and imaginary axis. :

' The poles are marked by cross "X" and zeros are marked by small circle "e". The number of root
locus branches is equal to number of poles of open ioop transfer function. The origin of a root locus is
at a pole and the end is at a zero.

Let, n = number of poles
m = number of finite zeros

Now, m root locus branches ends at finite zeros. The remaining n—m root locus branches will
end at zeros at infinity.

Step 2 : Root locus on real axis

In order to determine the part of root locus on real axis, take a test point on real axis. If the tofal
number of poles and zeros on the real axis to the right of this test point is odd number, then the test point

lies on the root locus. If it is even then the test point does not lie on the root locus.

~ Step 3 3 Angles of a.syfnprotes and centroid

If nis number of poles and m is number of finite zeros, then n—m root locus branches will
terminate at zeros at infinity.

These n—m root locus branches will go along an asympiotic path and meets the asymptotes at
infinity. Hence number of asymptotes is equal to number of root locus branches going to infinity.
The angles of asymptotes and the centroid are given by the following formulae.

+180 (2q+1)

Angles of asymptotes =
' n—m

where, =0, 1, 2, 3, ... (n—m)

Sum of poles— Sum of zeros

Centroid (meeting point of asymptote with real axis) = T
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Step 4 : Breakaway and Breakin points

The breakaway or breakin points either lie on real axis or exist as complex conjugate pairs. If there
is a root locus on real axis between 2 poles then there exist a breakaway point. If there is a root locus on
real axis between 2 zeros then there exist a breakin point. If there is a root locus on real axis between pole
and zero then there may be or may not be breakaway or breakin point.

Let the characteristic equation be in the form,
B(s) +KA(s)=0
Reis)
A(s)

The breakaway and breakin point is given by roots of the equation dK/ds = 0. The roots of dK/ds =10
are actual breakaway or breakin point provided for this value of root, the gain K should be positive and
real.

Step 5 : Angle of Dep&ﬂure and angle of arrival

Angle of Departure } . (Sum of angles of vector fo the ] i [Sum of angles of vectors to th:)

(from a complex pole A) complex pole A from other poles complex pole A from zeros

“Note : The angles can be calculated as shown in fig 4.9 or they can be measured using protractor.

Fig 4.9 : Calculation of angle of departure

Example: _
Consider the two complex conjugate poles A and A* shown in fig 4.9.(If poles-are compiex then they exist only as

conjugate pairs)
Angle of departure

at pole A
Angle of departure
at pole A *

}= 18(}0—_(81 +83 +35} + (Bz +94)

} = —[Angle of departure at pole A]
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Angle of arrival at a} S [Sum of angles of vectors to the . }_[Sum of angles of vectors to ﬁte}

eomplex zero A complex zero A from all other zeros ) | complex zero A from poles

Note : The angles can be calculated as shown in fig 4.10 or they can be measured using protractor

8, = 180°—tan™ =
b

jos
A a
A B8, =180°-tan™ —
C
s-plane 0, = 90°
a 9 =tan" =
d
0, =tan” 2
S
ldLh4Lp1 c
La e N Lt c !
[‘ Lt ] ] FF
i

A :
Fig 4.10 : Calculation of angle of arrival

Example:

Consider the two complex conjugate zeros B and B* as shown in fig 4.10.(if zeros are complex
then they exist only as conjugate pairs)

Angle of arrival
=180°-(0, +6,)+(6,4+8,+6
-+ vero B } (6,+8;3)+(8, +8,+65)

Angle of arrival

5 e } = —{Angle of arrival at zero B]
r

Step 6 : Point of intersection of root locus with imaginary axis

The point where the root loci intersects the imaginary axis can be found by following three methods.
1. By Routh Hurwitz array.
2. By trial and error approach.

3. Letting s = jo in the characteristic equation and separate the real part and imaginary part. Two
equations are obtained : one by equating real part to zero and the other by equating imaginary
part ta zero. Solve the two equations for @ and K: The values of ® gives the points where the
root locus crosses imaginary axis. The value of K gives the value of gain K at there crossing
points. Also this value of K is the limiting value of K for stability of the system.

Step 7 : Test points and roof locus

Choose a test point. Using a protractor roughly estimate the angles of vectors drawn to this point
and adjust the point to satisfy angle criterion. Repeat the procedure for few more test points. Sketch the
root locus from the knowledge of typical sketches and the informations obtained in steps 1 through 6.



T

ler 4-- Concepts of Stability and Root Locus ) _ i 68

Note : In pracﬁce the approximate root locus can be sketched from the informations obtained in
steps 1 through 6 and from the knowledge of typical skeiches of root locus.

DETERMINATION OF OPEN LOOP GAIN FOR A SPECIFIED DAMPING OF THE DOMINANT ROOTS

The dominant pole is a pair of complex conjugate pole which decides the transient response of the
system. In higher order systems the dominant poles are given by the poles which are very close to origin,
provided all other poles are lying far away from the dominant poles. The poles which are far away from
the origin will have less effect on the transient response of the system.

The transfer function of higher order systems can be approximated to a second order transfer
function. The standard form of closed loop transfer function of second order system is,

oy _ o joa
R(s) s*+20w s+’ _
.......... S 2
The dominant poles, s, and s *, are given by the’ S +jo,y1-C
roots of quadratic factor, s™2Zo sto?=0. s-plane
2 2o +1jl4cgm2 4(’)2 _& /? L - .
: ot - S n_ B . 2 ) : 43
e 2 =50 Ei0ny1=6" —jko,
The dominant pole can be plotted on the s-plane as : i .o o 2
. e e 1 e
shown in fig 4.11. S 3
In fig 4.11, the right angle triangle OAP, Fig 4.11 : Dominant pole, s,
cosuzqm“ =L, sa=cosie
.

To fix a dominant pole on root locus, draw a line at an angle of cos™'C with respect to negative real
axis. The meeting point of this line with root locus will give the location of dominant pole. The value of K
corresponding to dominant pole can be obtained from magnitude condition.

Let, ifls , be the value of gain at dominant pole s @

Product of length of vectors from E:lpen loop poles to dominant pole
Product of length of vectors from open loop zeros to dominant pole

Now, K4 =

Importance of root locus

The root locus technique is an important tool in designing control systems with desired performance
characteristics. The desired performance of the system can be achieved by adjusting the location of its
closed loop poles in the s-plane by varying one or more system parameters.

~ The root locus can be plotted in the s-plane by varying a system parameter (usually gain, K) over
the complete range of values. The roots corresponding to a particular value of the system parameter can
then be located on the locus or the value of the parameter for a desired root location can be determined

from the locus.

The root locus technique is also used for stability analysis. Using root locus the range of values of
K, for a stable system can be determined. It is also easier to study the relative stability of the system frcm
the knowledge of location of closed loop poles. The dominant roots are used to estimate the damping ratio .
and natural frequency of oscillation of the system. From £ and o_ the time domain specifications can be

calculated.
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EXAMPLE 4.22

K

3 . Sketch the root locus:
s(s*+4s5+13)

A unity feedback control systermn has an open loop transfer function, G(s) =

SOLUTION

Step 1 - To locate poles and zeros

The poles of open Ionp- transfer function are the roots of the equation, s{s?+4s+13)=0.

2 L EAC IR

2

The roots of the quadratic are, s=

-~ The poles arelyingats=0,-2+j3and -2 -j3.
Letus denote the poles as P, P,, and P,.

Here, P,=0, P =-2+j3and P,=-2 3.
The poles are marked by X (cross) as shown in fig 4.22.1.

Step 2 : To find the root locus on real axis

There is only one pole on real axis at the origin. Hence if we choose any test point on the negative real axis thento the
right of that point the total number of real poles and zeres is one, which is an odd number. Hence the entire negative real axis

will be part of root locus. The root locus on real axis is shown as a boid line in fig 4.22.1.

_ Note : For the given transfer finction one root locus branch will start at the pole at the origin ai?dh?eerrﬁe zero at
infinity through the negative real axis. ;

Step 3 : To find angles of asymptotes and centroid

Since there are 3 poles, the number of root locus branches are three. There is no finite zero. Hence all the three root
locus branches ends atzeros at infinity. The number of asymptotes required are three.
| +180° (2g+1)

Angles of asymptotes = N H g=0; luania n-m

Heren=3,andm=0. ..g=0,1,23.

180
3

= +60°

When g=0, Angles=%

o
71803 x3 _ 1800

When g=1, Angles==+

- When q=2, Angles = i@fi =4300°= F60°

When q=3, Angles= iy — +420°= +60°

Note : Itis enough if you calculate the required number of angles. Here itis given by first three values of angles. The
remaining values will be repetitions of the previous values.

Sum of poles - Sum of zeros U—2+j3—2+j3—0'::£_:_133
n—m 3 3 _

Centroid =
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The centroid is marked on real axis and from the centroid the angles of asymptotes are marked using a protractor. The
asympioles are drawn as dotied lines as shown infig 4.22.1,

joa

_ - 8-plane
pex A |

m .
A2

)
]
; 60°—+j1
Root locus on realjaxis - D,

.
Ly
\__p.%

< A

o h 1J q +1 +2 o
: /% --6[] -j1
133/ BN
centroid B T a
Ps %

Fig 4.22.1 : Figure showing the asymptote, root locus on
: real axis and location of poles and centroid

Step 4 To find the breakaway and breakin points

s K
Theclosedloop| C(s) G(s) = s(s®+4s+13) K
- transfer function| R(s) 1+G(s) ¢, - K T s(s?+45+13)+K
s {s?+4s+13)

The characteristic equation is, s(s?+4s+13)+K=0
$'+4¢?+13s+K=0 = K=-s3-452-13s
. On differentiating the equation of K with respect to s we get,
aK
ds
put I _o
d

S
 —(3s°+8s+13)=0 =  (3s?+8s+13)=0

2_
—B8+v8°-4x13x3 =-133+j1.6

2x3
Check for K: When, s=-1.33 +1.6, the value of Kis given by,
K=—(s? +4s? + 135} = ~[(~1.33+]1.6Y + 4 (-1.33 +|1.6)* + 13(-1.33+j1.6))

= —(3s%+ 85 + 13)

..T‘ S =

# positive and real.
Also it can be shown that when s =—1.33-j1.6the valus of K is-notequaltoreal and positive.

Since the vatues of K for, s =—1.33%j1.6, are not real and positive, these points are not an actuat bmakawéy or breakin
points. Therootlocus has neither breakaway nor breakin point.

Step 5 : To find the angle of departure

Let us.consider the complex:pele p, shown infig 4.22.2. Draw vectors from all other poles to the pole p, as shown in
fig 4.22.2. | et the angles of these vectorsbe 8, and 6.,

Here, 8, =180°-1tan™(3/2)=123.7° ; 6,=90°

Angle of departure from the complex pole p, = 180°— (8, +6.)
' =180° - (123.7° +90°)
=-33.7°
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The angle of departure at complex pole p, is negative of the angle of departure at
complex pole A. ' '

. Angle of departure at pole p, = + 33.7°

Mark the angles of departure at complex poles using protractor.

Step 6 : To find the crossing point on imaginary axis

The characteristic equation is given by,

$+4s?+ 135 +K=0

Puts =jo )
; Fig4.222
(jwy +4(jo)y + 13(jo) +K=0 =-jo’ 4o+ 13jp +K=0
On equating imaginary partto zero,weget, | On equating real part to zero, we get,
-+ 13w =0 T e+ K =
-@° =-13a K = 402
0 =13 = o=1/13=136 = 4x13 = 52

The crossing peint of rootlocusis + j3.6. The value of K at this crossing pointis K=52. (This is the limiting value of K
- for the stability of the systern).

The complete root locus sketch is shown in fig 4.22 3. The roct locus has three branches one branch starts at the pole
atorigin and travel through negative real axis to meet the zero at infinity. The other two root locus branches starts at complex
poles (along the angle of departure), crosses the imaginary axis at £ j3.6 and travel paraliel to asymptotes to meetthe zeros
atinfinity. '

EXAMPLE 4.23

Sketch the root locus of the systemwhose open loop transfer function is, G(s) = . Find the value of K

B
: s(s+2)(s+4)
- sothatthe damping ratio of the closed loop systemis 0.5.

SOLUTION |

Step 1 : To locate poles and zeros

The poles of open loop transfer function are the roots of the eguation, s(s+2) (s+4)=0.
~Thepolesarelyingat, s=0,-2, -4.
Letus dénote the poles as p,, p,, and Py, - ' 3 @ ~

Here, p.=0, p,=-2, p,=—4.
The poles are marked by X(cross) as shown in fig4.23.1.

Step 2 : To find the root locus on real axis
There are three poles on the real axis.

Choose a test point on real axis between s =0 and s =-2. To the right of this point the total number of real poles and zercs
is one, which is an odd number. Hence the real axis between s =0 and s = -2 willbe a part of root locus.

Choose a test point on real axis between s =-2 and s = 4. To the right of this point, the total number of real poles and
zeros is two which is an even number. Hence the real axis between $ =-2 and s = -4 will not be a part of root locus.

Choose a test point on real axis to the leftof s =— 4. To the right of this point, the total number of real poles and zeros
is three, which is an odd number. Hence the entire negative real axis froms =—4 to - cowill be a part of rootlocus.

The root locus on real axis are shown as bold lines in fig4.23.1.
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Step 3 - To find asympiotes and centroid

Since there are three poles the number of root locus branches are three. There is no finite zero. Hence all the three rog
locus branches ends at zeros at infinity. The number of asympiotes required are three. -

+ 180° (2q+1)

Angles of asymptotes =

n—m
Here,n=3andm=0. ..q=01,23.
. g wa
Vhen g =0, Angles;:cm: = +60° : ! },{4 s-plane
~+
& l
+]3

e ' : @
When q=1,  Angles ='1ED~3—£ = +180° centroid ‘"f

Robt locus

E Note : Itis enough ifyou calcuiate the required number | o1 feal axisP s Root locus on real axis:
j ofangles. Here it is given by first three values of angles. The Pof> Bl o 5 shwg” Lo
B 5 o } -5 -4 -3 -2 S Ugo _‘-} 2 3 45 §
| remaining values will be repetitions of the previous values. -0.845 )
{Breakaway point) 1%2; : e
_— les — s_0-2-4-0 . : 0,3
Centroid = =um of poles — Sum of zgyos _ 0-2 _ 0 B 1 5‘4
n—-m 3 ~d
“frhexcenzroid is marked ezn real axis and from %e centroid ithe Fig 4.23.1 : Figure showing the asymplofe:.
= * -
angles of asymptotes are marked using a protracior. 1he asymptotes root locus on real crxis and location profe:'.

- aredrawn as dotted lines as shown infig 4.23.1. centroid ,and breakaway points..

‘Step 4 : To find the breakaway and breakin points

: K .

Theclosed loop| Cfs) __G(s) _ s(s+2) (s+4) _ K

transfer function| R(s) 1+G(s) 1, K  s(s+2)(s+4) +K
s(s+2)(s+4)

The characteristic equation is given by,

s{s+2)(z+4)+K=0 = s(s2+6s+8)+K=0 = s’+6s2+8s+K=0
- K=-g%-652-8s . .

On differentiating the equation of K with respectto s we get,

dK
3s2+
=" —(3s2 + 125+ 8)
Put aK =0
ds _
.. —~(3s%+125+8)=0 = (35?+125+8)=0
e -|
_ 1212 -4x3x8 _ 4545 or —3.154
2x3

Check for K : When s = —0.845, the value of K is given by,
. K=—[(-0.845) + 6(-0.845)? + 8(~0.845)] = 3.08
Since K, is positive and real for, s =—0.845, this point s actual breakaway point.
When s ¥—3.154r the value of Kis given by,
K=—{(-3.154y + 6(-3.154)* + 8(-3.154)] = -3.08
Since K, is negative for, s =—-3.154, this is not a actual breakaway point.

The breakaway pointis marked on the neqgative reai axis as shownin fig 4.23.1.
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Step 5 : To find angle of departure

Since there are no complex pole or'zero, we need not find angle of departure or arrival.

Step 6  To find the crossing point of imaginary axis

‘The characteristic equation is given by,
s*+6s2+8s+K=0
Puts=jo |
(o) +6(j0)+ 8(jw) +K=0
—jo° -B0? +j8w+K=0

Equ.jating imaginary part to zero ; Equating real partto zero
~j0d+j80 =0 . B0l +K=0
-jo®=-j8a. K=602=6x8=48
©’=8 = o= i\f’g =428

3 The crossing point of rootlocus is + j2.8. The value of K corresponding to this pointis K = 48. (This is the limiting value
of K for the stability of the system).

The complete rootlocus sketch is shown infig 4.23.2. The root locus has three branches. One branch starts atthe pole
ats = -4 and travel through negative real axis to meet the zero at infinity. The other two root locus branches starts at s =0 and
s =-2 and travel through negative real axis, breakaway from real axis at s = -0.845, then crosses imaginary axms ats=+j2.8and
travel parallel to asymptotes to meet the zeros atinfinity

To find the value of K corresponding to £ = 0.5
Giventhat{=0.5

Leta=cos' L =cos'0.5=60°

Draw a line OP, such that the angle between line OP and negative real axis is 60° (« = 60°) as shown in fig 4.23.2. The
meeting point of the line OP and root locus gives the dominant pole, 8.

LetK_, be value of K corresponding to the points = S,

_ Product of length of vector from all poles to the point, s=s,
* " Product of length of vector from all zeros 1o the point, s=5,4

_hxhLxh
1 i
Note : The length of vectors are measured to scale.

=13x175%x35=796~8

EXAMPLE 4.24

K (s+9)

The open loop transfer function of a unity feedback system is given by, G(s) = 3 :
s{s“+4s+11)

. Sketch the root locus
ofthe system.

- SOLUTION -
Step 1 : To locate poles and zeros

The poles of open loop transfer function are the roots of the equations, (s?+4s+11)=0.

: i 2
The roots of the quadratic are, s= e 442 AxH =<2+ j264
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-~ The poles arelyingat,s =0, -2 +j2.64, -2 -j2.64 |

The zeros are lying at, s =—8 and infinity.
Letus denote the poles as p,, p,, p, finite zero by z,.
Here, p,=0, p,=—2+j2.64, p,=-2-j2.64 and = -S.
The peles are marked by X(cross) and zeros by "0” (circle) as shown in fig 4.24.1.

Srep 2:To f:nd the root locus on real axis.

One pole and one zero lie on real axis.

Choose a test point to the left of s = 0, then to the right of this point, the total number c—f poles and zeros is one whichis '
an odd number. Hence the portion of real axis from s = 0 to s = -8 will be a part of root locus.

Ifwe choose a test point to the left of s =9 then to the right of this point, the total number of poles and zeros is two, which
is an even number. Hence the real axis from s = -9 to —o will notbe a part of root locus.

The root locus on real axis is shown as a bold line in fig 4.24.1.

Step 3 : To find angles of asymptotes and centroid

Since there are 3 poles, the number of root locus branches are three. One rootlocus branch starts at the pole at origin
and travel along negative real axis to meet the zero ats =—9. The other two root locus branches meetthe zeros atinfinity. The

number of asymptotes required are two.
+180° (2q+1)

Angles of asymptotes = = : =0, 1, 2, ... n-m

Here,n=3andm=0. q=01,23.

(=]
When q=0, Angles= ij%'?— =+60°

When q=1, Angles=2120 %3 _ 12700~ 790"

When g=2, Angles= iE&_Q;_S = +450°= +90°

Note : jtis enough if you calculate the required number of angles. Here itis given by first two values of angles. The
femamrng values will be repetitions of the previous vaiues.

Sum of poles — Sum of zeros g 0 -2+j264-2-j264-(-9) _
n—-m 2
The cenh'md is ri.arked and from the centroid, the angles of asymptotes are marked usmg a pron'actor The asymptotes
are drawn as dotied lines as shown 4.24.1.

25

Centroid =

. (Centroid)
_](.':Iab‘ 2.5

Z, Root locus on rea

T L
-9 -8 =7 —6-5-4 ~3 -]

F ig 4.24.1 : Figure showing the asymptotes, root locus on
real axis and location of poles, zero and centroid
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Step 4 : To find the bi’eakaway and breakin poin't_s '

From the location of poles and zero and from the knowledge of typical sketches of root locus, it can be concluded that
there is no possibility of breakaway or breakin points.

Step 5 © To find the angle of departure

Letus consider the complex pole |:a'2 as shown infig4.24.2. Draw vectors from all other poles and zero to the pole p, as
shownin fig 4.24.2. Letthe angles of these vectors be 8,0, and 6.

_ P: | 4j264
264 e
- e -1 - o
He.re, 0, 180°— tan™' = — = 1271 ’f
g, = 90° ' 2.64
- 8,
8, -
o, = w2l s0p z,
7 9 2 o1 p,
M—— 7 ———p+——>
Angle of departure fro 5
gie O TEPArEe oM < 180" — (9, +9,) +0,
the complex pole p, : (> a9,
= =1 o o p. e — T
=180 -(1271 +90 )+20.7 =-164° Pa

The angle of departure at the mmplex pnle p3 is negative of Figd.a4.2
the angle of departure at complex pole p,.
. Angle of departure at pole p, =—{(-16.4) = +15_4°
Mark the angles of departure at complex poles using protractor.
Step 6 : To find the crossing point of imaginary axis
- . K(s+9)
Theclosedloop| C(s) _ G(s) _s(s®+4s+11) _ K(s+9)
transfer function| R(s) 1+G(s) 4, K(s+9) s(s® +4s+11)+K(s+9)
s(s?+4s5+17)
| The maracheﬂsﬁc equation is the denominator polynemial of C(s)/R(s).
. The characteristic equation ié,
s(s?+4s+11)+K(s+9)=0 = (s?+4s?+115)+Ks+9K=0
puts=jo
(jo) + 4(jw)? + 1 jo) + K(jo) +9K =0 =  —jp*-d0?+jlio+jKo +9K=0
On equating imaginary partto zero, _ On equating real partto zero,
~jo’+jlle +jKe =0 = —jm3:*j11(;)—ij -40?+9K=0 = 9K=4o?
N R Put, 0?=11+K 9K = 4(11+K)= 44 + 4K
PUtK=8.8, -0’=11+88=198 | e u
o =+/19.8 =+44 LOK=44 = K=*'5"23-3

The crossing point of rootlocus is £j4 4. The value of K at this crossing pointis K = 8.8 (This is the limiting value of K for
the stability of the system}
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The complete root locus sketch is shown in fig 4.24.3. The rootlocus has three branches. One branch starts at pnle at
origin and travel through negative real axis to meet the zeroats =-9.

The other two rootlocus branches starts at complex poles (along the anglem‘ departure) crosses the imaginary axis at
j4.4 and travel parallel to asymptotes to meet the zeros at infinity. :

EXAMPLE 4.25

Sketch the root locus for the unity feedback system whose openicop transfer function is,

GOHE) =T (6 5 457 20) -

SOLUTION

Step 7 : To locate poles and zeros

‘The poles of open loop transfer function are the roots of the equation, s (s +4) (s?+4s +20) =0.

4% 424 x1x 20

2
~. The poles are lyingat, s=0,-4,-2+j4 and -2-j4.

The roots of the quadratic are, 5=

= 2+j4

The zeros are lying atinfinity,
Letus denote the poles as p,, p,, p, and P,

Here, p,=0, p,=-4, p,=-2+j4, and p,=-2-{4.
The poles are marked by X (cross) as shownin ﬁg 4.25.1.

Step 2 : To find root locus on real axis

There are two poles on the real axis. Choose a test point on real axis between s = 0and s =—4. Tothe nght of this point,
the total number of real poles is one which is an odd number. Hence the real axis between s =0 and s =—4 willbe a part of root
locus. Choose a test pointto the left of s = -4, now to the right of this test point the total number of poles and zeros is two which
is even number. Hence the real axis froms =—41t0s=—cwillnotbe a part of rout tocus. The root locus on real axis is shown
as aboldlinein fig4.25.1.

Step 3 : To find angles of as’ymptotés and centroid

-Since there are four poles, the number of root locus branches are four. There is nofi F nite zero. Hence ali the four root
locus braniches ends at zeros at infinity. Hence the number of asymptotes required is four.

+ 130 (2q+1) i
n-m *

Angles of asymptotes =

Here,n=3andm=0. | - q=0,1,2,3.

Note : It is enough if you calculate the

When q=0, Angles= 113_9 _ 1450 required number of angles. Here itis givenby -
' 4 : firstfour values of angles. The remaining will

be repetiticns of the previous values. '

180" x 3

When gq=1, Angles=x =+135°

Sum of poles — Sum of zeros _ 0-4-2+4-2-j4-0 __ﬁ

~ Centroid = =—=-2
_ e n-m 4-0 4

The centroid is marked on real axis and from the centroid the angles of asymptotes are marked using a protractor. The
asymptotes are drawn as dotted lines as shown in fig 4.25.1.
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Fig 4.25.1 : Figure showing the asymptotes, root locus on
' real axis and location of poles, centroid and
. breakaway points.

Step 4 ! To find the breakaway and breakin point

K
Theclosed loop| C(s)  G(s) __S(s+4) (s* +4s +20) pas K
transfer function| R(s) 1+Gfs) . K s(s+4) (s® +45+20)+K
s (s+4) (s* + 45+ 20)

The characteristic equationis, s(s+4)(s2+4s+20)+K=0.

~K=-s(s+4) (s* + 45 + 20) = -(s? + 45) (s* + 45 + 20)
- K=—{s* +8s + 365? + 80s)

On differentiating the equation of K with respect to s we get, %'E = —(4s® + 245? + 725 + 80)
: | . = .

dK
To find the real root of Esf— = 0 by Lin's method.

Thefirsttrial divisor is chosen as the last two terms of the polynomial

Is trial ' o M trial
Trial divisor = 185+20=s+£= s+1.11 Trial divisor =12.57s+20 =s + el
18 - 12.57
s? +4.89s +12.57 s? +4.415+11
s+1.11{s® +6s° +18s+20 s+1.59{s® + 6% + 185 + 20
' 5%+ 1,118 _ s® +1.59s2
4.89s° +18s G 4.415? +18s
4.895% +5.43s 44152 +7s
Next trial divisor — 12.57s +20 Next trial divisor - 115+ 20
12.575+13.95 11s+17.49
' 6.05 : - 281

=5+159
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Since the remainder converge for every trial,
1™ trial let us approximate the root to s = 2. On
' dividing the polynomial by s + 2, we found

Trial divisor = 11s + 20 that (S+2) is a divisor of the polynomial.

=s+%=s+1.82 5% +4s5+10
2441854104 s+2 | s®+65°+18s5+20
e ; 3 2
s+1.82[s% + 652 + 185 + 20 %m_
s® +1.82s2 AT
2,
4.18s% +185+20 | 4s Tﬁ? e
E * 5
4M8s? +7.65 e
10.4s5+20 T
10.45+18.9
11
Put, %:D. (45 + 2457 + 725+ 80) =0 = 4s® +245% + 725+ 80 =0.

On dividing by 4 we get, s® +6s? +185+20=0.

The equation s° + 652 + 185 + 20 = 0 will have atleast one real root. By trial and error, the real root is found to be

s=-2. (Refer Appendix [l for Lin'’s metfiod.)

The polynomial, (s°+6s?+ 18s +20) =0, can be-expressed as, ;
s°+6s2+18s+20=(s+2)(s*°+4s+10)=0

The root of the quadratic, s?2+4s+10=0, are given by,

5_4¢J4?—4x10

2
Check for K. : When, s=-2, K=—(s*+8s> + 368 +80s) = Q[(—Q]“ +8x(~2)% + 36 x (-2)% + 80 % {—2}]

= 2:j2.45

= -[-64] = 64
When, s=-2+j245= 3162 +129°
CK=-(s* + 8s® + 3652 -+ 80s)
= (3.16£+129%)" + 8 x(3.162 £129°)° +36x (3162 £129°) + 80 % 3.162 £129°
=_[99.72 +156°+252.4£ + 27°+359.52 + 258°+252.8.£ + 129°] '

For positive values of angles,

K=-{-91+j40+ 225+ j115- 75— j351- 159+ j196] =—[-100]=100
For negative values of angles,
K=-[-91-j40+ 225 + [115 - 75 + [351- 159 ~ j196] = ~-[-100] = 100

For all the roots of the equation dKids = 0, the value of K is positive and real. Hence all the three roots are actual

‘breakaway points. The breakaway points are shown in fig 4.25.1.
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Step 5 - To find angle of departure

Letus consider the complex pole p,shown in fig 4.25.2. Draw vectors from all other
poles to the pole p, as shown in fig 4.25.2. Let angles of these vectors be 6,6,andg,.

Here,

e1=130°—tan-‘i;-=117°

8‘2 =90°

83 = tan_-lg = 630

Fig 4.25.2

Angie of departure °
A - =180 —(6,+6
from complex pole pa} e Ot Baraty)
o L] =] 1+
£180 - (117 +90 +63 )=-90°
The angle of departure at complex pole p, is negative of the angle of departure at complex pole P,-
". Angle of departure from complex pole p, = +90°

Mark the angles of departure at complex poles using protractor.
Step 6 : To find the crossing point on imaginary axis

The characteristic equation is given by, 5* + 85+ 3652+ 80s + K = 0.

puts =jw, _
(jo)* + 8(jo) + 36(o) + 80(jw) + K=0.
- o*-[8e*- 3602+ 800 + K =0.

On equating imaginary part to zero, | On equating real part to zero,
-i80% +j80w =0 o -3602+K=0
-j80® = -j80 K=-0'+3602
0Z=10 Puto?® =10
® = +410 =132 K =-(10)? +(36 x 10) =260,

The crossing point of ruoi[ocus is £j3.2. The value of K at this crossing pointis K 260. (Thisis the limiting value of K
for stability).
The complete root !ncus is sketched as shown in fig 4.25.3. The root locus has fuur branches. All the root locus

branches goes 1o infinity along the asymptotic lines to meet the zeros at infinity.

EXAMPLE 4.26

Sketch root locus for the unity feedback system whose open 'Ioup transfer function is,
K (s+1.5)
H =
| A= e+ s+9) -
SOLUTION

Step 1 : To locate poles and zeros

The poles of open loap transfer function are the roots of the equation, s(s +1) (s +5) = 0 and the zeros are the roots of the'
equation, {s +1.5)=0.

The poles are lying at, s =0, -1, -5.
The zeros are lying at, s =—1.5 and infinity.
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Letus denote poles by, p,, p.. pa and finite zeroby z..
Here, p,=0, p,=-1,p,—5andz=-1.5.

The poles are marked by X{cross) and zeros by "o" (circle) as shown in fig 4.26.1.

Step 2 : To find root locus on real axis

The segment of real axis betweens=0and s =—1and the segment of real axis between s =—1.5and s = -5will be a
part of root locus, Because if we choose a test point in this segment then to the right of this point we have odd number of real
poles and zeros. The root locus on real axis are shown as bold lines in fig 4.26.1. -

Step 3 : To find angles of asymptotes and centroid

Since there are three poles, the number of root locus branches are three. There is one finite zero, so one root locus
branch will end at finite zero. The othertwo branches will meet the zeros at mﬁmty Hence the number of asymptotes required

is two.
+ 1809 (2g+1)

Angles of asymptotes = : q=0,12, ....n—-m.
= n—m

Here,n=3andm=1. ~q=0,1,2.

180 _ .90

When q=0, Angles=xz

Sum of poles — Sum of zeros _0-1-5-(-15)
n—m - 2

=-225

Ceniroid =

The centroid is marked on real axis and from the centroid the angles of asymptotes are marked using a protractor. The
asymptotesare drawn as dotted lines as shown infig 4.26.1.
) A&

s jo
(=)
( Centroid ) -2.25 E_ : .
3 _Elreallﬁa'.'a'a)-r point, s=-0.6
90"
B o M 150 ,me - :
x Lz, T 4 G
-5 T M s god ok =l
Root locus o 80 Root locps
on real axis 2 ~on real gxis
E : |
P
ot

Fig 4.26.1 : Figure showing the asymptotes, root locus on real axis and ~
location of poles, zeros, centroid and breakaway pomfs

Step 4 : To fmd the breakaway and breakin poinis

K(s+1.5)
Theciosedlioop| C(s) . G(s) _ s(s+i)(s+H) _ K{s+1.5)
transfer funetion} R(s) 1+G(s) 13 _R+15)  s(s+1)(s+5)+K(s+15)
s{(s+1)(s+D5)

The characteristicequationis, s{s+1)(s+5)+K(s+1.5)=0

?5{5"‘1){5"‘5} -5 (82 +6s5+5) _ ~(s? + 652 +§s)

K=
s+15 s+15 5+15
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On differentiating K with respectto s we get,

gk (387 +125+5) (s +1.5)-[(s* + 657 + 5s)|(1) -

ds (s +15)?

_ —38%-455?-1252 - 1855575+ + 652 + 55

(s+15)?

_-25°-105s* -185-75 _-2(s® +5.255° + 95 + 3.75)

{s+15)°

(s+15)?

For 3—: = (), the numerator should be zero.

- 8%1+5255%2 1 85+375=0

The third order polynomial will have one real root. The real root of the above polynomial can be determined by Lin's

method. (Refer Appendix 1f).

To find the real root of, s° + 5.255° + 9s + 3.75 = 0, by Lin's method

1% triai

I* Trial divisor=9s+3.75=s+ %ﬁ =5+ 042

_ s? +4:835+6.97
5+042/s° +5.2552 + 95+ 3,75
s3 +0.4252 |
4.83s%+9s
4.83s% +2.03s

6.975+2.93
; 0.82

HI™ trial

IIF° Trial divisor =6.465+3.75=5+ 2
6.46

=5+0.58

s’ +4.67s+6.3
s+0.58| 5°+5.2552+ 95+ 3.75
s +0.58s2
4.67s% +9s
4675 +2.7s

6.35+3.65
0.1

The last two terms of the polynomial are chésen as i* trial divisor.

1" trial

IfY Trialdivisor=6.97s+3.75=s + -gu‘gg =5+0.54

s? +4.715+6.46
s +0.54] s> +5.255% + 95 + 3.75
s° +0.54s2 '
4.71s% +9s
4.71s% + 2.54s

6.46s+3.49
0.26

V™ triai

V™ Trial divisor =6.35+3.75 =s+ ?35

=5+06

5° +4.655+6.2
s+06| s°+5.255° +95+3.75
| 53 +0.682
4.65s% +9s
4.655% + 2.8s

6.25+3.72
03

On neglecting the small value of 0.03, one of the root of the polynomial is, s = -0.8.

The pblynomiai, s+ 52552+ 85 +3.75 = 0, canbe expressed,

s+ 52657 + 95 +3.75 = (s + 0.6) (s? + 4.655 + 6.2)=0.
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The roots of the quadratic, (82 +4.655+6.2), are, |

- 2.—
4‘654;0(4.25 4x62_ 3. jose

' . 13 4 Bel _[(=06)° + 6(_06) + 5(~06
Check for K : Wheni s=—06, Ka =5 95 £28) _ L L) }Lm
s+15 -06+15
For s =-0.6, the value of Kis positive and real and so itis actual breakaway point. It can be shown e
fors =—2.3 +j0.86 the value of K is not positive and real and so they cannot be breakaway points. T5
actual breakaway pointis shown in fig4.26.1. '

Step 5 : To find angle of departure

Since there are no complex pole or zero we need not find angle of departure or arrival.

Step 6 : To find crossing point of imaginary axis.

The characteristic equation is, :
s(s+1)(s+5)+K(s+1.5)=0 "= s(s?+65+5)+Ks+15K=0 = s°+65°+55+Ks+15K=0
Puts=jo '
(j0)? + 8(j0)? + 5(j0) + K(jo) + 15K =0 = —jo* - 60 + 5o + Ko +15K=0

On equating imaginary partto zero, we get, On equating real partto zero we get,
—jo° + Bo + Ko =0 : -602+15K=0
“jo? = —j5o - Ko putw? =5+K _
0?=5+K ~6(5+K)+1.5K=0
=30-45K=0
30
- 45K =30 K=—-——=-667
- T 45

Since the value of K is negative, there is no crossing point on imaginary axis, or for any positive values of K, and sote
root locus will not cross imaginary axis.

The complete root locus sketch is shown in figure 4.26.2. The rootlocus has three branches. One branch staris g
=_5 and ends at finite zero at s = —1.5. The other two root locus starts ats = 0 and s = -1 and breakaway fromrealaxis 3
s =-0.8, then travel parallel to asymptotes to meet the zeros atinfinity. :

EXAMPLE 4.27

Sketch root locus for the unity feedback system whose open loop transfer function is,

K (5% + 65 +25)
s{s+1) (s+2)

Gls) =

SOLUTION _
Step 1 : To locate poles and zeros

The poles of open loop transfer function are the roots of the equation s(s +1 )(s+2} =0 and the zeros are the roots of i
equation (s? + 6s +25) = 0. '

2—
62 62 4%25 _ 514

The roots of quadratic are, s =

The polesare iymig at, €=0,-1,-2

The zeros are lying at, s =-3 +j4. -3-}4.
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Letus denote poles by p,, P,: b, and zeros by )
Here, p,=0,p,=—1, p,=2.2,=-3+4,2,=3-i4.
~ The poles are marked by X (cross) and zeros by "o" {cirde) asshowninfig4.27.1.
Step 2 : To find root locus on real axis

The segment of real axis between s =0 and s = -1 and the entire negative real axis from s = -2 will be part of root focus.

Because if we choose a test point in this segment then to the right of this pointwe have odd number of real poles and zeros. The
root locus on real axis are shown as a bold line infig 4.27.1.

Step 3 : To find angles of asymptotes and centroid

Since there are three poles the number of root locus branches are three. There are two finite zeros. so two root locus
branch will end atfinite zeros. The third root locus will meet the zero atinfi nity by ravelling through negative real axis, Here the
number of asymptote is one and the angle of asymptote is +180°. :

jm &
e Y -
= i3 s-plane
L |
: : it Reotiocus
Rootlocus onrealaxis P: P, g |p,  Onfealaxis
G R g B >
-5] -4 :g ] f ] 1 b o
] —} ;
s=+0.45 —j2

Breakaway point!__js
i

Z, 7o R R E PR L—.14

Fi ig 4.27.1 : Figure showing the root locus on real axis -
location of poles, zeros and breakaway poinis.

Step 4 To find the breakaway and breakin points

K {s? +6s+ 25)
The closed loop] C(s) = G(s) = s(s+1)(s+2) _ K {s” + 63+ 25)
transfer function} R(s) 1+G(s) _ Ji K(s2+ Bs+25)_“ s (s+1) (s + 2) + K(s® + 65+ 25)
s(s+1){s+2): :

The characteristic equationis, s{s+1){s+2)+K(s?+6s+25)=0."

ko S(+1)(s+2) -s(s®+3s+2) _-s°-3s°-2s

s? + 65+ 25 ~ 8?24+ 65+25 52+55+25.

On differentiating K with respectto s we get,

dK _ (=3s% - B5 - 2) (5 + 65 + 25) - (-s° — 357 - 25) (25+6)

ds (s*+6s+ 25}2
—3s* —18s° - 7557 - 65 - 365? — 1505 - 257 — 125 - 50
_ +26% +65% +68° + 1857 + 457 + 125 s +125 + 9157 + 1505 + 50)
(s® + B85+ 25 {s? +65+25)%
dK

For == 0, the numerator shouid be zero.

-8 +128% 49182 + 1508+ 50 =0



Thefourth order polynomial can be split into two quadratic equations. The two quadratic factors can be obtainedin
Lin's method. (Refer Appendix-if).

4. 89

To find quadratic factors by Lin's Method.

The first trial divisor be the last three terms

= trial ] 11" trial

F Trial divisor = 91s® +150s+ 50 11" Trial divisor = 73.37s° +144.3s +50
:52+%5+g=52+1.655+0.55 . t52+;;;§ 5+7:_{(]3?=52+2S+0'?
57 +10:385+73.37 s?+10s +703

s? +1.655+ 0.55{ s* + 125” + 91s? + 1505 + 50 ' s24+95+07 5% +125° + 912 + 1508 + 50
1s* +1.65s + 0.5557 ' st 4 95% 1 0752

10.35s> + 90.45s2 + 150s 10 + 80352 . 1500
| 10.355° +17.0852 +5.7s% ' 105° + 2082 4 75
I trial divisor — 73.37s% +144.35+ 50 70.3s” + 1435+ 50
| 73.37s% +121.15+40.35 70352 +140.65+ 492
23.25+9.65 _ 24s+08

On neglecting the small remainder we can write,
s* +125% + 915 + 1505+ 50 = (5° + 25 + 0.7) {s* + 105+ 70.3)

The roots of the quadratic, s?+2s5+0.7 =0, are,

-2+y22-4x07

s= 5 =_045, ~155

Theroots of the quadratic, s?+ 10s+70.3 =0, are,

-10‘-#102 4x703

=—H+j6.73

Here, s = -1.55 is nota point on root locus, hence it cannot be a breakaway point.

Checkthe other three values for actual breakaway point.

-3 _3g2 s 3 2_
When s=-045, K= 52 3s°-2s _ —(-0.49)" - 3(-0.45)" - 2(-045) _ = 0017
s°+6s+25 (-0.45)° +6{—{l45}+25

For s = —0.45, the value of K is positive and real and so it is-actual breakaway point. It can be shown that for
s =-516.73 the value of Kis not positive and real and so they cannot be breakaway points. The actual breakaway pointis

showninfig4.27.1.

Step 5 . To find angle of arrival

Let us consider the complex zero z, shown in fig 4.27.2. Draw vectors from all other poles and zero to the zero z,as
shown infig4.27.2. Let the angles of these vectors be 8, 6,,0. and 8.

1# 20
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4.

90

a4

Here, 6 =180°- tan —3——126.9"

8. =180°— tan‘*% =1166°

tan"% =104°.

6, =180%~
8,=90°
Angle of arrival at

complex zero z, } =180°~(0,) +(8;+ 8, + 65)

=180°-90°+126.9°+116.6°+-104°
=437 5°=T7.5°

Angle of arrival at oomplexzero z,is negative of the angie of arrival at
complexzem .

. Angle of arrival at

=-77.5°
complex zero z,

Mark the angles of arrival at complex zeros using protractor.

 Step 6 : To find the crossing point on imaginary axis

The characteristic equationis,
s(s+1) (s +2)+ K(s* +6s +25) = 0
(5% +3s+2) + Ks?+ 6Ks + 25K =0
§3+3s% +25 + Ks? +6Ks +25K =0
s* +H3+K)s? +(2+6K)s+ 25K =0
Puts =jm. |
() +(3+K) (j0)2 +(2+6K) (j0) + 25K =0 = —jo°— (3+K) 02 + [(246K) + 25K =0

Onequating imaginary parttozero

—jo? +j(2+6K)o =0
-jo® =-j{2+6K)o
a? =(2+6K)

On equating real part to zero

-B3+Kw?+25K=0 .
Puto®=2+6K

—(3+K) (2+6K)+ 25K =10

—(6+18K+ 2K +6K?) + 25K = 0

-6KZ+5K—-6=0
2_ e -
_~525°— 4x(~6)(-6) =04 +j09
x (—6) B

Since the value of K is not real and positive, there is no-crossing point onimaginary axis, or for any positive values of K

the rootlocus will not cross imaginary axis.

Step 7 : To find points on root locus

Choose test points a, b, ¢, don the s-plane and adjust the test points to satisfy angle criterion. The test points areshown
in fig 4.27.3.0n the upper half of s-plane the root locus is sketched through the test points a, b, cand d. The rootlocus on the
lower half of s-plane is the mirror image of the root locus on the upper half of s-plane.
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The complete root locus sketch is shown in fig4.27.3. Therootlocus has three branches. One branch starts at s =-2
and goes to infinity along negative real axis. The other two root locus branches starts at s = 0 and s =-1 and breaks from real axis
ats =-0.45, then meets the complex zeros.

EXAMPLE 4.28

bis of Stability and Rool Locus

‘Sketch the root locus for the unity feedback system whose open loop transfer function is,

K
Gis) =
(s) s(s® + 65 +10) -

SOLUTION

Step 1 : To locate poles and zeros

The poles of open loop transfer function are the roots of the equation, s(s?+ 6s+10)=0.

. - 2 ..
The roots of the quadraticare, s= 61 62 Bag =-3zjl
The poles are lying at, s=0,-3+1 and -3 -j1

Letus denote the polesasp,, p,, and p, .

Here, p,=0, p,=—3+j1,and p,=—3 1.

The poles are marked by X(cross) as shown in fig 4.28.1
Step 2 : To find the root locus on real axis

There is only one pole on real axis atthe origin. Hence if we choose any test point on the negative real axis then to the
right of that point the total number of real poles and zeros is one, which is an odd number. Hence the entire negative real axis
will be part of root locus. The root Iacus on real axis is shown are three.

Note : Forthe given transfer function one root locus branch will start at the pole at ma origin andmeet the zam atinfinity;
through the negative real axis.

Step 3 - To find angles of asymptotes and centroid
Since there are 3 poles, the number of root locus branches are three.There is no infinite zero.Hence all the three root
locus branches ends at zeros atinfinity. The number of asymptotes required are three
+180° (29+1)
n-m '
Here,n=3and m=0. 020,12, 3,

Angles of asymptotes = q=0,1,2, ....n-m

=]
When q=0, Angles=¢% = +60°

o
When g=1, Angles= i-@%ﬁ =+180°

sum of poles —sum of zeros _ -3+j1-3 -]
n-m 3

Centroid —

=i

The centroid is marked on real axis and from the centrmd the angles ofasymptotﬁi are marked usinga protractor The
asymptotes are drawn as dotted lines as shown infig4.28.1.

Step 4: To find the breakaway and breakin poirts

- K
. C(s) - G(s) _ s(s®+6s+10) _ K
The cEaaed_Fuaph‘anafarfunctmn, R(S) = 1+ G(s) = - K = a(sz 165+10)+K
s(s® +6s+10)

The characteristic equation is, s(s® +6s+10)+K=0
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On differentiating the equation of K with respectto swe get,
K 3212510
ds

dK _
ds :
-3s?-125-10=0 = 3s?+125+10=0

o i
s terwle —ARIRI0 o uma g
2%x3

Put 0

S5

Checkfor K: When, s=-1.18, K=-5"-652-10s =—(-1.18)-6(-1.18)%—1 {(-1.18)=5.09
When, s=-282, K=-s2-65%-10s =—(-2.82)*- 6(-2.82)2-1 0(-2.82)=291

» Since the values of Kfor s =—1.18 and -2.82 are positive and real, both the points are actual breakawan
or breakin points. It can be proved that s =—2.82 is-a breakin pointand s = -1.18 s a breakaway port
The breakin and breakaway points are shown in fig 4.28.1. : 5
[Also the value of K fors = —2.82is less thanthe value of K fors =—1.18, therefore when root locus travel from s =27
to -1.18, the value of K increases]

jo |
I/, s-plane
centroid pﬂ_ N x,-'/ -
. ; % IIIII i 'é\\\e o e J1
Sreakin point, 5=-2.82 5 o Breakaway point, s=-1.18
: 7 e L Rootlocus g real axis
b I :
-3 ‘2 T J—A i p'i (9] 3
. -16[]' :
i L
“B, ,
Ko iy ']1
Pa S
.

Fig 4.28.1 : Figure showing the asymptotes, root locus on real axis and
. location of poles, zeros, centroid, breakin and Breakaway points.

Step 5: To find the angle of departure

Consider the compiex pole p, shown in fig 4.28.2. Draw vectors from

Tary
all other poles to the pole p, as shown in fig 4.28.2. Let the angle of these ] | s-plans
vectors be 8, and 6, : - +1
Here; 5, = 180°—tan™'(1/3) = 161.6°
8,= 90° 3
~ Angle of departure from) :
QEO - pa UF r=18[’0_{91+82) H
the compiex pole p, - ks
F . L —— ‘_-1
=180° — (1616° + 90°) = ~716° ~ —72° il
The angle of departure at complex pole p, is negative of the angle of : '
departure at complex pole p,. ' Fig 4.28.2

- Angle of depariure atpole p, = +72
Mark the angles of departure at complex poles using protractor,
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Step 6 ; To find the crossing point on imagin'ary axis

Thecharactenstlcequatmn|sg|venby s(s?+6s+10)+K=0 = s®+65?+10s+K=0
F’uts = jo.

(j0)+6(ju)l+10(jo)+K=0 = -jo’-60?+j100+K=0
On equating imaginary partto zero we gét, On equating real part to zerowe get,

~03+10n =0 —Ba2+K=0
o*= 100 K= 6e?
=10 : =6 x10=60

@ =110 =43.16 = 3.2

The rootlocus crosses imaginary axis at £j3.2 and the gainK corr&spondmg to this pointis 60. Thls isthe limiting value |
of K for the stability of the system.

The complete root locus sketch is shown in fig 4.28.3. The root locus has three branches. One branch starts ats =0and
goes to infinity along negative real axis. The other two root locus branches starts at s = -3 £ j1 and enter the real axis at
s = —2.82 and then breakaway from real axis at s = —1.18. Finally they travel parallel to asymptotes to meet the zeros at infinity.

4.9 NYQUIST AND ROOT LOCUS PLOTS USING MATLAB

“In general, the open loop transfer function of a system is denoted as G(s).

Let, G(s) be a rational ﬁmchon of "s", as shown below.

bes™ +bls N +bzs B +byy_ 15+ by
G(s)= TR e
gt st s P +ay S+ ay

F or drawing Nyquist and root locus plots, the transfer function G(s) is dec]ared asa funcnon of s
usmg the following commands.

s=tf(*s’);
Gs=(b0*sAM+bl*sA(M-1)+...+bM) /(a0*sAN+al*sA(N-1)+...+aN};

The coefficients of numerator and denominator polynomials of the transfer function are determined
using the following command.

[num_cof den_cofl=tfdata(Gs);

The horizontal and vertical axes range for the Nyquist and root locus plots can be Speciﬁ ed using
the axis command as shown below. -

axis([x_start x;end y_start y_endl):
NYQUIST PLOT

The Nyquist plot can be plotted using any one of the following commands.

nyguist(Gs);
nygquist{Gs,'k"');
nyguist(num_cof, den_cof);

ROOT LOCUS PLOT

The root locus plot can be plotted using any one of the following commands.

rlocus(Gs);
rlocus(Gs, 'k');
rlocus(num_cof, den_cof);
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 PROGRAM 4.1 -

write a MATLAB program to draw the Nyguist plot of the system governed by the
following open loop transfer function.

G(s) = 240/s(s+2)(s+10).

%¥program to plot Nyquist plot

clear all

clc

s=tf('s’);

disp(‘The given transfer function 1is’);
Gs=240/(s*(s+2)*(s+10))

nyquist(cs,'k?’);
axis([-4 0.5 -2 2]1); grid;

Nyquist Disgram
2 w1 T 1 L) - L] L] ! L] s -
248 . Och 2cf
15k -
ik
- G5
E ] :
<
§or
= 05
Ak
16}
. N . - Pl Lot 1 1 H
-4 -46 ] 25 ' -2 -1.5 -1 0.8 0 Q.5

Real Axis
Fig P4.1 : Nyquist plot of the system given in problem 4.1.
QUTPUT

The given transfer function 7s,

Transfer function:

SAZ 4+ 12 sA2 + 20 s

The Nvguist plot of program 4.1 is shown in fig pP4.1.

PROGRAM 4.2

Write a MATLAB program to draw the Nyguist plot of the system governed by the
following open loop transfer function.

G(s) = (1+0.5s5)(1+s)/(1+10s)(s-1)

¥program to plot Nyquist plot

clear all
clc
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s=tf(*s’);
disp(‘The given transfer function is,’)
Gs=((I+0.5%s)*(1+s))/((1+10*s)*(s-1))

nyquist(Gs,’'k’);
axis{[-1.2 0.2 -1 1]):

grid:
- Nyguist Diagram
1 [ I T T 2 ¥ % T
[, 206 1) B gt
0a ¥ i b : . e o
&dB = : . . -6cB
L 7 : : - . e
k|
2
=
2
g
E
oBE .
o8} 4
- IE ) i} I : y ] : 1 . - ]
-1 08 06 04 0.2 o 0z
Flaal Axis - :
: Fig P4.2 : Nyquist plot of the system given in problem 4.2.
OUTPUT

The given transfer function 7s,

Transfer function: ;
0.5 sA2 + 1.5 s + 1

10 sAZ - 9 5 - 1

The Nyguist p?br of program 4.2 is shown in fig P4.2.

PROGRAM 4.3

Write a MATLAB program to draw the Nyquist plot of the system governed by the
following open loop transfer function.

G(s) = (s+2)/(s+1)(s-1)

%¥program to plot Nyquist plot

clear all
clc
s=tf(‘s’);
disp(‘The given transfer function is,’):
Gs=(s+2) /((s+1)*(s-1)) :

nyquist(Gs, "k’):
axis([-2.5 0.2 -1 11):
grid;
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hyguist Diagram

408 . 268 OcB  ZgB

% LB He B Tw o ¢ sgom
o8l M Tw Bm D OE ol N

0.4+

03 r

Imaginary Axis
[+
L]

06} = By O B0 B B R, B em
o8f - w T2 B N Y }

=4 Ry, l L : : 1
25 -2 -1.6 -1 -5 0

Fig P4.3 : Nyquist plot of the system given in problem 4.3.
OUTPUT

The -given “transfer funcrwn is,
Transfer function:

The Nyguist plot of program 4.3 1is shown in fig P4.3.

PROGRAM 4.4

write a MATLAB program to draw the root locus plot of the unity feedback system
- governed by the following open loop transfer function.

- G(s) = 1/s(s2+4s5+13)° y

%program to plot root Tlocus

clear all

clke

s=tft(*'s’);

disp(‘The given transfer function 1is,’'):

Gs=1/(s*(sA2+4%5+13))

riocus(Gs, "k’); , ;

axis([-3 2 -6 6]1); %specify x and y -axis Timits
sgrid([0.5,0.7071,[90.5,1.2]): ¥specify the s-grid lines to draw

OuUTPUT

Tthe given open loop transfer function G(S) Ts,
Transfer function:

sAF + 4 542 +- I3 5

‘The root locus plot of program 4.4 is shown in Fig P4.4.
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- Foet Locus,
G T
o5
4k 4
077
2+ o
L]
3]
E ﬂ “—
-3 -
lom7
e £l
0%
-6 i

=3 25 2 15 -1 08 L) 05 1 1.5 2
' Real Axis

Fig P4.4 : Root locus plot of the system given in problem 4.4.

PROGRAM 4.5

Write a MATLAB program to draw the root locus plot of the umty feedback systex
governed by the following open Tloop transfer function.

G(s) = 1/s(s+4)(s*+45+20)

¥program to plot root Tlocus

clear all

clc

s=tF{ sl );

disp(‘The given transfer function 1is,’);
Gs=1/(s*(s+4)*(sA2+4%*s5+20))
rlocus(Gs,’k"); axis([-8 4 -6 6]):; sgrid;

Imagginary Axis

Heal Axis

Fig P4.5 : Root locus plot of the system given in problem 4.5.
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OUTPUT . :

The given open Jloop transfer function G(5) 1is,
Transfer function:

sA4 + 8§ §AT + 36 sAZ + 80 s
The root locus plot of program 4.5 1s shown in fig P4.5.

PROGRAM 4.6

Write a MATLAB program to draw the root Tlocus plot of the unity feedback system
governed by the Tollowing open loop transfer function.

G(s) = (s246s5+25)/s(s+1)(s+2)

%program to plot root locus

clear all

clc -

s=tF('57); :

disp(‘The given transfer funcrion 1is,’);
Gs=(sA2+6*s+25) /(s*(s+1)*(s5+2))

rlocus(es, k') ;
axis([-6 2 -6 6]1); sgrid;

Root Loeus
1_5 T . ¥ T - 13 o B T B
it B of2. 048 - O3 024 032 é
9,-1_6 ,-'-.- e S - = ".,_,_.:
4—( ; -
088 .
E_ 5 - -~
aer ... 2
B : :
&
g0 -
E
= e Y
2F - L .
o8 &
4L it 8
N 062, 048 0S6... 024 of2
-8 ) LT L2 | ) | L i T H 1
6 -5 -4 -3 2 -1 o 1 2
Raal Axis

Fig P4.6 : Root locus plot of the system given in problem 4.6.
QUTPUT

The given open Tooy transfer function G(5) 71s,
Transter function:
sAZ2 + 6§ 5 + 25

sA3 + 3 5A2 + 2 5

“The root Jlocus p?ot of program 4.6 is shown in fig pP4.6.
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4.10 SHORT QUESTIONS AND ANSWERS

04.1

04.2

04.3

Q4.4

Q4.5 -

04.6

04.7

04.8

04.9

04.10

04.11

Define BIBO stability.

A linear relaxed system is said to have BIBO stability if every bounded {finite) input results in a
bounded (finite) output.

What is impulse response? :

The impulse response of a system is the response of a system for impulse mput and it is given by
inverse Laplace transform of the system transfer function.

What is the requiremem for BIBO stability?

" The requirement for BIBO stability is that, _[ t) dt <o,

where m{:} is impuise response of the system

What is characteristic equation?
The denominator polynomial of C(s)/R(s) is the characteristic equation of the system.
How the roots of characteristic equation are related to stability?

If the roots of characteristic equation has positive real part then the impulse response of the system
is not bounded (the impulse response will be infinite as t — ). Hence the system will be unstable.
If the roots have negative real part then the impuise response is bounded (the impulse response
becomes 0 as t — «). Hence the system will be stable.

What is the necessary condition for stability?
The necessary condition for stability is that all the coefficients of the characteristic polynomial must

be positive.

What is the relation between stability and coefficient of characteristic polynomial?

If the coefficients of characteristic polynomial are negative or zero, then some of roots lie on right
half of s-plane. Hence the system is unstable. If the ‘coefficients of charactenstlc polynomial are
positive and If no coefficient is zero then there is a possibility of the system to be stable provided all
the roots are lying on left half of s-plane.

What will be the nature of impulse response when the roots of characteristic equation are lying on
imaginary axis?

If the roots of characteristic equation lies on imaginary axis the nature of impulse response is
oscillatory.

What will be the nature of impulse response if the roots of characteristic equation are lying on

right half of s-plane?

When the roots are lying on the real axis on the right haif of s-plane, then the response is exponentially
increasing. When the roots are complex conjugate and lying on the right half of s-plane, then the
response is oscillatory with exponentially increasing amplitude.

What is the principle of argument?

The principle of argument states that let F(s) be an analytic function and if an arbitrary closed
contour in the clockwise direction is chosen in the s-plane so that F(s) is analytic at every point of

the contour. Then the corresponding F(s)-plane contour mapped in the F(s)-plane will encircle the

origin, N times in the anticrockwse direction, where N is the difference between number of poles P
and zeros Z of F(s) that are enclosed by the chosen closed contour in the s-plane. (i.e., N=P -Z).
What is the necessary -and sufficient condition for stability?

The necessary and sufficient condition for stability is that all of the elements in the first column of
the routh array should be positive.



( Chapter 4= Concepts of Stabilily and Rovi Loces 4,102

04.12

04.13

04.14

04.15

04.16

04.17

04.18

04.19

04.20

What is routh stability criterion?

Routh criterion states that the necessary and sufficient condition for stability is that all of the elements
in the first column of the routh array be positive. If this condition is not met, the system is unstable
and the number of sign changes in the elements of the first column of routh array corresponds to
the number of roots of characteristic equation in the right half of the s-plane.

What is auxiliary pa{przomia!?

In the construction of routh array a row of all zero indicates the existence of an even polynomial as
a factor of the given characteristic equation. In an even polynomial the exponents of s are even
integers or zero only. This even polynomial factor is called auxiliary polynomial. The coefficients of
auxiliary polynomial are given by the elements of the row just above the row of all zeros.

What is quadrantal symmetry?

The symmetry of roots with respect to both real and imaginary axis is called quadrantal symmetry.

In routh array what conclusion you can make when there is a row of all zeros?

All zero row in routh array indicates the existence of an even polynomial as a factor of the given
characteristic equation. The even polynomial may have roots on imaginary axis.

What is limitedly stable system ?

For a bounded input signal, if the output has constant amplitude oscillations then the system may
be stable or unstable under some limited constraints. Such a system is called limitedly stable.

What is Nyquist stability criterion?

If G(s)H(s}-contour in the G(s)H(s)-plane corresponding to Nyquist contour in siplane encircles the
point —1+j0 in the anti-clockwise direction as many times as the number of right half s-plane poles
of G(s)H(s). Then the closed loop system is stable.

What is roof locus?

The path taken by a root of characteristic equaﬂon when open icop gain K is varied from 0 to « is
cailed root locus.

What is magmfude criterion?

The magnitude condition states that s=s_ will be a point on root locus if for that value ofs magnitude
of G(s)H(s)is equal to 1, (i.e. |G{5)H(s}| =1).

Let, G(s) H(s)‘é K(s+2z,) (5+2;) (s+23) ...
(s+py) (s+py) (5+ps) ...
. Fors=s,_ be a point in root locus,
KiSa + 24 |8, + 25| IS+ 24] ...
I a +p1| ISa +p2| ;Sa +p3l -----
Product of length of vectors from open loop zeros to the point s,
Product of length of vectors from open loop poles to the points, -

IG(s) H(s)|=

[nr |G(s) H(s)] =K =

What is angle criterion?

The angle criterion states that s = s_will be a point on root locus if for that value of s the argument
or phase of G(s)H(s) is equal to an odd multiple of 180°, [i.e., ZG(s)H(s) = £180° (2g+1)].

(s+z)) (s8+2Z,)(s+2;).....

(s+py) {s+p2) (8+P3) ...

.. For s =s, be a point on root locus, _
ZG(s) H(s) = £(s, +Z¢) + £(S; +Za) + £(S; + Z3) -...~Z(S4 + Py) = Z(S, + pz) =+180°(2q+1)

Let, G(s)H(s) =K
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Sum of anges " Sum of angles 1
or | of vectors from zeros |- | of vectors from poles = £180°(2g9+ 1)
to the points =s, to the points=s, )
04.21.  How will you find the gain K at a point on root locus?
The gain K at a points = s, on root locus is given by,
_ Product of length of vector from open loop poles to the point S,
Product of length of vector from open loop zeros to the point Sy
04.22 - How will you find reot locus on real axis?
To find the root locus on real axis, choose a test point on real axis. If the total number of poles and
zeros on the real axis to the right of this test point is odd number, then the test point lies on the root
locus. If it is even then the test point does not lie on the root locus.
04.23 What are asymptotes? How will you find the angle of asymptotes? .
Asymptotes are straight lines whlch are parallel to root locus going to infinity anci meet the root
locus at infinity.
: +180° (2g+1
Angles of asymptotes = Gt/ ; 9=0, 1, 2,...... (n—m)
n-m
04.24 What is centroid? How the centroid is calculated?
The meeting point of asymptotes with real axis is cailed centroid. The centroid is given by,
CariakE Sum pf poles — Sum of zeros
n-m
04.25 What are breakaway and breakin point? How to determine themn?
At breakaway point the root locus breaks from the real axis to enter into the complex plane At
breakm point the root locus enters the real axis from the complex plane. .
To find the breakaway or breakin points, form an equation for K from the characteristic equation,
and differentiate the equation of K with respect to s. Then find the roots of equation dK/ds = 0. The
roots of dK/ds = 0 are breakaway or breakin points, provided for this value of root, the gain K should
be positive and real.
04.26 How to find the crossing points of root locus in imaginary axis.
Method (i) : By Routh hurwitz criterion.
Method (i} : By letting s = jo in the characteristic equation and separate the real and i imaginary
parts. These two equations are equated to zero. Solve the two equations for o and K. The value of
® gives the point where the root locus crosses imaginary axis and the value of K is the gain
corresponding to the crossing point.
04.27 What is dominant pole? :
The dominant pole is a pair of complex conjugate pole which decides transient response of the
system. In higher order systems the dominant poles are very close to origin and all other poles of
the system are widely separated and so they have less effect on transient response of the system.
04.28 . How will you fix dominant pole on root locus and find the gain K corresponding to the dominant

pole?
The dominant poles are given by roots of a quadratic factor, s2 + 2o.s5+02=0.

_ 2o, E 4%l - 40]

[{_ -2
5 G

=-Lo, +jo,1-
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(04.29

24.30

+jo,1-2

: Sd-:'ic —joon1-¢2

~ Fig 04.28

The dominant pole can be plotted on the s-plane as shown in fig Q4.28.
In the right angle triangle OAP,

Loy _,

of

coso = s =005

To fix a dominant pole on root locus draw a line at an angle of cos'C with respect to negative real
axis. The meeting point of this line with root locus will give the location of dominant pole. The value
of K corresponding to dominant pole can be obtained from magnitude condition.

o Product of length of vectors from open loop poles to dominant pole
Product of length of vectors from open loop zeros to dominant pole

For the system represented by the following characteristic equation say whether the nrecessary

condition for stability is satisfled or not.

(i) ¥+35+45°+355s+10=0

(i) s°-25°+5+5°+5+6=0

(fii) s -8 +75+6=0

(i) §° +45' —55° —ds? + 25+ 1 =0

In equation (i) All the coefficients are positive and so the necessary condition for stability is satisfied.
in equation (i), (iii) and (iv) some of the coefficients are negative and some of the coefficients are
missing. Hence the necessary condition for stability is not satisfied.

Check the stability of the system whose Nyquist plot are shown in figQ 4.30 a & b, if there is no
ppen loop poles on right half of s-plane, : '

Jva

.JVT
G(s)H(s)-plane G(s)H(s)-plane

-
ek

Ey

Fig 04.30 a Fig 04.30 b
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In contour shown in fig Q 4.30a the -1 + jO point is encircled once in clockwise direction and oncs
in anticlockwise direction. Hence net encirclement is zero. Since no poles are lying on right half &
s-plane and net encirclement of ~1+j0 is zero, and so the system is stable.
in contour shown in fig Q4.30b the —1+j0 point is encircled once in anticlockwise direction but there
is no pole on right half hence and hence the system is unstable.

4.1 EXERCISES

E4.1 - Using routh criterion determine the locations of the roots of the following characteristic equations
and comment on the stability of the systems. _ _

a) 28° + 25 + 557 +55° + 35+ 5=0 d) s +5'+45° + 2457 + 35+ 63=0
b) 3 +105° +55° + 55+ 3=0 . e §° + 257 + 245% + 4857 — 255 - 50=0
) 2%+ 45" 157325 + 5157+ 35 +15=0 s +35 +557 + 957 + 87 +65+ 4=0

E4.2 = The characteristic equations for certain feedback control systems are given below. In each case.

determine the range of values of K, for which the system is stable.’

A s*+37 1357 +s+K=0 o) s*+s’+s°+5+K=0

b) s°+5' + Ks' + 58 +5+1=0 d s*+8 +3K7 +(K+2Ys+4=0
e s*+s 43K+ D)5+ (TK+5)s+(4K +7)=0

E.4.3 Open-loop transfer functions of certain unity feedbuck systems are given below. In each case
determine the location of closed loop poles in the s-plane, using routh criterion. Comment on the
stability of closed loop system. ., R ' _

200(1+s 5+ 1
9 6= L 9 66)=— 37
s(1+0.1s) (1+0.25) (I +0.55) s(s—1) (s* + 45+ 16)
10 : .
5 Go= BT & § G
. (5+2)(s+4) (s +6s+25) s(s+3) (0.1s+ 1)
| E4.4 Open-loop transfer functions of certain unity feedback systems are given below. In each case
determine the range of values of K for which the system is stable. y & '
' ; K(s+1
e N e LB
SG+3)+7) | s(a = Dis %0
K(s+2 _ : K(s—1)
o G(s)= { 5 ) d} Gfs)=
S{s+5)(s° + 25+ 5) s(s+2)

E.4.5 The open-loop transfer function of a unity feedback control system is given by G(s)=K(s+2)/s (s-2)
(s?+ 55 +16). Determine the value of K which will cause sustained oscillations in the closed-loop
system and what is the corresponding oscillation frequencies?

E.4.6 The open-loop transfer functions of certain unity feedback system are given below. In each case,

sketch the Nyquist piot and determine the stability of the system.

_K(s+3) __K6+5)6+40)
9 GO = s(s— 1) @ e s* (s + 200)(s + 1000)
1 K
B G S -
Y o= 209 ) OO D6+ 196+ 2
J e LY p G- — 5

s(I+s)(1+s+5%) _ s(s+ - 2+25+2)
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E4.7 Determine the phase rﬁargin'and gain margin of the system with following transfer functions.
9 G9=—2; 2
(s+1) S(s+1)(s“+ 25+ 2)

E4.8 The open-loop transfer function of a unity feedback Sys:em is given by, G(5)= K/s(1 +0.5s) (1+35).
a) Determine the value of K so that the gain margin of the system is 6 db.
b) Determine the value of K so that the phase margin of the system is 30°

E.4.9 The open-loop transfer functions of certain unity feedback systems are given below. Sketch the root
locus of each system. :
K 2 K(s+4
9 6(9)=—pt 2 & Gyg=—L 1)
(5+3)°(s°+2s+17) s(s+0.5)(s+2)
K K
b) G(SJ = o N Gis)= 2
S(s+3)s°+25+2) _ s(s° +8s+ 20)
K(s® + 25+ 10) ~ K
o Gs)= g G@E)=
) 66 S(s+2)(s+4) s(s+2)(s° +2s+2)
K(5+1 K%+ 1
4 Gs)= T—-—)— B Gy=-"0 Y
s(s+12) s(s+2)

E4.10 A unity feedback system has an open-loop transfer function, G(s} = K/s(s’+8s+32). Sketch the root
locus and determine the dominant closed loop poles with (=0.5. Determine the value of K at-this

point.

E4.11 Draw the root locus plot for a unity feedback system having forward path transfer function,

G(s) = K/s (s+1) (s+3).

a) Determine the value of K which gives continuous oscillations and the ﬁe@ueﬂqr of oscillation.

b) Determine the value of K carmspbnding to a dominant closed loop pole with damping ratio,

=07,




